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1 Introduction

Since the seminal work of Emmy Noether [1], revealing the deep connection between sym-
metries and charge conservation, the investigation of the symmetries in Nature has driven
the most successful and dramatic breakthroughs in all fields of physics. Despite this long
history, the study of symmetries does not cease to reveal surprising features of physical
systems. Omne of the most notable examples is surely the central role of symmetries in
gravitational systems.

The study of the gravitational group of symmetry at null infinity, the BMS group,
dates back to the sixties [2-5] (see [6] for a review). However, about fifty years later, a
surprising relationship between super-translation symmetry, the soft graviton theorem of
Weinberg [7], and the displacement memory effect [8, 9] was discovered [10] and elaborated
in terms of a so-called infrared triangle [11] (see [12, 13] for reviews). Shortly after, the
existence of a subleading soft graviton theorem was shown in [14] and it was related to
the spin memory effect by [15]. This subleading soft graviton theorem was interpreted as
a Ward identity for an extension of the original BMS group [16, 17|, called the generalized
BMS group, featuring super-Lorentz transformations. This group was studied canonically
in [18], where it was shown that the vacua transitions generated by the generalized BMS
group are related to the refraction memory effect. A proposal for a possible relation between
vacua transition and spin memory effect was given in [19]. Overall, this seems to suggest
a picture of an infrared square rather than a triangle [18]. More recently, a connection
between this generalized symmetry group and another extension of BMS called extended
BMS [20, 21] was revealed through the shadow transform [22]. The new framework of
“celestial holography” has originated from these correspondences. It represents an approach



aimed at defining the quantum gravity S-matrix by combining CFT techniques and the
BMS symmetries of null infinity [12, 22-25].

Simultaneously, BMS-like symmetries have been investigated at finite distances for non-
extreme black hole horizons [26-28], as well as more general null boundaries [29-32]. This
renewed interest in understanding the symmetries of gravity requires developing a general
framework that provides clear guidelines to relate the transformation properties of (quasi-
local) physical observables to the dynamical content of the gravitational field equations.

With this in mind, the notion of corner symmetry algebra for local gravitational sub-
systems [33-35] has been proposed and provides an algebraic definition of gravitational
subsystems. In fact, a new approach to quantum gravity has been advocated in [36—
43], where states of quantum geometry are built as representation states of the corner
symmetry algebra.

Since corner symmetries label states of the system without reference to time, one
has to wonder: how is the dynamics encoded? The proposal first sketched in [37] is to
recast the quantum dynamics of the gravitational field in terms of flux-balance laws for
the corresponding quantum charges. It then becomes crucial to understand how the corner
symmetry algebra extended by super-translations relates to the flux-balance laws associated
with the presence of (null) boundaries. The key idea developed here and formulated more
generally in [44] is to identify the flux-balance laws with a canonical representation of the
symmetry algebra. This relates the local-holographic description of the bulk gravitational
dynamics and the boundary symmetry algebra. In the present paper we focus on developing
these connections for physical observables on the celestial sphere, since asymptotic null
infinity provides a perfect arena to test the viability and the potential of this new approach.

At the core of this program is the idea that each local gravitational sub-system can be
understood as an open Hamiltonian system [45], where the passage of gravitational (and
matter) radiation across the interface between subregions determines the evolution in time
of the charges associated to the corner symmetry algebra. In such a case, there are two fun-
damental problems to address: first, one needs to choose a split of the Hamiltonian action
of diffeomorphisms between charge and flux; second, we have to find a notion of bracket
that defines the action of symmetry transformations and the time evolution dynamics of
the phase space variables, like the Poisson bracket for a closed Hamiltonian system.

Our construction’s capstone, developed in [44], is the introduction of the Noetherian
split, which allows us to define charges and fluxes in an unambiguous way from a given La-
grangian. This split can be viewed as a formalization of the Wald-Zoupas prescription [46].
This construction builds upon the correspondence between boundary Lagrangian and cor-
ner symplectic potential [38], the concept of anomaly introduced in [29] and the important
work [47], who derived the relationship between anomaly and cocycles. The Noetherian
split is also instrumental for the derivation, based on first principles [44], of a new canonical
bracket of the symmetry charges that generalizes the one introduced by Barnich and Troes-
saert in [20, 21, 48]. The new bracket resolves the ambiguity related to the handling of the
non-integrable contributions and the presence of 2-cocycles [21, 47, 49-55]. In particular,
we show following [44, 47] that the bracket provides a faithful and centerless representation
of the algebra of vector fields generating the symmetry transformations. This is an essential



and necessary step towards quantization: to have a well-defined quantization prescription,
one needs to have a direct equivalence between path integral and canonical quantization,
which means that the choice of Lagrangian should determine the charge algebra. And we
also need to have a symmetry algebra with no field-dependent cocycles, i.e., we need a
symmetry algebra not a symmetry algebroid. These semiclassical properties are achieved
by our construction.

The flux-balance laws for mass and (angular) momentum aspects play a crucial role
in general relativity’s physical interpretation. These are usually derived using Einstein’s
equations (EEs) [56]. Covariant phase space methods [46, 57—61] then elevate these laws
to relations among canonical generators of the asymptotic symmetries. Here we show that
covariant phase space methods are much more powerful if adequately used: the flux-balance
laws can be derived from the symmetries of the phase space structure and properties of
the symplectic 2-form. In other words, working off-shell of the EEs, we show how the
charge bracket defined on a general corner is related to Einstein’s tensor’s projection on
the given 2-sphere.

The connection between symmetries and EEs means that the bigger the symmetry
group the more equations of motion can be accessed. If one uses at null infinity the
original BMS group, then only the evolution equations for the energy can be derived. To
obtain the momentum evolution equations, it is required instead to use the generalized BMS
group [16, 18, 62]. To have access to the rest of the asymptotic equations, one needs to
further extend the asymptotic symmetry group to include conformal transformations of the
metric on the 2-sphere. This leads us to the introduction of the Weyl BMS group or, shortly,
the BMSW group, whose infinitesimal generators are shown to satisfy a Lie algebra, which
corresponds to the maximally extended sub-algebra of the full diffeomorphism algebra [63]
of null infinity Z associated to a sphere embedded in Z. The BMSW group merges together
the two different BMS extensions [18, 48] proposed in the literature, and we show explicitly
how these previous extensions can be recovered from it. The larger BMSW group gives us
access to more equations of motions. In particular, the renormalized charge bracket for
every generator in the BMSW group allows us to recover up to eight of the ten asymptotic
EE, and not just the three flux-balance equations for energy and momentum at Z.

Moreover, the explicit inclusion of conformal transformations in the symmetry group of
null infinity allows us to introduce a new Weyl charge, disentangling the super-rotation and
super-boost components of the super-Lorentz transformations canonically studied in [18].
In this way, the momentum charge becomes a Hamiltonian charge with vanishing symplectic
flux, providing a preferred notion of angular momentum (see e.g. [56, 64—68] for a recent
debate on this ambiguity). An important reflection of this feature of the BMSW group
is the fact that the orbits of Minkowski spacetime, under the finite action of the group
generators, yield non-equivalent vacua of asymptotically flat spacetimes whose degeneracy
is labelled also by the sphere diffeomorphisms, in addition to the super-translation and the
conformal transformation fields as shown in [69)].

In the language of [70, 71], this conformal extension means that the universal structure
on Z is reduced from a null vector and degenerate metric (original BMS) to a (thermal)
Carroll structure (BMSW) [28, 31, 72, 73]; see also [74, 75] for an intrinsic and conformally
invariant geometrical description of null infinity.



As for previously considered extensions of the BMS group [16, 18, 20], the BMSW ex-
tension is also confronted with radially divergent charges at face value. While the derivation
of the Einstein’s equations is insensitive to these divergences, it is however an important
consistency requirement that all charges associated with asymptotic symmetries should be
finite. By exploiting the results of [38], which relate the introduction of a boundary La-
grangian to a shift of the symplectic potential by a corner term in an unambiguous manner,
we perform a phase space renormalization for boundary conditions admitting the BMSW
symmetry group. We explicitly show that all Noether charges and fluxes become finite.
This way, the renormalization procedure extends the results of Compere et al. [18, 51] from
the generalized BMS to the BMSW group and it reveals an extra pair of conjugate vari-
ables parametrizing the phase space of null infinity represented by the 2-sphere scale factor
and the Noetherian energy charge aspect. At the same time, quasi-local and asymptotic
charges are now on same footing thanks to renormalization, and insights from the study of
the phase space of null hypersurfaces [29, 76-81] can be imported to study extensions of
the symplectic structure of Z [62, 82].

The outline of the paper is as follows. We start with a comprehensive summary of this
paper and its companion paper [44] in section 2. This section is self-consistent, and gives
a detailed account of the results obtained. Section 3 provides a geometric interpretation of
the asymptotic expansion of the components of the Bondi metric. Section 4 contains the
derivation ab initio of the BMSW group and its relation with the original, extended and
generalized BMS groups. In section 5, we introduce the Einstein-Cartan Lagrangian, which
we use to compute the Noether charges and fluxes associated to the bmsw generators in
section 6 and 7, respectively. Section 8 provides the derivation of the asymptotic EEs from
the flux-balance relations, and section 9 shows the renormalization procedure for charges
and fluxes. We also provide the construction of the boundary Lagrangian that yields the
Noetherian construction of the Barnich-Troessaert charges. We conclude with a discus-
sion and future endeavours in section 10. Four appendices collect technical results about
asymptotic expansions in appendix A, the derivation of the flux formulae in appendix B,
variation of the fields in appendix C, and about Weyl scalars in appendix D.

Notation & nomenclature: we use units 87G = ¢ = 1. We use Greek letters for
spacetime indices, uppercase Latin letters {A, B, C, ...} to label coordinates over the two-
dimensional sphere, uppercase Latin letters {I,.J,...} for internal Lorentz indices, and
lowercase {1, j,...} for the dyad on the sphere. The notation 7|45, means the symmetric
trace-free components of a given tensor 7. Given a vector field V = V*#0,, we use the
notation V[ = V#9,(-). We denote ' = 8, F and F’ = 9, F. Equations evaluated on-shell

of the equations of motion are characterized by the symbol =. The symbol Z means that
the right-hand side is evaluated at future null infinity Z. A bar over a quantity denotes its
leading asymptotic value. We denote by o(r*) all the terms of order n < z and by O(r")
a term of order n < z, with x,n € Z.

We call the charge associated to the Diff(S) component of the boundary symmetry
group “momentum charge” rather than “angular momentum charge”, as customary in the
previous literature. This different nomenclature reflects the (local) holographic perspective



advocated in [37-39, 83], where the corner symmetry charge associated to diffeomorphisms
tangent to the corner 2-sphere, being that at finite or infinite distance, has a clear inter-
pretation as a momentum charge. Furthermore, from the point of view of fluid/gravity
correspondence [84, 85], this charge has the interpretation of the fluid momenta.

2  Summary of the results

In this section, we describe some results of [44] which are needed in the following, and

summarize the main results of this paper, namely
1. the extension of the BMS group including Weyl conformal rescaling;

2. the derivation of the asymptotic Einstein’s equations at null infinity from flux-balance

laws;

3. the definition of a procedure for phase space renormalization, yielding finite expres-
sions for the canonical charges and fluxes;

4. the Noetherian derivation of Barnich-Troessaert BMS charges by a shifted La-

grangian;

5. the labelling of the vacua degeneracy spanned by the BMSW group by four arbitrary
functions on the sphere, corresponding to super-translations, sphere diffeomorphisms
and conformal transformations.

Let us start by introducing some main elements of the covariant phase space formalism.
We denote by d the spacetime differential and by ¢ the field space differential. As shown
in [38], using the Anderson homotopy operators [86], it is possible to associate a unique
symplectic potential § = 01 to a given Lagrangian L. This potential is such that 6L =
df — E, where E labels the field equations, and it is used to define the pre-symplectic
2-form w = 6. To be more precise, # and w are the integrands of the symplectic potentials
and 2-form, but with slight abuse of language we will refer to them in the same way. The
actual pre-symplectic 2-form is the integral on a 3d hypersurface X,

Q= /E 56. (2.1)

In this paper, we assume that X is an hypersurface with boundary S := 9%, which we call
the corner. We do not have to restrict > to be space-like or null.

Given a vector field £ in spacetime, we denote ¢¢ the vector field contraction on space-
time forms and I the field space contraction on field space forms. We also denote £
the Lie derivative and d¢ the corresponding field variation. Both Lie derivatives and field
variations are related to the interior products by the Cartan’s magic formula

Le = dig + 1ed, 55 = (5]5 + Ig(;. (2.2)



For the gravitational field space, we have 0¢g., = L¢gu,. In the following, we will be
interested in field-dependent diffeomorphisms,! hence §¢ # 0. In this case, it is necessary
to consider also the operator Is¢ which denotes the field contraction along a form-valued
vector. Field-dependent diffeomorphisms appear inevitably when working in a fixed gauge,
as is customary done in the study of asymptotic symmetries. Indeed, suppose we impose
a set of gauge-fixing conditions F i(guy) = 0. Obviously, a field-independent vector field
will not preserve the gauge, but a subset of field-dependent diffeomorphisms such that
S = Dgi(F ), where D¢ is a linear differential operator, will. This is what happens, as
we will discuss below, when we chose the (partial) Bondi gauge g, = gra = 0.

A key ingredient in the construction of [44] is the anomaly operator A¢, first introduced
in [29] and also studied in [47]. As shown in more details in [44], anomalies necessarily
appear when one introduces boundary Lagrangians that depend on the extrinsic geometry,
such as the normal or its derivative. Given a form w both in spacetime and field space,
its anomaly is given by the difference between the field space action and the spacetime
Lie derivative

Agw, with Ag = (55 - .fg - L;g). (23)

In this paper, we concentrate on the Einstein-Cartan formulation, which is a gravity for-
mulation defined by a covariant Lagrangian, and thus we have

A¢L=0. (2.4)

This covariance property is in general broken by the phase space renormalization procedure,
where in general a non-covariant boundary Lagrangian needs to be introduced. We will
come back to this important aspect shortly.

2.1 Flux-balance relation

On-shell of the field equations of motion we have E =0, which implies the vanishing of the
constraints C¢ defined by
dCe = It E, (2.5)

explicilly
Ce ="'G, ey, €y = Ly, €, 2.6
& " “w

where G, is the Einstein tensor and e is the volume form. In situations where (2.4) is
satisfied, we can define the Noether charge aspect

dge=1¢0 — 1L, (2.7)

whose integral is the Noether charge,

Qe = /ng- (2.8)

See, e.g., [52, 53] for an application in lower dimensional gravity of a field-dependent redefinition of the
generator parameters in order to make the charges integrable.



We also introduce the Noetherian flux

Je = /S (g6 + as¢) (2.9)
so that the fundamental canonical relation?
—I:Q=0Q¢ — F¢ (2.10)

is satisfied.

The main result of [44] (which build upon the results of [47]) is to use the covariant
phase space formalism to show how the choice of a Lagrangian defines uniquely a Noetherian
split for charges (2.8) and fluxes (2.9) which allows one to define flux-balance laws in terms
of a bracket available for open Hamiltonian systems, even in the presence of anomalies.
While the general derivation in [44, 47] accounts for the presence of anomalies in both
the Lagrangian and symplectic potential, we are initially interested in an application of
this bracket in the case where these vanish, like in the Einstein-Hilbert or Einstein-Cartan
formulations. It is important to realize though that, even in the simpler case where a
covariant Lagrangian is available, the anomaly of the Noether charge does not vanish, and
one has in general

AeQy = Qo6 — Qe (2.11)
where the modified bracket [-, -] is defined by

[€, x] := &, X]ie + 0,& — dex - (2.12)

This modification of the Lie bracket is necessary in order to take into account the field
dependence of the transformation generators, such that the commutator of two field space
variations is again given by the a symmetry transformation

(66 6:] = — 0.1 - (2.13)

The key relation (2.11) can be used to show that the bracket

(Qe. Q)1 = 66Qy — L Fe + /S e L (2.14)

satisfies the off-shell flux-balance relation

{Q£7 QX}L + Qﬂf,x]] = - /S Lfcx . (215)

The bracket (2.14) is a generalization of the bracket first considered by Barnich and Troes-
saert [20, 21, 48], as it contains an extra term depending on the Lagrangian. The ex-
pression (2.14) is valid for non-anomalous Lagrangians and can be generalised to include
Lagrangian anomalies. The generalized Barnich-Troessaert bracket (2.14) has been explic-
itly shown in [44] to satisfy the Jacobi identity in full generality, including the case when
anomalies are present. Moreover, it satisfies the following two essential properties.

2The contraction I¢Q = d¢ 4 is also denoted Q(J¢,§) in the literature, and sometimes —¢ Hy.



First, it is independent of the choice of boundary Lagrangian and corner symplectic
potential (¢,1). Namely, if we consider a change of Lagrangian L' = L 4 d¢ and symplectic
potential #/ — 6 = §¢ — dvJ, the new Noether charge and flux are related to the old ones by
the following shifts

Qe — Qe = /S(Lgﬁ - IY), Fi-Fe= /S (61el — 5¢19) . (2.16)

What is remarkable in these formulae is the fact that, even if the boundary Lagrangian and
corner symplectic potential break the covariance property of the original pair (L, §) — like,
in general, it is the case for holographic phase space renormalization (see section 2.3)—
all the anomaly contributions finally drop out of the shift, as shown in [44]. The shifts of
charge and flux (2.16) preserves the fundamental relation (2.10) and they leave the Lh.s.
of (2.15) invariant, namely

{Qe, Q1 + Qe g = {1Q6 Qx} + Qe - (2.17)

It is important to keep in mind though that the shifted bracket is now modified by the
boundary Lagrangian anomaly; explicitly, the shifted bracket now reads

{Q Qb = 0:Q\ — L Fi+ K, (2.18)
where
KE = /S (1 Ael — 1A ) + /S ey (2.19)
This expression of the cocycle component of the bracket in terms of the boundary anomaly
was first derived by Speranza and Chandrasekaran in [47] (see also [87] for the inclusion of
anomalies in the study of covariant phase space with boundaries in gauge theories). This
means that the flux-balance relation (2.15) is also preserved under change of boundary
Lagrangian. This invariance property guarantees that it can be used also in the case where
the expressions for charges and fluxes are formally divergent. In fact, as we will anticipate
in the next section, the phase space renormalization procedure amounts to a shift by a
boundary Lagrangian so that the shifted symplectic potential #’, and the corresponding
shifted charges and fluxes (2.16), become finite. In this way, one can use the bracket (2.14)
at finite distance and see that all the potentially divergent terms in the flux-balance law
cancel each other so that one can then take the limit to null infinity. This strategy is indeed
available in the Einstein-Cartan formulation with zero cosmological constant and it will be
worked out in section 8.

The second main property of the bracket (2.14) is the fact that it provides a repre-
sentation of the commutator (2.13) when on-shell of the constraints. In particular, the
flux-balance relation (2.15), when applied to null infinity, explicitly connects the symmetry
algebra on the celestial sphere to the asymptotic Einstein’s equations at Z. In other words,
Einstein’s equations at null infinity can be expressed as the demand that the Noether
charges corresponding to the BMSW transformations, defined in section 4, form a repre-
sentation of the BMSW algebra under the bracket (2.14) on every cross section of Z. One
of the results of this paper is indeed to explicitly show that demanding

{Qe, Qx} = Qe (2.20)



implies the Einstein equation projected along the pair (£, x). Finally, the relation (2.15)
can equivalently be written as

0eQy + Qe = IxFe — /Sbsbe, (2.21)

which expresses how the charges evolve under the infinitesimal translation by £, making it
manifest why it is a flux balance relation.

2.2 Future null infinity

In order to present our main results concerning the renormalized phase space at Z, it
is convenient to introduce first the Bondi formalism for the parametrization of future null
infinity and a comparison between the boundary conditions we will impose and the original
BMS boundary conditions. We use Bondi-Sachs coordinates z* = (u,r, o), where u labels
outgoing null and twist-free geodesic congruences, r is a parameter along these geodesics,
which measures the sphere’s radius, and ¢ are coordinates on the 2-sphere. The metric
in these coordinates can be conveniently parametrized as follows [2, 3, 88]

ds? = —2¢*’du (dr + Fdu) + r’qap (do? — UAdu) (do® — UPdu). (2.22)

The metric g4 and its inverse ¢* can be used to raise and lower the indices of tensors on
the 2-sphere. We denote D4 its Levi-Civita covariant derivative, and Rapcp = qaicqpipR
its Riemann tensor and Ricci scalar.

The Bondi gauge conditions are

Grr = 07 grA = O) 81“\/6 = 07 (223)

where ¢ = det gap. This gauge-fixing allows one to study the limit to future null infinity
taking r — co. The original BMS boundary conditions, or fall-off conditions, are [88, 89]

Gur = -1+ O(T72)7 JuA = 0(1)7 Juu = -1+ O(Til)a dAB = &AB + O(Til)v (224)

where ¢ 45 is the metric of the round 2-sphere. We wish to consider more relaxed boundary
conditions, with the goal of finding a larger extension of the BMS group. To that end, we
keep the first two conditions in (2.24), but allow for an arbitrary leading order metric Gap
in the last. The asymptotic form of the Einstein’s equations then requires to relax also the
condition on g, for consistency. Accordingly, our proposal is

Gur = —1+ O(T_2)7 gua = O(1), Juu = O(1), qap = O(1). (2.25)
From these asymptotic conditions, the metric coefficients have the following fall-off
behavior,

- M
F=F——+o(r Y, (2.26a)

r

_ B -2

B=g+olr™), (2.26b)

$With F = V/(2r) in terms of Sachs’ original parametrization.



A_UY 2 g ~C 5 -3
Ui=-3- 3,34 (PB +CpcU™ + 335) +o(r ), (2.26¢)
_ 1 1 1_ 1 _
4gAB = 4AB t ;CAB + o} (DAB + 4qABCCDCCD> + 7«73EAB + o(r™3). (2.26d)

All functions here depend a priori on the 2-sphere coordinates and on retarded time u.
M is the Bondi mass aspect, and the asymptotic expansion of U# is chosen to insure
that the momentum aspect Py is the BMS Noether charge associated with super-Lorentz
transformations; more on this below. The 2d tensors (Cap, Dap, Fap) are symmetric and
traceless as a consequence of the determinant gauge condition. The tensor C4p is (twice)
the asymptotic shear of the null geodesic congruence. The tensor D 4p is known to vanish
if we demand smooth fall off, namely absence of logarithm terms (see, e.g., [6]). We will
follow this assumption in this paper, and thus set from now on Ds4p = 0. The tensor
FE 4p appears as the dominant term in the expansion of one of the components of the Weyl
tensor, see appendix D.

Notice that the asymptotic expansion of the metric coefficients listed above is consistent
to inverse cubic order. To see this one assigns a notion of conformal weight which is such
that [r] = —1 and [ds?] = —2. This implies that [gap] = 0, [U4] = 0 and [Cap] = 1 while
[F] = 2, [8] = 1. This means that to achieve a cubic order expansion we only need to
expand F' to order r~! since [M] = 3 and similarly we only need to expand 3 to order r—2.

Indices in the asymptotic expansion are raised and lowered using the leading order
metric gap. We denote Dy and Rapcep the associated covariant derivative and Riemann
tensor. With this expansion, the asymptotic Einstein’s equations give the following rela-
tions for the leading order terms (see section (8) below for details)

|
o]

Ouqap =0, E —4F =0, (2.27a)

ieS]]

o=

Ez =8+ %CABCAB =0, Ega := U+ DpC48 = 0. (2.27h)
The first equation can be understood as a boundary condition, rather than a dynamical
equation. The remaining three equations restrict the number of constraint-free data that
one has to assign, and have therefore a completely dynamical meaning.* As shown in
section 8, the time-derivative of (2.27b) can be understood as flux-balance laws, associated
to conformal rescaling transformations. The rest of the asymptotic equations are the

conservation equations Eyy = 0 = Ep, for the mass and momenta aspects, with

S 1.- 1
En =M — ZDADBNAB —5AF+ gNABNAB, (2.28)

- _ 1_ _
Ep, :=Pa—DaM — SDy (CPCNep) = Capd®F

1. ,_ _ L
~ 1 De (DADBCBC - DCDBCAB)
1

_ 1 _
— ZDB (NBCCAC — CBCNAc) + ZNBCDACBC . (2.29)

4We also notice that the first two imply that the leading order of gu. and gap is u-independent.

~10 -



These can also be understood as flux-balance laws associated to super-translation and
sphere diffeomorphism, respectively.

There are two other declinations of the BMS boundary conditions in the literature.
In [20, 48, 90], the authors allow for a divergent term in g, of order r, while restricting
the leading order metric to be conformally related to the round metric Gap. In this set-
up, the asymptotic Einstein’s equations allow for a u-dependence in the conformal factor.
We will refer to these boundary conditions as the eztended BMS boundary conditions and
the corresponding symmetry group as the extended BMS group. Another set of boundary
conditions proposed in [16, 18] is similar to the one described here. Except that it fixes
the determinant of the boundary metric /¢ while allowing for an arbitrary variation of
its conformal class \/(j(jAB. We will refer to these boundary conditions as the generalized
BMS boundary condition and the symmetry group as the generalized BMS group.

Our proposal is more general than [16, 18], in that we allow also the determinant
of the leading metric to vary. This introduces additional divergences in the symplectic
potential, but we will show that it is possible to renormalize them as well, thus extending
the results of [18] in the case of the generalized BMS group. However, it does not go as
far as introducing a linear divergence in g,, and thus a time dependence of the leading
order metric. One reason for this is that g,, = O(1) appears to be sufficient to describe
the physics of compact binaries [91, 92].> The consequences of these different boundary
conditions on the asymptotic symmetry group are discussed in section 4.

2.3 Phase space renormalization

If a Lagrangian has a symplectic potential that diverges in an asymptotic limit, it can be
tempting to strengthen the fall-off conditions in order to remove such divergences. However,
doing so arbitrarily restricts the phase space definition and can set to zero quantities of
physical interest. One may ask whether a more general procedure of renormalization exists,
that allows one to identify from first principles what are the weakest fall-off conditions
acceptable. This is the idea behind the holographic renormalization procedure.

Holographic renormalization techniques for conserved charges have been developed in
the context of AdS/CFT in [51, 93-95]. These techniques have been revisited in the context
of flat space asymptotic by [96] for QED in all dimensions and most notably by [18] for
the case of 4d gravity. These methods rely on adding to the gravitational action a set
of covariant boundary counter-terms, and have been applied to the case of A-BMS in 4
dimensions in [51]. The main new ingredient is the focus on the renormalization of the
symplectic potential and not simply on the renormalization of the Lagrangian. Here we
follow an approach closer to [18], where the phase space renormalization is defined by
the addition of a boundary Lagrangian and related corner symplectic potential [38] such
that the shifted pair (L’,¢’) is finite. Our approach relies on the choice of a particular
foliation of the boundary induced by the choice of Bondi coordinates, but it does not use
background fields.

5The Einstein’s equations can be perturbatively solved in harmonic gauge under the assumption of no
incoming radiation [91]. Transforming to Bondi or Newman-Unti coordinates one obtains g.., = O(1) [92].
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Let us summarize the results of the procedure worked out in detail in section 9. Sup-
pose that one starts from a covariant Lagrangian L with covariant symplectic potential 6
that possesses some divergences. The goal is to define a finite renormalized Lagrangian
Lr with symplectic potential g by the subtraction of a boundary divergent Lagrangian
Laiy with corner symplectic potential term ¢4;,. The subtraction terms may have non-
vanishing anomalies A¢lqiy and Agdgiy — let us stress again that the source of these
possible anomalies is the field dependence of the transformation parameters and eventually
the coordinates dependence, and not due to the introduction of background structures;
moreover, the anomalies do not enter the expressions (2.16) for the shifted charges and
fluxes. The renormalized quantities are then

Lp := L+ dlgjy, Or =0 — dVaiv + iy - (2.30)
We can thus define, from the general expressions in (2.16), the renormalized Noether charge
QF = Qc+ [ (teta — Iear) (2.31)

and the renormalized Noetherian flux
Fi=Fe+ /S (elaiy — O¢Vaiv) - (2.32)

In section 9, we show that the divergent term of the symplectic potential at Z can be
written as

gdiv = d'lgdiv ; (233)

with £4;v = 0 on-shell of 9,g45 = 0 and
= T AR 2 3
ﬂdiv = 55\/& — 1\/&0 5C]AB d“oc +ro A du, (234)
where 9 is a one form on S such that
_ 1 -
di = 50 <\/Z1R) . (2.35)
Its explicit expression is given in (9.5).

Furthermore, our phase space renormalization procedure yields a finite expression for
the symplectic 2-form at null infinity®

1 1 /- _
OF — _/ 5607, ¢ = / {46NAB)\5(\/§CAB) - 30 (FCup + Dalp)) 18 (Vag'?)
T T
+9 (M - ;DAUA> A0V }du d%o, (2.36)

where we use the curly wedge symbol to denote a wedge in field space. If we restrict to
the original BMS boundary conditions, only the first pair of conjugate variables in (2.36)

In the Bondi coordinates we will use below, we pick an orientation with e = 626r2\/§du dr d?c, which

means that €, = ewr?\/adr d2%o while €, = —626r2\/§du d2?o contains a minus sign.
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remains and we recover the original radiative phase space of [71, 97]. The BMSW extension
proposed here allows us to reveal two extra pairs so that the phase space at Z on which
the BMSW group acts is parametrized by the set of conjugate variables

_ _ 1 _
Nap ¢ /qCAE, (FCAB + D<AUB>> N T (M - 2DAUA) =G, (2.37)

Note that, in each pair, one of the variable is always a density. The second pair, which con-
tains the complex structure on the sphere, as 1/q g8 is conformally invariant,” was already
revealed in [18]. The symplectic potential of [18] can be obtained up to a corner term®
from ours by imposing §1/¢ = 0. The third pair contains the sphere conformal scale /g,

which is conjugate to the renormalized Noetherian energy charge aspect (see (2.41) below).

2.4 BMSW group and Einstein’s equations

The BMSW group, which is studied in more details in section 4, is given by the semi-direct
product (Diff (S) x Rﬁ,) x R and it is generated by the vector fields (&7, &, &y) given
by (see (6.2) for the complete expression)

&r =Ty, + o(1) (2.38a)
E&w = W(udy — r0y) + o(1), (2.38b)
Ey :=Y49,. (2.38c¢)

where the o(1) refers to terms that vanish when r — oo. T and W are time independent
functions on S, while Y = Y40, is a time independent vector field on S. We will refer
to &7 as the super-translation, &y as the Weyl super-boost, and &y as the Diff(S) vector
fields. A general BMSW vector field is then given by 7wy := &7 + §w + &y

The bmsw Lie algebra structure is defined by

[[f(Tl,Wl,Yl)? g(TQ,WQ,YQ):I] = §(T12,W12,Y12) ) (239)
where
Yia = [Y1, Ya]Lie, (2.40a)
Wia = Y1 [Wa] — Ya[W], (2.40b)
T12 = Y1 [TQ] — W]_T2 — (YQ[T]_] - Wng), (2.40C)

and [, -|Lie denotes the sphere Lie bracket.

The renormalization procedure, complemented by the use of the asymptotic Einstein’s
equations for F in (2.27a) and for U4 in (2.27b) (necessary to renormalize Qy ), yields the
following finite expressions for the energy (or super-translations), Weyl and momentum (or
diff(S)) Noether charges:

QFf Z/S\/ZYT (M ~ ;DAEA) , (2.41)

7If one denote eap the Levi-Civita symbol, the sphere complex structure is JaZ := \/Geacq®?, and we
can check that it satisfies J?> = —1 and Da4Jg€ = 0.

8The relationship between the generalized bms symplectic structure of Compere et al. [18] and ours is
Qomsw = Qbms — %faz 8CAB A 5Cap after imposing 0+/q = 0.
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Qff = /S Vaw [4B+u (M - ;DAUAH : (2.42)
Qf = /S Vav4 (PA + 2DAB) ; (2.43)

where (T, W, YA) are arbitrary functions on the 2-sphere. The full renormalized Noether
charge then reads

Qrwy) = /S Va {(T +uW) (M - ;DAUA) +(2W — DAY N 28+ YAP4| . (2.44)

The charges (2.41), (2.42), (2.43), together with the corresponding finite expressions
for the Noether fluxes ]-"73, f%,f{}, given in section 9, can be used to have a well defined
notion of charge bracket at null infinity so that the validity of the asymptotic Einstein’s
equations is equivalent to having a centerless representation of the residual diffeomorphism
algebra at each cross-section of Z, namely

(QF. QM= QL. (2.45)

This result extends the one of [51], where the generalized BMS surface charge algebra
of [16, 18] was shown to close only at the corners u — +oo of Z. In particular, it shows
that the BMSW charge algebra is realized as the symmetry algebra of asymptotically flat
spacetimes at all times.

One important subtlety is that the bmsw charge associated to the sphere diffeomor-
phisms diff(S) is not the same as the bms super-Lorentz charge appearing in [18]. For
instance, the Noetherian flux F for bmsw diff(S) vanishes, while the bms flux FZ—Pms
does not. This can be seen explicitly from the fact that a bms vector field can be written as

g%ms — fTa glb/ms _ §Y + §W:%DAYA . (2.46)

By linearity this means that a bms super-Lorentz transformation is the sum of a bmsw
sphere diffeomorphism transformation plus a Weyl super-boost. In particular, it implies
that the bms super-translation and super-Lorentz charges are

—b —b
fobms = QF, gobms = QF + QI}EV:%DAYA' (2.47)

Given this relation, it follows that the BMS charges also provide a centerless representation
of the canonical algebra as in (2.45).

This conclusion seems to be in contrast with the statements of [17, 18, 21] that the bms
charges constructed by Barnich-Troessaert possess a non-trivial field-dependent 2-cocycle.
It is also in tension with the statement of [51] that a centerless representation exists only
at the corners of Z. The Barnich-Troessaert charges are given by

QBT = /S VA (2rM +YAPy) (2.48)

where 7 =T + %D AYA. They were first derived in [21] using the Barnich-Brandt formal-
ism [98] and later in [17] from a split following the prescription laid out by Wald-Zoupas [46].
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To resolve the tension, we show that these charges are in fact Noether charges, obtained
through the prescription (2.16) with boundary Lagrangian

1
(=7 <M — SCABNAB> du A d?%c . (2.49)

Furthermore, we prove that the non-central 2-cocycle appearing in [51] when computing the
Barnich-Troessaert bracket of the charge (2.48) is nothing but the extra contribution (2.19)
in the bracket (2.18) due to the non-covariance of the boundary term (2.49).

Therefore, we can understand the Barnich-Troessaert split between integrable and non-
integrable terms [21] as a Noetherian split for the boundary Lagrangian (2.49), and the
appearance of a 2-cocycle in the charge bracket at a general cross section of Z is simply a
reflection of the fact that the original Barnich-Troessaert bracket does not take into account
the contribution (2.19), which originates from the fact that the boundary Lagrangian (2.49)
has an anomaly. In other words, if we wish to work with the Barnich-Troessaert charge
bracket, the only way to avoid the appearance of a 2-cocycle is to apply the Noetherian
split with a covariant boundary Lagrangian.

In the case of the Einstein-Cartan (or Einstein-Hilbert) Lagrangian, the only charge
yielding a centerless representation of the bmsw Lie algebra is the Noether charge (2.44).
The analog charge for the generalized BMS case is the Noether charge given by (9.13).

The option we propose to resolve the appearance of cocycles when working with a
non-covariant Lagrangian is instead to include the anomalies in the definition of the charge
bracket as in (2.18), in order to insure that the bracket does not involve field-dependent
cocycles. This proposal allows us to introduce anomalies in a consistent manner both at
the level of the charges and the bracket.

Finally, the vacuum sector can be constructed from the orbits of the BMSW group by
acting with the group elements

grwy) = 0T W 0y (2.50)

on the phase space at null infinity. The infinitesimal transformations dr, §yy, 0y are the ones
generated respectively by the vector fields (2.38) and given explicitly in appendix C. The
vacua |T, W, Y) = gir,wy)|0) are thus labelled by the two sphere diffeomorphisms arbitrary
functions Y4, in addition to the super-translations T, and conformal transformations W.
We expect each factor entering the vacua definition to be related to a memory effect: the
super-translation 7" accounts for the displacement memory effect [8, 9]; the diffeomorphism
accounts for a change of asymptotic conformal structure which could lead to a memory
effect generalizing the spin memory effect [15]. We expect the Weyl rescaling factor W to
be related to the refraction memory effect [18], as this determines the vacuum value of the
News tensor (see section 4.7). These open questions will be investigated elsewhere.

We conclude our summary with table 1, which shows the interplay among geometric
data (the group generators), phase-space data (charges, fluxes and bracket), and dynamics
(the Einstein’s tensor). The table summarizes the remarkable property that the renor-
malized charge bracket (2.45) is equivalent to the asymptotic EEs by showing the detailed
relation among the pair of bmsw generators, its associated renormalized charge bracket,
and what components of the Einstein’s tensor display the corresponding flux-balance laws.

~15 —



BMSW generators (&, x) {QF, Q%) + Qﬁ,x]} =0 Einstein’s equations
(D, E7) 2By — 1AER =0 GG, =0
(&, 0u) 2Em + DAEUA + $AE; =0 §rGT = E6rG =0
(s Ew) DBy, +u (2Em — 5AEF) =0 wG, =
(Ew, 0u) —DEg, +u(2Ex + DAEg, + 2AER) =0 | &4,G,) — &G, =
(0w, &v) Ep, +2DaE; — 2FE;, — $UAE; =0 LG, =
(&v,0u) 0=0 0=0

Table 1. Synoptic overview of the flux-balance laws associated to the pair (&, x) and their relation
to Einstein’s equations. We recall that by the property (2.17) the charge algebra is left unchanged
by the renormalization procedure.

r = const

Figure 1. The figure shows an idealized r = const hypersurface, the null vector I, which can be
used to study its radial evolution, and the time-like vector ¢ tangent to the hypersurface.

3 Geometric interpretation of the expansion coefficients

Thanks to the coordinate gauge-fixing, all functions appearing in (2.26) acquire a precise
geometric meaning, which is useful to recall here. This will allow us to further motivate
our choice of momentum aspect P4, which unlike the other quantities, is not universal in
the literature. To that end, let us denote

1:=08,, 1*=0, t:=0,+U%, t*=-2%F  [lt'=-¢.  (3.1)

[ is the null vector tangent to the null geodesics which cut scri along the constant u spheres.
t is the unique time-like vector which is transverse to [ and tangent to the constant r hyper-
surfaces (see figure 1). Note that, upon compactification, it becomes a null generator at Z.
The first relevant geometric quantity is the extrinsic tensor of the null hypersurfaces
normal to [. It is given by
1
2r
From this expression we see that the null geodetic congruences have asymptotic shear C'xp

1 _ C _
Sap = ElgAB:5(2+T8T)qAB:qAB+2irB+0(T 2). (3.2)

and asymptotic expansion 2, which is just the reflection of r being the area radius. The

~16 —



second geometric quantity is the extrinsic curvature of the sphere S within the time-like
hypersurface of constant r. It is given by

1 1
Kap:=—Ligap =7 (8uQAB + D(AUB))

2r 2
1 1 /5 = 4AB 2 ~1
= iNAB + ; D(AUB) + 78 8uC + O(T ) y (33)

where Nap := 0,Cap is the Bondi news tensor and C? := C4gCAB. From this expression
we see that the news tensor is the asymptotic extrinsic curvature. As a side remark, we
note that the trace ¢4ZKap = O(r~') is sub-dominant.

The third quantity is the angular momentum aspect P4, which we refer to as momen-
tum aspect as explained in the introduction, and which enters the expansion (2.26c). The
relevant geometric quantity is the parallel transport of ¢ along [,

2
1 _
na=re PVitg =1 <3Aﬂ + 26_2BQAB&*UB> = —Ua+ _(Pa+2048) + o(r™'). (3.4)

This quantity is precisely the spin-1 momentum of the geometric decomposition of the
symplectic potential [29, 78, 81].7

Finally, from the point of view of the gravity-fluid duality [99], it is also useful to
consider the velocity

_ 2048 , _ _ _
VA — T2€725UA — UA _ gL (PB + CBCUC —|— aBﬂ) —|— O(Tﬁl). (35)

r

The reader will notice that the four quantities above have been suitably rescaled by ap-
propriate factors of r, with respect to their natural geometric definitions. This was done
so that their leading orders were finite.

4 The BMSW group

In this section we define the BMSW group, its Lie algebra structure, its boundary and bulk
realizations and its relationship with the original BMS group, the generalized BMS group
and the extended BMS groupoid.

4.1 Residual diffeomorphisms

The residual diffeomorphisms which define the boundary symmetry generators are defined
by two sets of requirements, which are to be analyzed separately. These are:

(i) The preservation of the Bondi gauge-fixing (2.23):

Legrr =0, Legra =0, O (gABfggAB> =0. (4.1)

9If we introduce a second null vector n transverse to [ and such that the space-like spaces orthogonal to
the pair (I,n) are tangent to the sphere, we have n4 := —rn*Val,. The quantity n*V 4l, contains the two
transverse components of the spin-1 momentum, and it is also related to the non-integrability of the (I,n)
planes and to the rotational 1-form of the isolated horizon framework; see discussion in [29, 81].
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(i)

These conditions are solved respectively restricting the components of ¢ to be of
the form

=1, A=yA_IABopr, = W+ % (DA PopT) + Ut0ar), (4.2)
where D4 is the covariant derivative associated with gap and

oo dy’

AB 28 AB
T

The parameters 7, Y4 and W are, at this stage, arbitrary functions of (u,aA) but

not of r, and the Weyl factor W is such that

bey/d = (DAY — 2W) /4, (4.4)

where DY “ measures the variation of the sphere area element under a diffeomor-
phism, while W labels a Weyl rescaling. This transformation rule, which distin-
guishes the rescaling due to tangent diffeomorphisms from the rescaling due to Weyl
transformation, justifies with hindsight the parametrization (4.2) of £", which is a
slight generalization of the procedure [3] (see [18, 20]). It is important to note
that DAYA = DoY4 is independent of r due to the determinant condition in the
Bondi gauge. This means that 0,(d¢,/q) = 0 which is equivalent to the last condi-
tion of (4.1).10

The preservation of the boundary conditions (2.25):

£§gu7“ = O(T_Q)v ££guA = O(l) (45&)
Leguu = O(1), Legap = O(r?). (4.5b)

These impose
o YA=0, 9W =0, (4.6)

and restrict 7 to be a linear function of u given by

r=T+uW, 0,T=0 +=W, #=0. (4.7)

The BMSW vector fields preserving (i)-(i7) depend on two arbitrary functions (7', W)
on the 2-sphere, equivalently on a linear function of time 7 = T+ uW, and on a vector

Y = Y494 on S. They will be denoted §(ry) or §rw,y)- The gauge parameter T(c%)

is associated to the asymptotic super-translations, Y4 (c4) represent asymptotic diffeo-

morphisms of the celestial sphere S, while W (o4) corresponds to Weyl rescaling of the

celestial sphere.

10T his follows from

1 1 r w
d¢In\/q = §9AB6§9AB = §gAB£ggAB = 2% + DAt —Uoag".

~ 18 —



All the asymptotic symmetry groups studied so far in flat space holography (see [100]
for an overview), such as the original BMS group [5, 88, 89], the extended BMS group
introduced by Barnich-Troessaert [48, 90, 101] and the generalized BMS group put forward
by Campiglia and Laddha [16] and studied canonically by Compere et al. [18], appear as
a restriction of the BMSW group. For instance, the generalized BMS group Diff(S) x RS,
where R® denotes the space of functions on S, is obtained from BMSW by restricting the
Weyl factor to be identified with the divergence of the vector field

1DAYA. (4.8)

Wbms _
2

The original BMS group Conf(S) x R¥ is obtained by fixing also the boundary metric to
be the round 2-sphere metric

dAB = AB (4.9)
and by demanding, in addition, that the vector field belongs to the conformal group of S

o

DAY =0, (4.10)

where D is the covariant derivative of the spherical metric, so that (4.9) is preserved. The
extended BMS group (Conf(S) x R¥) x RS, which will be discussed in more details below,
is obtained by imposing that sphere diffeomorphisms are conformal (4.10), but relaxing the
Weyl condition (4.8) and introducing a field-dependent redefinition of the super-translation
parameter 7" in order to obtain an algebra. We come back to all these relations with more
details in section 4.3 below.

4.2 Boundary symmetry Lie algebra

A remarkable consequence of the BMSW extension is that the residual diffeomorphisms
generate a subalgebra, and not a subalgebroid, of the full diffeomorphism algebra of Z.
This is not obvious from the start, since the BMSW vectors are manifestly field dependent.
Therefore the commutator of the field transformations they generate is given by the mod-
ified Lie bracket (2.12), which in general yields an algebroid. To prove this point, we look
at the leading order of the BMSW vector fields on Z. It is given by

iy = TO0u + Y04 — 710, (4.11)

or equivalently
Erwy) =T+ Y94 + W (ud, — r0,). (4.12)

These vector fields are elements of the automorphism group of a line bundle P — Z over Z
that we call the scale bundle. The translation along the fiber of P is given by the conformal
rescaling operation and the asymptotic vector field is an element of its automorphism group,
5(7-7)/) = é(TVW,y) € Aut(P). At the infinitesimal level the conformal rescaling is implemented
on Z by the operator 70,.

The two expressions (4.11), (4.12) give two different interpretations of the same vector
field: in the first expression we see that 7 labels linear time reparametrization while 7
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labels a Weyl rescaling. In the second expression we see that T labels super-translation,
while W labels a super-boost transformation which preserves the normal metric 2dudr.
Demanding that the boundary symmetry algebra is a Lie algebra, and not an algebroid,
means that we have to impose that E(T’y) is field independent, i.e., 67 = §Y = 0. These
conditions mean that

[[5(7—17}/1)’ g(7'27Y2)]] = [E(Tl,yl) ) E(TQ,YQ)]Lie . (413)

The vector fields E(Tvy) are the generators of the boundary symmetry group. Their Lie

commutators give
[§ (r1,Y1)» 57'273/2 } § (112,Y12) » (4'14)

where
Tig 1= TiTe — 271 + Yi[12] — Ya[mi], Y12 := [Y1, Ya]vke - (4.15)

We thus see that, in the (7,Y") basis, the infinitesimal generators of the BMSW group at
leading order in the Taylor expansion form a Lie algebra given by the semi-direct sum

bmsw := diff(S) BR? , (4.16)

with RE denoting functions on the sphere S which are linear in time with a bracket given
by the Witt bracket.!! Quite remarkably,'? the bmsw symmetry algebra was shown to
be the symmetry algebra preserving the so-called intrinsic structure'® of any finite null
surface in [31]. This intrinsic structure can be understood as a thermal Carroll structure.
This group also appears as the extended corner symmetry group of a 2-sphere embedded
in on a 3d hypersurface [63]. The fact that the same symmetry group appears naturally
at infinity, although surprising, is not a coincidence. We expect that asymptotic structure
and asymptotic symmetry mirror similar structure at finite surfaces.

We can make this algebra even more explicit if one uses the explicit parametrization

7 =T+ uW. Then we can rewrite (4.16) as a double semi-direct sum
bmsw = (diff(S) ®Rj,) RS, (4.17)

where the first factor is the Weyl group parametrized by W, while the second factor is the
super-translation group parametrized by 7' (with 67" = 6W = 0). The brackets are

Wis = Vi[Wa] — Ya[W4],  Tig = Yi[Ty] — WiTs — (Ya[T4] — WaTy). (4.18)

We see that W transforms as a scalar under diff(S) while 7' transforms as a weight-1
section of the scale bundle. A section ® of the scale bundle is said to be of scale weight

15 refers to the set of maps from S to the group G. R, can also be identified with the subalgebra 70,
of diffeomorphisms of R which are linear in u.

12We thank A. Speranza for bringing this result to our attention.

13 An intrinsic structure on a null surface A is an equivalence class of pairs (n, ) where n = n%d, is a
null generator of N and « is the null surface gravity. The equivalence relation is under rescaling of the null
generator given by

n — e’n, k— e’ (k+ Lno).

These transformations insure that the operator £, + x transforms tensorially.
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s if it transforms under Weyl rescaling as ® — e *W®. This structure allows one to
associate a notion of scale weight to fields on Z, something that has been considered in the
literature [48, 90, 102] and that will be explored elsewhere.

We can now formalize the construction (4.2) of the bulk vector field solution of the
Bondi gauge condition as the construction of a map p : Aut(P) — ['(T'M) given by (4.2).
The BMSW vector fields £,y are the bulk extension of E(Tvy) and they are given at leading
orders by the asymptotic expansion

_ _ 1 1 ~
Eey)y =P (ﬁ(r,y)) =&ry) + ;ﬁ + 77253 +o(r?), (4.19)
where
el = —04704 + %AT roy (4.20a)
1 1/~ 1 _
€2 = §cABaBTaA -3 (DACABagr + 2CABDAaBT> ro, . (4.20D)

The map p gives an intertwiner between the standard Lie bracket and the field-depended
modified Lie bracket (2.12). More precisely, thanks to the map p, the bulk vectors (4.19)
form a faithful representation of the Lie algebra (4.16) for the modified Lie bracket (2.12).
This follows from the property

[€ 3y Emay] = 1€ 3))s PErava))] = PUEr 32 s Era,va) ILie) » (4.21)

which yields
[[é-(Tlvyl)’ é-(”1'2,1/2)]] = S(Tlg,ylg) ) (422)

with 712, Y12 given by (4.15). It follows that the bulk vectors in the (7,Y") basis (4.19) also
satisfy the Lie algebra (4.16).

A remark is in order. The construction of the algebra uses explicitly the preferred
foliation of Z introduced by the use of Bondi coordinates. For this reason, the right-hand
side of (4.16) makes reference to the cross-sections S defined at constant u. However, we
expect that it is possible to use an intrinsic approach on Z like in [31, 71], and define this
algebra based on more general universal structure than the one associated to the BMS
algebra. In this intrinsic approach, the only notion that is required is the fact that Z
is a fibration, without the need of choosing a specific foliation, and that this fibration is
equipped with a thermal connection (see footnote 13). This will be investigated elsewhere.

4.3 Extended BMS and generalized BMS as Lie sub-algebroids

We now want to describe more precisely the relation between the BMSW group (Diff(.S) x
RIL?V) X R% and the previous BMS groups. There are three such groups: the generalized
BMS group Diff(S) x R [16, 18], the extended BMS group (Conf(S) x R%) x R, [48, 90]
and the original BMS group Conf(S) x R [88, 89]. There is a key difference between
BMSW and all the BMS groups: the BMS groups depend on a background structure held
fixed, while the BMSW group does not involve any background structure besides the choice
of foliation.
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r Ew 3%
bmsw super-translations | Weyl super-boost Diff(S) sphere diffeomorphims
generalized bms | super-translations 0 super-Lorentz: rotations & boosts
extended bms | super-translations super-Weyl Conformal transformations

Table 2. Comparison of the extended, generalized BMS and BMSW generators. The generalized
BMS generators are called super-Lorentz transformations, following [18, 100]. They are obtained
from BMSW by fixing the Weyl rescaling in terms of the sphere diffeomorphism to preserve the met-
ric scale. One usually calls super-rotations the area-preserving diffeomorphisms while the Lorentz
super-boosts refer to transformations that are divergence-full, D,Y4 # 0. In bmsw we have a
finer group structure and the Weyl super-boosts are left free. Note that the Weyl super-boosts are,
unlike Lorentz super-boosts, genuine boosts normal to the sphere. The Weyl super-boosts decouple
in the extended BMS group.

On the one hand, all the BMS groups descend from BMSW, which can then be seen as
a consistent merging of the previous extensions. On the other hand, there is a subtle point:
to obtain the (original, extended or generalized) BMS algebras, one needs to consider
field-dependent vector fields. This creates a potential issue that these sub-algebras are
only sub-algebroids and not simply algebras. Having a Lie algebroid structure is not
admissible if one wants to promote the classical symmetry algebra to a symmetry algebra
of quantum gravity. One therefore needs to project back this algebroid onto an algebra.
This is what we investigate and we show how to recover a Lie algebra structure in all three
cases. The consequence of this reparametrization is that the representation of the sphere
diffeomorphisms is fundamentally different for the BMS groups because it involves a mixing
of the BMSW diff(S) and Weyl charges.

4.3.1 Generalized bms

The generalized bms algebra, or gbms for short, was first proposed by Campiglia and
Laddha [16] as an asymptotic symmetry group to take into account the subleading soft
theorem and it was extensively studied by Compere et al. in [18]. To obtain gbms from
bmsw one has to redefine the Weyl parameter to be field dependent,

1_
pyebms — 5DAYA. (4.23)

This parametrization corresponds to a choice where the scale factor is fixed by the symmetry
transformations
(Sggbms \/6_ = O (424)

With this choice, let us consider the asymptotic vector fields

bm
§7Y) = E(ribavay); (4.25)
which become field dependent
~gbm 1 —
0T = 5Y 100 /g (udy — r0,). (4.26)
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background structure | restriction parametrisation group

bmsw 0 0 (T, W,Y) Diff(S) xg (RS, x RS)

generalized bms scale structure 0,/q=0 (T, $DAYA)Y) Diff(S) x5 RY

extended bms | conformal structure | dlgap] =0 | (et, (DAY ? —w),Y) | (Conf(S) xq/o RF) x Ry,

Table 3. Comparison of the extended, generalized BMS and BMSW group structure and parametri-
sation. The notation x, denotes the action of diffeomorphims on densities of weight a. R refers
to super-translations and Ry to Weyl super-boost.

As a consequence, while the vectors §(; y) form a Lie algebra, the vectors 5?;{";') form a Lie
algebroid, unless we take the restriction that § In /g = 0, which is what is implemented for
the generalized bms algebra [18]. This restriction insures that £8°™ is field independent
and therefore that the algebroid is an algebra.

The generalized bms Lie algebra bracket is

~gbms ~gbms __ sgbms
[[g(ThYl)’ 5(T27Y2)]] o é.(T12,Y12) ’ (4‘27)
with (Tlg, Ylg) given by
Yis = V1, Yolfe, (4.28a)
1 = 1 =
Ty = V1 [T3] = Ya[Th] + 5 1 DAYS — 5TgDAylA. (4.28b)

This algebra is such that diff(S) does not act on W, while its action on 7" is the action on
densities of weight 1/2. In other words

gbms = (diff (S) By /2 RY), (4.29)

where (B, denotes the action of diffeomorphism on densities of weight .

The fact that this is an algebra and not an algebroid stems from the fact that the scale
factor 1/q is taken to be a background structure which is not part of the phase space and
that the algebra action is consistent with the condition d1/¢ = 0 = dgeoms /G-

4.3.2 Extended bms

The extended bms algebra, denoted ebms and proposed by Barnich and Troessaert [48, 90],
does not allow for general diffeomorphism but it allows for a Weyl rescaling of the metric.

It is obtained from the bmsw algebra by introducing a background conformal structure,
associated with the round sphere metric ¢, and by imposing that'®
qap = €*{ap. (4.30)

MThat is an equivalence class [gap] of metrics modulo rescaling gap ~ equB. By the fundamental
theorem of Riemann surfaces a conformal structure is equivalent to a complex structure.
15Sometimes it is also considered the case where one chooses a north pole n and a south pole s on S

and introduces a flat space metric ¢{a* on S* = S\{n,s}. This is possible since S* has the topology of
the cylinder. In this case one can also consider imposing Gap = e**¢1 & on S*. Such metrics are however

singular on S.
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Preserving this background-dependent conditions requires modifying the definition of the
Weyl factor. One imposes that

1 -
pyebms — 5(DAYA —w) (4.31)

and demands that it is w which is now field independent dw = 0. This choice of
parametrization corresponds to transformations that preserve the sphere complex structure

1

5£ebms \/5 = UJ\/§, 6£ebms @Y = iw (432)

This creates a issue: the boundary vector field is then field dependent and we are at risk of
creating an algebroid not an algebra, which would be not suitable for quantization. There
is a way around it, that is to redefine also the super-translation generator as

TePms — ¢, (4.33)

where t is a field independent parameter, satisfying §¢ = 0. The boundary vector field

f(etlfgf‘y) = E(Tebms webms vy is still field dependent

SE6Tmsyy = (69)T™ 9y + Y [5¢0) (udy — 10,) , (4.34)

nevertheless one can show that the extended bms algebroid is in fact a Lie algebra. The
extended bms Lie algebra bracket is

[[g(egrjzhyl)’ g(etb2n,q’;12,Y2)]] = 5(6521,212}/12) ’ (4'35)

with [48, 103] (t127w125Y12) given by

Yi5 = [Y1, Yok, wiz =0, (4.36a)

1 © ]_ o
tiy = Yi[to] — 5152DAY{‘ - (Yg[tl] - 2t1DAY2A> : (4.36b)
This means that the algebra is
ebms = (Conf4(S) By /2 R7) & Rfy. (4.37)

The main feature of this algebra is the fact that the Weyl rescalings decouple from the

conformal transformations and the super-translations. The Weyl parameter acts as a su-

perselection parameter. Finally, the super-translations are acted upon by the conformal

generators as density of weight 1/2, in agreement with the generalized bms algebra.
Finally, the bms algebra

bms = (Conf;(S) ®; /2 RY) (4.38)

can be obtained either from the generalized bms algebra by restricting the diffeomorphisms
to be conformal transformations or from the extended bms algebra by restricting the Weyl
transformations to be trivial.
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4.4 Action on the asymptotic phase space

The asymptotic covariant phase space we define is parametrized by functionals of the
metric @i(gu,,) = (F,M,3,PaA,Us,qa,Cap). We are interested in the behaviour of these
functionals under the transformation 5(T’y)<1>i = f%ﬁg(ﬂy)gw generated by the BMSW
group.

This can be found expanding the action of {;y on the metric in inverse powers of r,

L Iuw = "£E<T,y)glw + ’C%€1+%2£2+0(T_2)g/“" (4.39)
Accordingly, we can decompose the transformation of the functionals ®* as

Sy @' = 0z

o Aed' (4.40)

where the homogeneous term 55(7’“ is determined by Z-component g(.,_’y) of the Bondi

vector fields (4.19), while the anomaly term A is determined by their bulk extension.'®

An explicit calculation of the homogeneous part and the anomaly contribution yields'”

O(r,y)@aB = [T0u + Ly — 27| qaB, (4.41a)
8(rv)Can = [T0u + Ly — 7] Cap — 2D 40p T, (4.41b)
8(rv)yNap = [70u + Ly] Nap — 2D 407, (4.41c)

Sy M = [r0y + Ly + 3¢ M + (;DACAB + aBF> Opr

+ iNABDAaBT + ECABDA({?B%, (4.41d)
S(r,y)Pa = [0y + Ly + 27| Pa

+3MOT — éNBCcBCaAT + %(CAC Npc)oPr

+ z(DADCCBC — DpDeCC)oPr + iaAwBCDBDCT)

D<ADB>TDCcBC + CAB (FaBT + iaBAT> . (4.416)

1
2

These expressions agree with the ones given in [18, 21] if we set W = %D AY4 and take
into account the relation between the Barnich-Troessaert momentum N4 and the canonical
momentum Py given by Ny = Py + aAﬁ_ . We can also deduce that

_ _ 1-
5(ij)F = [Tau + EY + 27"] F+ §A7.', (4.42&)

_ -1 _
O(ry)B = [T0u + Ly + 27| B + gcABDAaBT, (4.42D)

% The term ‘anomaly’ refers to the fact that quantities like Cap or M do not transform as sections of
the scale bundle. The additional inhomogeneous terms come from the fact that they are components of a
spacetime tensor. These are examples of the type of anomaly transformations defined in (2.3).

"We have included the time derivative term &, in the transformation for qap to highlight the overall
structure, although our boundary conditions spelled in section 2.2 are such that d,gas = 0.

— 95—



where the first equality follows from the transformation of ¢g,, and the second equality
follows from the transformation of ¢g,,. Finally the action of the transformations on g,a
gives

S(ry)Ua = (10u + Ly +F)Ua + %(Maﬂ + OAAT) + %(CAB&BT' — NABopr). (4.43)

Recalling the relation R(7) = 4F, we see that the transformation 5(7,0)F = 27F + %A’f‘
matches the infinitesimal conformal transformation of the 2d Ricci scalar under the metric
rescaling gap — e 2 qap. Similarly the variations (4.42b) and (4.43) can also be obtained
through the on-shell identifications (2.27b).

4.5 Covariant functionals

The transformation rules reported in the previous section have the general structure
S(r3)O = [TO4 + Ly — 57]O + LEOAT + LHOaT + Q5P Dadpt + Q5P Da0pt.  (4.44)

The first term is the homogeneous transformation that involves the scale weight s of the
functional O. All scale weights of the different functionals can be found by assigning scale
weight s(ds?) = —2, while s(r) = s(dr) = —1 and s(u) = s(du) = +1 in the metric
expansion, hence the scale weight of 0, is —1. Functionals that transform homogeneously
are section of the scale bundle P. The inhomogeneous terms are of two types, (Lé,ﬂé)
which we call linear anomalies and terms (QéB, QéB ) which are the quadratic anomalies.

Requiring the absence of quadratic anomalies turns out to single out important quan-
tities. A prime example of this is the time derivative of the news tensor, which transforms
as (S(Tyy)NAB = [0y + Ly + 7] Nap, i.e., as a section of weight —1 of the scale bundle. A
second example is the covariant mass aspect combination

1
M= M + éNABCAB ; (4.45)
whose transformation is
1= _
dryyM = [r0u + Ly + 37| M+ MA07,  M*:=DpN*P +0%F.  (446)

The quantity M4 appearing here is itself free of quadratic anomalies. In fact, an explicit
calculation gives

1.
SryyM™ = [0, + Ly +47] M* + 5NABaBT : (4.47)

where we used that [04, A7 = —%R@A%. This shows that if the vacuum structure M4 =
0 = N4p is satisfied, then the covariant mass aspect M transforms homogeneously. As a
consequence, the manifold of flat vacua can be defined by the conditions

M=0, Ngg=0, M*=0. (4.48)

These conditions define an orbit of the BMSW group.
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Demanding no quadratic anomaly in the transformation rule for the momentum,'® we
are led to the covariant momentum aspect

_ _ 1 _
Py =Py — 2046 — 5CABUB. (4.49)

As shown in [56], this momentum aspect is the one with the simplest transformation
under super-translations. It is also the unique one with no quadratic anomaly, therefore it
possesses the simplest transformation under the BMSW group.

There is a further, independent reason to single out these covariant quantities: they
are the leading order contributions to the Weyl scalars. As shown explicitly in appendix D,
the covariant momentum aspect is the leading order of the Weyl scalar 1, the covariant
mass M of (the real part of) 19, the vector shift My of 3, and Nap of iy.

4.6 On the definition of (angular) momentum

Our analysis has led us to consider two different momentum charge aspects, P4 and Pj.
They appear in the expansion of U4 (2.26¢) as

1 - 2 _ _ _
[ — T (PB + CpcU° + (9B/3) ;

r2 B 3?(1
Loa 2 4 3 C 2

The momentum aspect P4 is the canonical charge generating sphere diffeomorphisms for
all the bms algebra extensions. It is important to appreciate that these charges are defined
at the finite u = 0 sphere (see (6.8) below for the u = cst shift of this momentum which
acquires an extra term linear in u). The fact that P4 is the canonical charge aspect of
finite cuts is consensual across different approaches in the literature, and its expression
coincides in Ashtekar-Streubel [71], Wald-Zoupas [46], Barnich-Troessaert [21], Flanagan-
Nichols [17]. For this reason we refer to it as the canonical momentum. On the other
hand, the covariant momentum aspect P4 appears in Hawking-Perry-Strominger [105] and
Compere-Fiorucci-Ruzziconi [51] as charges attached to the limiting spheres at u = +oc.
In addition to the property that this momentum possesses no quadratic anomaly, there is
also the fact that it vanishes at timelike infinity, i.e. when v — +o00. More generally, it
vanishes for vacuum spacetime.

Even though the covariant and canonical momentum charges are unique in the litera-
ture, the parametrization (4.50) of the metric coefficient U4 in terms of (angular) momen-
tum, ' usually denoted N4, is far from universal and distinct from the definition of physical
charges. While the latter are clearly more relevant and matter more, to help the reader to
navigate the different conventions we summarize here different parametrization used in the
literature. To rationalize the discussion, we consider as in [56] a two-parameter family

Pjga’b) = Py — gCABUB —2b048. (4.51)

'8The explicit formula for the transformation will appear in a forthcoming work [104].
19WWe explained in the Introduction why we prefer the name momentum as opposed to angular momentum.
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The covariant momentum is Py = Pjgl’l) and the canonical momentum is Py = Pzgo,o)‘

Most of the literature oscillates between these two parameterization of the metric coeffi-
cient: the canonical class, which uses N4 = P4, includes Ashtekar-Streubel [71], Wald-
Zoupas [46], while the covariant class, which uses Ny = P4, includes Yau et al. [67],
Flanagan-Nichols [17], Strominger, Hawking-Perry-Strominger [105]. There are a few
authors that consider a different parametrization, that include Barnich-Troessaert [48],
Compere-Fiorucci-Ruzziconi [18] and Médler-Winicour [6] for (a,b) = (0, —1/2).

Let us note that this discussion was for the BMS momenta, which generate diffeo-
morphisms combined with a rescaling that preserves the metric determinant. The BMSW
canonical momentum, which generates a pure Diff(S), is shifted with respect to the BMS
momenta and given by Pjgo’*l), see (2.43).

4.7 Vacuum structure

As we have seen, the non-radiative sector of the theory is characterized by the conditions
V¥as = 0, and MY = 0. These are solved? by NS = Tap(q) where Tap(q) is the
Liouville energy-momentum tensor [18, 69] associated with the metric and defined by

_ 1 -
DATap(q) = —50BR. (4.52)

It vanishes for the round metric ¢.

We can also understand the vacuum sector as an orbit of the BMSW group (see [90, 106]
for an orbit analysis of the original BMS group). To do so we introduce the BMSW group
elements?!

ITwy) = T eW Y (4.53)

Their action on the gravity phase space is given by exponentiation®? of the infinitesimal
action (4.41a), (4.41b), (4.41d), (4.42a) as follows:

grwy) - Gap = € [672W§AB} ; (4.54a)

grwy) - Nap(u) = e~ [NAB(EW(U +T)) = 2(Da0p W + 8<AW6B>W)} . (4.54D)
9wy - Cap(u) = e [e_WCAB(ew(U +T)) = 2(D40p) T + 20 4W pT)

~2(u+ T)(Dadpy W + aW g W) (4.54c)

gerwy) - R@) = e [ (R() +28W))] . (4.54d)

The vacua |T,W,Y) = g(r,w,y)|0) are labelled by a BMSW group element. In particular,
starting from Minkowski spacetime, we see that the orbit of the BMSW group element
g(T,w,0) generates a non-zero value for the news tensor of the vacua given by

N3 = TAB(€72Wq°) = —2(D<A83>W + 8<AW33>W) . (4.55)

20nce one imposes the asymptotic Einstein equation R(g) = 4F.
21'We do not use the 7 parametrization which is more involved as g, = €’™ = 9T (eW —1)/W,W -
*2For instance

Ly [ 678 Ly —2W [ 5 Ly —2W T
gr,w,y) - qap =€ ¥ [e Te WqAB] =eVe [e TqAB] =eVe e ““qaB.
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Alternatively, it is well known that a generic metric ¢ on the sphere can be obtained by
the action of g(pw,y) on the round metric . The kernel of this action is SU(2) x R?, so we
can also label the vacuum by a triple (Gap, T, g), where T' is a super translation parameter
and g is an SU(2) group element.

The construction of the BMSW group presented so far applies to any formulation of
gravity. We now want to show that the BMSW can be given a canonical formulation in
terms of charges, defined using covariant phase space methods, and a suitable renormal-
ization procedure along the lines explained in section 2. The next section will show that
one can bypass the problem of integrability of the Hamiltonians, and work uniquely using
the Noether charges. This is enough to recover the full BMSW algebra via a centerless
bracket at any cross-section of scri, and furthermore to prove that the EEs themselves can
be understood as the requirement that this algebra is represented in the phase space. To
take these next steps, the choice of a specific Lagrangian and its fundamental variables is
a priori necessary. In the following, we will specialize to the use of tetrad variables and the
Einstein-Cartan formulation, for reasons that we now explain.

5 Tetrad variables

General relativity can be formulated using either the metric or the tetrad as fundamental
variables. Both formulations are free of Lagrangian and symplectic anomalies, and the
formalism developed in [44] and summarized in section 2 can be equally applied to both.
In this paper, we choose to work in tetrad variables. This option is less common in the
literature, but there are compelling reasons to do so, and indeed we would like to advocate
that the study of boundary symmetries of gravity is better done in tetrad variables. In
addition to the general advantages of working with tetrads, like the technical simplifications
of working with forms, and better treatment of matter coupling and first-order version of the
action principle, there are specific advantages in terms of covariant phase space methods.
These include again simpler expressions to manipulate, but also removing the need of
subtraction terms at spatial infinity [107], and a convenient framework for isolated and
dynamical horizons, e.g. [108, 109]. More relevant to the study of future null infinity is the
recent result that tetrad variables give access to non-vanishing dual BMS charges [110-112].

When using tetrad variables, there is an important aspect to take into account: the ad-
ditional gauge freedom of internal Lorentz transformations. This leads to internal Lorentz
charges that are absent in the metric formalism, and a priori different covariant phase
spaces. The differences show up for instance in the formulas for the quasi-local charges,
which been investigated in [81, 113] and [38—40]; see also [107, 114-117] for previous related
work. It is known that equivalence of the charges can be restored for isometries using the
Kosmann derivative [114-116] (see discussion in [81]), but for asymptotic symmetries is it
not always the case [111, 112]: at null infinity the standard charges are the same but not
the dual ones, thus offering a set-up to recover known BMS results, while at the same time
accessing the dual sector. The exact equivalence can be obtained for all charges including
arbitrary diffeomorphisms if one works with a dressed symplectic potential [81, 113] (see
also [87, 118]). As explained in [38, 39], this choice of potential can be uniquely singled
out adding a suitable boundary Lagrangian (see also [119, 120]).
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Recall from the Introduction that our approach is to focus on Noether charges, and be
able to reproduce the algebra of all diffeomorphisms preserving the boundary conditions. In
this perspective, the internal Lorentz charges are a key component of the corner symmetry
group at finite distance, and are also in general non-vanishing at null infinity. While this
might seem surprising at first, a moment of reflection shows that this charge contribution is
indeed necessary if we are to fix an internal gauge for the frame field which is not preserved
by the action of Bondi diffeomorphisms. In fact, we are going to show that the non-
vanishing contribution of the internal Lorentz symmetry to the Noether charges is crucial
in order to correctly recover the asymptotic Einstein’s equations at null infinity.

5.1 Charges and fluxes

Let us briefly recall the explicit formulas of the Einstein-Cartan-Holst formulation and its
symplectic structure that we will need below. The Lagrangian is

1
L:§EIJ/\FIJ(w), (5.1)

with X775 = Pryrre® Ael, Prixr = %EUKL—i— %nI[KT’L]J where 7 is the Barbero-Immirzi or
simply Immirzi parameter, and the curvature is Fyj(w) = dwrs+ % [w,w]rs. The symplectic
potential is given by

ezézumsw”. (5.2)
The action of diffeomorphisms on the phase space variables is given by
01y = £eX15 = d(teDr) +1edSry, b’ = Lo = dy(eew!) + e FL (5.3)
The associated Noether current and charge aspect are

. 1
Ig@ - LgL = dQ£, q¢ = 52]] waIJ. (5.4)

We used the vacuum Einstein’s equations P[JKL(@J /\FKL) 20 and d,X!7 2 0. Since there
is no anomaly, the Noetherian flux is given by

.7'—5 = Lg@ + qs¢

1 AN 1
= ibg (EU/\éw ) +§E[JAL5§W

1 1 1
= §L§21J A dw! + 55 (Z]JL5w1J> — §5E[JL§WIJ . (5.5)

The action of gauge transformations on the phase space is given by
Ny =[5 Ny, owl! =da. (5.6)
The associated Noether current and charge aspect are given on-shell by
1,0 =dgy, = %EIJ A, (5.7)

while the Noetherian flux is simply
FA = asx- (5.8)
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5.2 Adapted tetrad

To treat the case of null infinity, it is best to work with a tetrad in doubly-null form, with
internal metric 791 = —1 = —73 and complex dyad on the sphere.?3 To avoid the risk of
confusion, we distinguish the coframe and frame with a hat, e/ = eﬁdx“ and é; = éf Oy
We follow [111] and choose the following tetrad adapted to the foliation defined by the
Bondi coordinates,

eV = Pdu, el =dr+4 Fdu, €' =rE) (dO'A - UAdu) ,  (5.9a)
1
éo = (04— FO, + U*0a) , &1 =0, ¢ =~ Efoa. (5.9b)

Here i = 2,3 are the internal indices of the dyad EZA on the sphere, with inverse EZA and
related to the 2d metric by gap = EQEémj. The dyad is complex with the doubly-null
choice, and real if we take n;; = d;;. This choice of tetrad is characterized by the fact that
é; are tangent to the sphere and by the fact that €, = 0,. This eliminates the null rotations
around &y and é; and the boost transformations (€, e!) — (Ae?, A"te!). The only internal
gauge freedom left is the tangential frame rotation dpé* = ife' njkék. It can be fixed picking
a specific frame or equivalently a 2d spinor on the sphere z4 and demanding that EE‘ =2z
and E3 = z4. This tetrad follows the original Newman-Unti adapted tetrad [5] in taking
the first null vector to be the tangent to the null geodesics, but with the difference that the
second null vector is not parallel transported along [, but chosen so that the dyad is tangent
to the sphere, or in other words adapted to the 2 + 2 foliation defined by (u,r). See [121]
for a comparison of the various choices in the literature and their respective gauge fixings.

In terms of the frames, the vectors [ and ¢ read
l=¢, t=¢ePey+ Fey, (5.10)

and the torsionless spin connection w/{‘] = elV,e"’ can be nicely written in terms of the
geometric quantities of section 3 (see also [111]),

1
wip = F'du+ =na (daA - UAdu) + 28 (dr + Fdu), (5.11a)
r
ale”’ B A
wy; = Ef g (na —2rdafB)du — Sap (da - U du) , (5.11b)

1 1
woi = —EZA L@Aqu —e 28 (FSap — Kap) (daB — UBdu) + T—QUA (dr 4+ Fdu)| ,
(5.11c)
wij = (E[‘?Ej]A + E?EﬂBDAUB) du + (E[‘? ;']A) dr + wijAdUA . (5.11d)

In the last expression, w;;ja = E[’? D4 Ejp is the sphere’s spin connection associated to the
dyad Ef;‘, and satisfies a[AEjB] + wij[AEjB] =0.

Z3This has the advantage of making results from the Newman-Penrose formalism accessible, but all
formulas presented in this paper immediately extend to a real dyad and 722 = 133 = 1.
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For the expansion of the tetrad at future null infinity we use the expressions (2.26),
which we complement with the corresponding one for the dyad,

. _ 1 _ 1 _. 3
Ey = EY + ZCABE}B - WEQCBCCBC +o(r?). (5.12)
Here gap = EﬁEgmj, and we used the identity (B.13) to simplify the r~2 term.

5.3 Residual gauge transformations

The general transformation of the tetrad is a linear combination of diffeomorphisms and
internal Lorentz transformations,

5(@)06,5 = £§€/{L - )\IJSI{. (5.13)

We have already determined the BMSW vectors fields which preserve the coordinate gauge
and metric boundary conditions. When working with tetrads we also need to study which
internal gauge transformations preserve the adapted form (5.9), in particular the gauge-
fixing conditions

% =0, el =0, ey = 0. (5.14)

r

Requiring that (5.13) preserves these conditions fixes uniquely five gauge parameters in
terms of the BMSW vectors &,

B

A — 67 EHo,¢, (5.15a)
1.

)\%z _ ;EzA (BAE" + FO4EY), (5.15b)

A =08 =0, (gDA(IABaBT) + %UAaAT — r+)

., L= aB L =4 -3
=—7+ @DA(C OpT) — ﬁU 0aT +o(r™7), (5.15¢)
while )\? is kept free. The last term will be the most important to us, it shows that the
Weyl boost diffeomorphism needs to be accompanied by a internal boost transformation
in the plane normal to the sphere. The strength of this internal boost being given by the

boost factor 9,£". The action of the vector fields (4.19) on the frame fields is then
55615 = ££e/€ — )\éjei. (5.16)

The explicit asymptotic expansion of the gauge parameters )\21 corresponding to &7, Ew, Ey
is given in appendix A. This expansion is relevant for the construction of Noether charges
and fluxes.

6 Noether charges: energy, Weyl and momentum

As a consequence of (5.16), we see that it is not possible to study the asymptotic diffeomor-
phism charges without simultaneously including the effect of the internal charges.?* From

24This point was already made in [122], however there it had no consequences because they were restricting
to the original BMS.
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the definition of Noether charge (2.8), and using the charge aspects associated to the dif-
feomorphism action (5.16), which combines (5.4) with an internal Lorentz symmetry (5.7),
one gets

Qe =17 /S Va (ngm + )\21> . (6.1)

In our present analysis, we are not going to include the dual super-translation charges
discovered in [110, 111], meaning that we set the Immirzi parameter 1/ — 0. As revealed
in [39], this limit kills the internal Lorentz rotations, but it still gives us access to the
internal Lorentz boosts, namely to the )\21 component of the Noether charge (5.7).

We introduce a basis with elements associated to a single parameter and we simply
denote &1 := §(1,0,0), Ew = §o,w0) and &y = ,0,y)- The expansion (4.19) for those
vectors gives

&r =T0, — %8AT oa + % (AT - %DA(CABaBT) + iUAaAT) A +o(r ), (6.2a)
w =ulr=w — Wro, (6.2b)
&y =Y"0,. (6.2¢)

Note that in this basis the Weyl transformation &y is a radial dilation with parameter W
followed by u times a super-translation with parameter T = W.

We specialize the vector field £ to be, respectively, the super-translation generator
&r (6.2a), the Weyl super-boost transformation &y (6.2b), and the sphere diffeomorphisms

&y (6.2c). This yields the following leading order terms?®

Qr = /S VarT (M - ;DAUA> , (6.3)
QW:/S\/EW

Qv = /S VaY* (=rUa+ Pa+2DaB) . (6.5)

_ 1- -
—r2 + 4B +u (M— 2DAUA)

, (6.4)

One important subtlety is that the bmsw Diff(S) or sphere diffeomorphism charge is not
the same as the gbms super-Lorentz charge appearing in [18]. This follows from the rela-
tion (4.25) which states that a gbms vector field is a metric dependent bmsw vector field.
Explicitly, this means that we can write the gbms vector fields as

gbms gbms _

7 =&, & =& Hyoip,ya- (6.6)
The main point here is that a gbms super-Lorentz transformation is the sum of a bmsw
sphere diffeomorphism transformation plus a Weyl super-boost. In particular, this implies
that the gbms super-translation and super-Lorentz charges are given by

b b
BT —Qr, QP™ = Qv+ Qu_ypya (6.7)

25 All the charge expressions are given modulo o(1).
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This means that the finer structure of the BMSW group allows us to cleanly disentangle
the effect of a sphere diffeomorphism from the effect of a Weyl boost. These two effects are
colluded in the original and generalized BMS groups. This observation is essential when
discussing the momentum Noetherian flux in the next section. In particular, the Diff(5)
or sphere diffeomorphism flux is trivial for the BMSW group, as expected for a corner
transformation that do not translate the sphere [38], while it is not for the generalized
BMS group, simply because a gbms super-Lorentz includes a Weyl boost. If one writes the
gbms super-Lorentz charge explicitly one gets the leading asymptotics

o — [ v

_ _ _ 1. _
—rUa+Pa—5Da (M - 2DBUB>

. (6.8)

This shows as promised that P4 is the finite and u-independent component of the BMS
momentum aspect. This justifies a posteriori our parametrization.

7 Noetherian fluxes: energy, Weyl and momentum

In this section, we provide the asymptotic expressions of the Noetherian fluxes associated to
the BMSW vector fields, leaving all details to appendix B. From the definition of Noetherian
flux (2.9) and recalling that the Einstein-Cartan formulation is anomaly-free, one gets the
expression

.7-"::/ ted + qse + , 7.1
¢ S(g Q¢ Q5)\§) (7.1)

where the first contribution is the symplectic potential flux associated to diffeomor-
phisms (5.5), supplemented by the contribution due to the field-dependence of the vector
field ¢ and the internal Lorentz symmetry (5.8). It is instructive to split the Noetherian
flux in its three contributions and analyze their structure and properties. The symplectic
potential flux is

Fl o= /S ' = /S ST (€70 — €rory (7.2)

where 0 = 0te,, with €, = 19,¢ and € = 625r2\/§du drdo? is the 4-volume form — see
appendix B for details. The fact that it depends only on the components (£%,£") means
that it vanishes if £ is tangential to the sphere, as it is to be expected since the tangential
diffeomorphisms have generators trivially integrable.

Let us analyse separately the expressions of the temporal and radial components.26
For the temporal flux, we have

—\ae? 2" = r g (P0wag’ — Fowar’) + 12 /a(0wno + Udwaro) (7.3)
= V04, + V@i +0(1), (7.4)

where the most divergent term is a total derivative plus a total variation,
— G0, = 2r6(\/GF) — gau (VaCc*Podan) - (7.5)

26Note the possible source of confusion: 6" is the “temporal” component of the flux because it is multiplied
by &“. Similarly for the “radial” component 6*.
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This means that it can be renormalized away by a choice of boundary Lagrangian, as shown
below in section 9. The finite contribution to the temporal flux is given by

- 1 1 ]
Vb = 8 [Va(M + DeU)| + 1 VaN*P5Cup + 3G (FC + DU ) 6

1 o 1
+ (M — §DCUC — 4NCDOCD> 5/ G+ o(1). (7.6)

While for the radial flux, we have
—e2Br2gu = rEZAcSwAli — 1r28wy10 - (7.7)

In the case of the radial flux, it is important to appreciate that rd, is an O(1)-vector, and
that all the vector fields that we are considering contain a term pro, with p finite at Z. This
means that the divergent term of the radial flux that must be isolated and renormalized is
rf*. In light of these considerations, using the asymptotic expansion of the radial flux (see
eq. (B.19) for its derivation), we can write

Ve ret = @b, + Vb +o(r), (7.8)
where the divergent component is a total derivative
— 1 = 1 _ _
Vad, = 5@ (7'25\/@ - Zar (T\/gcABMAB) 5 (7.9)

and the finite contribution is given by

_ 1 i
Vaby, = ECCDCCD(S\/&— E\/&CABMJAB - ;\/555
4 — 1 = _ .
= —;\/§5EB - E\/&CMCCBW&JAB =0, (7.10)

where in the last equality we used the identity (B.13). The on-shell vanishing of 0§, is
necessary to insure that the renormalized symplectic potential fzu 0 €y, associated with
the null slice 3,, = {u = cste}, is finite.

The second contribution originating from the field dependence of the vector field,
namely

Foe 1=/Sq(sg, (7.11)

though it is nonvanishing, its field space contraction will not contribute to the flux-balance
laws that we will derive in section 8 and it does not contribute any divergent term in the
expression for the fluxes.

Finally, the contribution to the Noetherian flux coming from the field-dependent gauge
parameter \¢, denoted as

]'—g\ ::/ng)\E :7“2/5\/55)\21, (7.12)

will give nonzero contribution to the flux-balance laws and its expression will be provided
for each BMSW generator.
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In the following subsections, we provide the asymptotic expressions of the Noetherian
fluxes associated to each BMSW generator in (6.2a), (6.2b), (6.2c). To lighten the notation,
the three contributions to the Noetherian fluxes will be labelled by the symmetry parameter
rather than its bmsw generator. For example, in the case of super-translation, we denote
./T"G = ng and ‘/—"5£T = ng.

7.1 Energy Noetherian flux
Let us consider the super-translation generator &r. The energy Noetherian flux reads as
Fr = Fi + Fp + For. (7.13)

The first contribution, the simplectic flux (7.2) for £ = &p, displays r-divergent terms
coming from (7.5) and (7.9), and O(1) terms from (7.6) and (7.10). Collecting these
contributions, one obtains that

Fo = 7'/S [2T<5 (\/EF) + %ATé\f - %\/ﬂ (NABéqAB)
—/ST(S [V (M + DcU%)| - i/s\/&T (N*P6Cap)

_ Clees 1 CD>_1A 1= AB
/S[T<M SDAUA = -NepC SUAOAT + D (CAP0,T)

0v/q

1 1. _ _
-5 /S Vi <4AT CAB L TFCAB 4 TD<AUB>> 6Gap +o(1). (7.14)

The second contribution to the energy Noetherian flux is
For = / VGG BORTUA + o(1). (7.15)
S

The third and final contribution, namely that one coming from the field-dependent
gauge parameter A in (7.12), for )\21 = )\2; (see (5.15¢) and (A.7)), reads as

FA = % /S \/5{;5 [Da(C*PouT)] o (UAaAT)} +o(1). (7.16)

We emphasize that the divergent part of the energy flux comes uniquely from the
symplectic term in the first line of (7.14). For later convenience, let us highlight it and
denote it as

Fidiv — 7"/5 [2T5 (\/515) T %AT&f - %/&‘T (NAB&MB) (7.17)

7.2 Weyl Noetherian flux

Let us consider the Weyl rescaling generator &yy. The Weyl Noetherian flux is given by

Fw = Fo + F)y + Fsw. (7.18)
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We follow the same computational steps as in the previous case of the energy Noetherian
flux. For the Weyl Noetherian flux , considering & = &, its symplectic contribution can
be written as

Fly = uF_y - r/S Jawer
.
=uFh_y — 1"2/5 W 6\/q + 1 /S VAW CAB6Gap
1 _
-1 W (CanC*Po\/G— /G CAPoCap — 161/70B) + o(1). (7.19)

The second contribution is Fsy = uFsr, with 7= W in (7.15). Finally, the contri-
bution originating from the field-dependent gauge parameter A in (7.12), for )\21 = )\giv
(see (5.15¢) and (A.8)) takes the form

FY = uFp_y = ;‘/S\/g{;a (D4 (C4Popw )| - (UAaAW)} +o(l).  (7.20)

Also in the Weyl case, the radial divergences come from the Weyl symplectic flux, that
in turn come from the divergences in the energy symplectic flux. They are given by the
following expression

T e AL
S
1. T
:2ur/ W (VaF) + JAW 677 — oVaw (N*Psq.5)
S 4 8
—TQ/S W&ﬁ+£/s\/§wcf‘35q/w. (7.21)

7.3 Momentum Noetherian flux

Let us consider the diff(S) generator {y. The momentum Noetherian flux is
Fy =Fy + Fp + Fy (7.22)

and it is immediate to see that
Fy =0, (7.23)

as the sphere diffeomorphism generator £y has only the tangential component Y49,.

It is illustrative to complete the comparison with the generalized bms algebra. Let
us write the corresponding Noether fluxes in terms of the BMSW ones derived above.
By means of the relation (6.6) between generalized BMS and BMSW vectors fields, it is
immediate to see that

f%bms = Fr, fig/bms _ fW:%DAYA . (7.24)

This highlights how the momentum Noether charge (6.5) is Hamiltonian in the BMSW
group, while it is not for the generalized BMS group of [18]. This striking feature is
a reflection of the fact that, in the Bondi frame, Weyl super-boost transformations are
equivalent to conformal rescalings and the Lie algebra basis (7,Y") allows us to filter this
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component of the diff(.S) action out of the momentum charge. On the other hand, the con-
dition 1¥/&bms — %D 4Y4 imposed in [18] to keep the scale factor constant (see section 4.3)
mixes the Weyl super-boost and the sphere diffeomorphism fields, so that the resulting
momentum charge is now a combination of the two and it has non-vanishing flux. In the
BMS case, one recovers an Hamiltonian charge only when restricting to area-preserving
diffeomorphisms DY 4 = 0, namely to the rotational part of the charge.

8 Einstein’s equations from flux-balance laws

We are now ready to prove the main result of the paper, namely the remarkable fact
that the asymptotic Einstein’s equations can be obtained from the flux-balance law (2.20),
where the bracket on the r.h.s. is defined by (2.14) in terms of the Noether charges (6.1) and
fluxes (7.1). Before doing so, we recall the explicit expressions of the asymptotic Einstein’s
equations to make their connection with the flux-balance laws manifest.

8.1 Einstein’s equations in Bondi gauge

It follows from considering the vector field I = 0, and the one-form n = dr (see also section 3
and figure 1), that the Einstein’s equations can be grouped in four sets of equations

Gun =G, =0 (constraints equations) (8.1a)

Gu=Gu = —ewGﬂu =0 (radial evolution equations) (8.1b)
Gapy = (propagating equations) (8.1c)

¢“PGep =0 (“trivial” equation) (8.1d)

Among the constraints equations, we notably have in G,,)” = 0 and G J° = 0, respectively,
the (retarded time) evolution for the Bondi mass and the Bondi angular momentum aspects.
We list the Einstein tensor with mixed indices GG obtained in the Bondi gauge. In the
following, E¢ stands for the asymptotic Einstein’s equations for the fields {F, 8, U, M, P4}
defined in (2.27), (2.28) and (2.29).
The four radial evolution equations G,* = 0 give

1 1

G = —33Er = 3 DBy, +o(), (8.2a)
u 8 -

G, = r—4EE + o(r ), (8.2b)
u 1 —

Gy = T—QEUA + o(r™2). (8.2¢)

In addition, we have the constraints equations G 4 =0, with

2 1=, _
1 1 - _
G, =5 3Ep— DEy, +o(r™?), (8.3b)
1. 1 _ . _ 1- _
GAT:_;EUA_‘_,,E <EPA+2DAE,8_2FEUA_2UAEF) —I—O(r 2)‘ (8.3C)

— 38 —



The remaining Einstein’s equations are

1 1. i
Gap) = _ZEFCAB =+ 2 (EAB + - ) +o(r™?), (8.4a)

1 2 . B
9°PCop = —5Ep— (D€, —8Ej) +o(r™). (8.4b)

We also recall that G(apy = R(ap), where the sphere components of the 4d Ricci tensor
and the 4d Ricci scalar are given respectively by

1_ 1= _ _
Rap = 5quAB+;DCEchAEmLo(r b, (8.5)
R = QQMTRur =+ gTTRrr + QQTARTA + QABRAB
]. 1 7A hd 73
= 5Er+ 5 (2D"Eg, —8E5) +o(r™?), (3.6)
Two comments are in order here. First, the propagating equations, G 4py = 0, contain
the evolution equation for the symmetric and traceless field F4p, that appears in the
asymptotic expansion of gap (see section 2.2 above) and enters the Weyl scalar v (see
appendix D). The dots in the O(r=2) coefficient stand for additional terms that are not
important for the present discussion (see more on this in the Conclusions section 10).
Second, in the expressions of the Einstein tensor above, we have set the boundary condition
Ou@ap = 0 in eq. (2.27) to streamline the presentation of the Einstein tensor components.
However, the reader can find it useful to know that, without that condition, the leading
orders of G,” change as follows: G,* = O(r™'), G, = or1),Gr=001),G7=0(1)
and Gap = O(r).

8.2 Flux-balance laws

We are now ready to evaluate the flux balance laws (2.15), which can be written as

FeQu~ hFet [ 1Lt Qe =17 [ VA ENGT NG, B)

To make the flux-balance laws manifest, we use the fact that x = @ := 9, € BMSW , and
its corresponding variation J; is a time derivative, thus providing a term Qg in (8.7). The
expression of the Noether charge is given by

Qa = /S VaM (8.8)
and the expression of the Noetherian flux reads as
_ 1
Fo = 7“/ (25(\/§F) — 4\/§NAB(5QAB)
S
_ / 5 (Va(M + DaU™)) ~ / (M _ L pai© - 1NCDCCD> 57/
s s 2 4
1 _ _ 1
- §/ NG (FCAB + D<AUB>) 8qan — Z/ VINAPSCap +o0(1). (8.9)
S S
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In our proof, we concentrate on the (T, W,Y") basis (6.2a), (6.2b), (6.2c) which sat-
isfy the Lie algebra (4.22). This allows us to readily identify which residual diffeomor-
phism transformation relates the associated charge bracket to the (holographically) equiv-
alent asymptotic Einstein’s equations. Specifically, we will specialize the pair (£, x) to
(&7,w,y, 0y) and the flipped order (9y, &7 w,y ). The computation uses the Noether charges
derived in section 6 and the Noetherian fluxes obtained in section 7.

For later convenience, let us write the Lagrangian as

1
L= 3R, (8.10)

and use the 4d Ricci scalar in (8.6) to compute the inner products of the Lagrangian form
with time translations 0, and the three bmsw generators

1 _
/%ML: 1/ V@ AT Efz + o(1), (8.11a)
S S
L=+ [ alw (rEs + 2D, —sE,) — “AWE, 1 8.11b
el =5 | V3 |W (rEp+2D"Eg, —8E5) — SAWER| +o(1),  (S.11b)
/LgYLﬁLZO. (8.110)
S

These expressions will be shortly needed to evaluate the brackets (2.14) in the flux-balance
relations (2.15).

8.2.1 Enmnergy flux-balance

We apply the general expression (8.7) to write the energy flux-balance law, respectively,
with (£, X) = (Ou; &) and (&, x) = (&7, 0u). They are

1-
0aQr — ITFs + /SLMTL + Qagr] = /S VaT (QEM — 4AEF> +0(1), (8.12a)

. 1-
orQa — IaFr + /SLgTLaL + Qer,a) = /s Var (2EM + Dy, + 4AEF) +o(1).
(8.12b)

We first focus on the first expression (8.12a), for which the energy charge bracket
{Qa, Qe } = 0aQr — InFy + /S tater L = —Qaer) (8.13)
is equivalent to combination of asymptotic Einstein’s equations
1-
B = 2EM—ZAEF:0- (8.14)

We provide the proof by separately computing all the terms in eq. (8.13). By means of
eq. (6.3), the variation with respect to time of the energy Noether charge is given by

5.Q7 = /S VT (M - ;DAl?A) . (8.15)
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We then use the expression of the flux F; in (8.9) and the field variations under super-
translations in (C.1) to compute the field space contraction on Fy

1
IpFs = — /S VasTM — /S JAINABSCup

R . 1 140
— _/S\/aT (M—AF—4DADBNAB+4NABNAB+2DAEUA> . (8.16)

Finally, by means of the commutators (4.15), we have [i, ] = 0, and hence Qlaer] = 0
Therefore, it is straightforward to see that the energy flux-balance law (8.13), after adding
up egs. (8.15), (8.16), and (8.11a), yields the condition (8.14).

From (8.12b), we see that flipping the order of the vector fields in the energy charge
bracket (8.13), which can be read off from the right-hand side of (8.12b),

01Qq — Lo Fr + /s tertal = Qg s (8.17)

is expected to be equivalent to the following linear combination of asymptotic Einstein’s
equations

. 1-
B':=2Ey + Dy, + J0Er=0. (8.18)

We can prove this statement again by evaluating the different terms in (8.17) separately.
First, we compute the variation of J; under super-translations

S 1. .
5TQ@ = / \/ET (M — AF — ZDADBNAB + QDAEUA> s (819)
S
then the field contraction of the energy Noetherian flux
e, 1- -
IoFr = —/ VaqT (M + DAUA + ZNf“BJ\r,élB - 2DAUA) . (8.20)
S

By means of (8.11a) and Qg¢,] = 0, we obtain exactly (8.18).
We will see in a the next subsection how both (8.14) and (8.18) are automatically
satisfied by the asymptotic Einstein’s equations implied by the Weyl flux-balance law.

8.2.2 Weyl flux-balance

In the case of conformal transformations, the flux-balance law (8.7) with (&, x) = (Ou,&{w)
and (&, x) = (§w, 0u) is given, respectively, by

0aQw — IwFa + /S vatgw L+ Qlagy]
_ 1
- / Vaw [;EF +D*Ey, +2u (EM — 8AEF>} +o(1), (8.21a)
s
owQa — LaFw + /s tewtal + Qley a]

— r — 1 4. 1
= /S Vaw [—QEF — DAEy, +2u (EM + §DAEUA + SAEFH +0(1). (8.21b)
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We focus on the first Weyl charge bracket

0aQw — IwFa + /s Latew L = —Qa.ew]> (8.22)
and show that it is equivalent to the following combination of the asymptotic Einstein’s
equations

A+uB =0, (8.23)
with
7" —
A= §EF‘ + DAEUA , (8.24)

and B given in (8.14), as expected from the r.h.s. of (8.21a).
By means of eq. (6.4), we compute the time variation of the Weyl Noether charge

5:Qw :4/3\/§W5+u/3\/§w (M— ;DA(?A> . (8.25)

We then use the field variations under the Weyl rescalings in (C.2) to compute the field
contraction on JFy

1- = = = 1 1-
Iy Fa :/ VW (M - EDADBCAB — DU — 4NABC'AB+2DAEUA>
S
S 1 L=
_u/ \/ZYW <M—AF— 4DADBNAB+4NABNAB+2DAEUA> . (8.26)
S

Finally, by means of the commutators (4.15), we have [d, {w] = &r—w, so that
= 1= -
Qlagw] = /S Vaw (M - 2DAUA) : (8.27)

Therefore, upon substituting eqs. (8.25), (8.26), and (8.11b), the Weyl flux-balance
law (8.22) yields exactly the condition (8.32).
On the other hand, to expand the flipped version of (8.22), namely

SwQa — ToF + /S tew taL = — Qe a1 (8.28)
we first compute the variation under Weyl transformations of the (); and obtain
S Qa — /S Jiw (M + iDADBCAB—;DAEUA)
- u/s N (M — AF — iDADBNAB+;DAEUA> : (8.29)
and the field contraction of the Weyl Noetherian flux
LFw = le/s\/a—wcABNAB +4/S Vaw

. 1_- - 1
—u/s\/g—w (M+ 5DAUA+ 4NABNAB) . (8.30)
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Therefore, the flipped Weyl flux-balance law (8.33) yields a condition of the form A'+uB’ =
0, where

'8 —
A= —Ep — DaEg, | (8.31)

and B’ given in (8.18), consistently with the r.h.s. of (8.21b).
We thus conclude that the flux-balance laws (8.21) for Weyl rescaling transformations
yield two asymptotic Einstein’s equations in eq. (2.27), namely A = —A’ = 0 implies

_ 1. -
DAUA = —§DADBCAB. (8.32)
and _
_  R(a
= ff). (8.33)

By plugging (8.32), (8.33) into the condition B = 0 (or equivalently B’ = 0), we recover
the evolution equation for the Bondi mass [18, 21]

P 1 1=
M = EDADBCAB — gNABNAB + GAR. (8.34)

These equations immediately satisfy the conditions obtained in egs. (8.14), (8.18) from the
energy balance law. Therefore, the asymptotic Einstein’s equations Ez = 0,Eyy = 0,E;, =
0 are indeed recovered from the energy and the Weyl flux-balance laws.

8.2.3 Momentum flux-balance

In the case of sphere diffeomorphisms, the momentum flux-balance law with (§,x) =
(Ou, &) Teads as?”

0aQy — Iy Fa + /S tatey L + Qlagy
_ / N
s

Be aware that the divergent contribution in G4", namely —’FEUA in the right-hand side of

) . _ 1._
—TEUA + EJBA + 28AEB — 2FEUA — iUAEF . (8.35)

the above equation, is exactly cancelled out by the divergent contributions appearing in
0;Qy and Iy Fy given below. Consistently, in the renormalization procedure carried out
in section 9, it is shown that the Einstein’s equation E;, = 0 needs to be imposed in order
to obtain a finite expression for the momentum charge.

With these considerations in mind, we see from (8.35) that on-shell of the asymptotic
Einstein’s for U4, F and M just derived, the momentum charge bracket

0aQy — Iy Fa + /s Latey L = =Qlagy] (8.36)
is expected to be equivalent to the extra Einstein’s equations
Ep, +204E5 =0, (8.37)

as suggested by the r.h.s. of (8.35).

2TThe flipped version is trivial; in fact, dy Q4 = 0, Fy = 0 and the other terms in the flux-balance give
vanishing contribution.
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We verify this statement proceeding as above. By means of eq. (6.5), we compute the
time variation of the momentum charges

5aQy = —r /S JiYATU, + /S Vav*h (Pa+2048) . (8.38)

We then make use of the field variations under the vector Y4 in (C.3) which in particular
imply that

[ovvam =0, [ ov(/an =0, [ sv(/abat") =0, (8.39)
S S S

to compute the field contraction on Fy

Iy Fo = g/s\/aYADBNAB
+ /S JGYAouM + /S JGYACpDBF
+g [ VaY© [Ds(NPCon - €18 Nea) = NP DeCis
+ é /S Vay* (DpDPUs — DDAUP) +o(1). (8.40)
In the derivation of the expression above, we have used
DDAl = DaDplB + 2F 0, (8.41)

which follows from the commutator [DA,D(;] applied to the vector U4, and the rela-
tion (B.15). Finally, by means of the commutators (4.15), we have [4,&y] = 0, implying
that Q[[ﬁ’£YH =0.

Therefore, the momentum charge bracket (8.36), on-shell of the asymptotic equa-
tions (8.32), which removes the divergent contributions, and (8.33), yields

Pa+2048 = 0aM + CopDPF
1= 1 _
+ ZDB(NABCAC — CABNAc) — ENBCDACBC

1,_ _ _ _
+3 (DBDADCCPC — DEDPDCCac) (8.42)

which can be rewritten in the form (8.37) as expected. We thus recover the momentum
evolution equation (2.29) (see also [18, 21]) in linear combination with the asymptotic
Einstein’s equation for § in (2.27b). It is straightforward to verify that the reversed version
of the momentum balance law (8.36) trivially gives 0 = 0. The reader might also appreciate
the fact that the combination P4 +2040 is indeed the (time derivative of the) renormalized
BMSW momentum aspect (2.43). Its derivation is provided in the next section.

This completes the derivation of the asymptotic Einstein’s equations at null infinity
from the flux-balance laws defined by the bracket (2.20) for an open Hamiltonian system.
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9 Charge and flux renormalization

We now want to investigate the renormalization procedure for the charges and for the
symplectic flux outlined in section 2.3. The limit to infinity is taken by first considering the
spacetime boundary B = ¥_UAUX, with ¥4, A codimension-1 hypersurfaces respectively
given by v = uy,r = ra, with uy > u_ and then taking the limit?® rpo — 4o00. The
different components of the symplectic potential are given by

0,= (6= /r2\/ae2ﬂ9“dr 20, ©p = —/9 - r2/\/§e2f8<9rdu Co, (9.1
PINE S A A

O represents the symplectic potential on different time slices, while © represents the
symplectic potential flux leaking through the boundary. The fact that the Lagrangian
variation vanishes on-shell implies the conservation equation

0,.260_ +0,. (9.2)

We can use the results (7.5), (7.9) to write the divergent part of Op as

Oaie = dgie — ga (VaEp) dud?o, (9.3)
where the corner symplectic potential is
2
Vaiv = <r25<\/5) - Z\/ECAB5QAB> d%o + rdtespdo® Adu, (9.4)

and we have introduced the vector valued variational form
1 _ _
Uy = 5\/5173 (5QAB - QABqCD5QCD> - (9.5)

This form appears in the variation of the scalar curvature
1 — = _
30 (VaRr(@) = oa0™. (9.6)

Therefore, by means of the Einstein’s equation Ez = 0,2 we can define the renor-
malized symplectic potential in the form (2.30) with /g, = 0 on-shell of the boundary
condition dygap = 0, namely

0 = 0 — dvg;y . (9.7)

This yields the renormalized symplectic 2-form (2.36). According to (2.31) and (2.32), the
renormalized charge and flux are given by

Qf ZQg—/ngv“div, (9.8)

FR=F - /S S0 - (9.9)

28The limit us+ — 00 will be considered elsewhere.
TImposition of this equation is not necessary for the renormalization of the potential, but for the energy

and Weyl charges and fluxes, as otherwise, according to (2.30), an extra divergent term would appear in
the renormalized expressions (2.31), (2.32).
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9.1 Renormalized charges

We can compute the renormalized charge aspects given by (9.8). In the case of the energy
aspect, we use (C.1) and (6.3) to compute

QF = Qr — /SIgTﬁdiv = /S Var (M - ;DAUA> : (9.10)

In the case of the Weyl aspect, we use (C.2) and (6.4) to compute
_ 1- -
Qi = Qw — /ngwﬁdiv = /S Vaw [45+u (M — 2DAUA>

Notice that the internal Lorentz contribution to the charge (5.7), namely [s, 150, does

(9.11)

not contribute to the charge renormalization term as [¢ I\¥qiy = 0. It is also interesting
to appreciate that the divergence of the Weyl aspect (6.4) is entirely due to the Lorentz
charge contribution (A.8). The renormalization term [q I¢,, Jaiv for the Weyl aspect cancels
exactly this internal Lorentz divergence. This highlights again the importance of taking
into account also the internal SL(2, C) contribution to the charges to get finite expressions.

In the case of the momentum aspect, we use (C.3), (6.5) and the Einstein’s equation
Ej, = 0 to compute

Q¥ = Qv — /Slgyﬁdiv = /S Va Y™ (Pa+2048) . (9.12)

We thus see how the renormalization procedure removes exactly the radially divergent
terms in the Noether charge, but leaves the finite terms unmodified. The renormalized

BMS charges QR gbms QFT are given by

W=1DaYAY)
, (9.13)

Zgbms /\[[ ( _DAUA>+YAPA

where 7 =T + %DAYA.

9.2 Relation to Barnich-Troessaert charges

One puzzle we face is that the Noetherian charges that we constructed from the covariant
Lagrangian are not the same as the one considered by Barnich-Troessaert [21] or Flanagan-
Nichols [17] and studied further by Compere et al. [18, 51]. Given the emphasis we have
put on the Noetherian split’s relevance, one has to wonder whether these previous charges
are obtainable from a choice of boundary Lagrangian. We now show that this is indeed
the case: the BT charges are recovered from our covariant Noether charges after adding a
non-covariant boundary Lagrangian.

To that end, let us consider a family of boundary Lagrangians, parametrized by one
parameter a € R,

lo =7 (M + OS‘CABNAB> dud?c . (9.14)
This gives the corner symplectic potential
Do = %\/5 (C16Ca5) d% . (9.15)
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Applying the general formula (2.16) and thanks to the identity (B.13), the shift in the
charge Qé, @)~ Q? due to the presence of the boundary Lagrangian is thus given by

/S(igﬁa — Ie¥,) = /S Vi [TM + % <+ - ;DCYC> CABCap + ZCABDAaBT] . (9.16)
Applying this to the super translation charge and integrating by part gives
Qg = /S VarT (QM - %(1 + oz)DAUA> . (9.17)
For the Weyl charge one obtains
Qtv.a) = /S Vaw {4(1 —a)B+u <2M — %(1 + a)DAUA)] , (9.18)

where we have used the asymptotic EEs for U4 and 8. A similar calculation shows that
the shifted expression of the renormalized sphere diffeomorphism charge is

Qi) = /S Vv (PA +2(1 - a)c‘?AB) : (9.19)

The full Noether charge can then be written as
= 1 -

+2(1 —a)2W — DAY B+ YAPy

. (9.20)

We can thus see that the charge considered by Barnich-Troessart [21] or Flanagan-
Nichols [17] is recovered for o = —1 once we set W = £ DY, namely

BT R = AD
Qv = Qw1 pavay: 1) :/S\/ZI[2TM+Y PA} : (9.21)

where 7 =T + %DAYA.

As pointed out in section 2.1 (and derived in [44]), the non-covariance of the boundary
Lagrangian (9.14) introduces an extra contribution, K(¢ ), in the bracket (2.18) in terms
of the boundary Lagrangian anomaly. This extra contribution is given in (2.19) and it can
be computed using the anomalous transformation terms (that can be read off from (4.41))

ArCyp = —2D40pT, (9.22)
ArNap = —2D40p)7 (9.23)
A M = (;DANAB + aBF) OBt + %NABDAaBT + %CABDA@W". (9.24)

This yields
1
Al =1/7 (ATM — g(ATC'ABNAB + CABATNAB)> du A d%o

- Vi

_ 1- 1 —
OAF AT + iDA(NABﬁgT) + §CABD AaBT} dund?o,  (9.25)
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from which (we use the notation ¢ := u¢ )

K(n,Tz) = /S(LTlAméfl —tnArl_q)
1 _ _ _
=3 / V@ [0 Roams + 11CAP D40 DoYS — 145 2] . (9.26)
S

This expression for the cocycle, first proposed in [47], matches exactly the one for the
2-cocycle in the Barnich-Troessaert bracket for the charges (9.21) derived in [51].

This establishes cleanly that the BT charge is obtained from the addition of the La-
grangian /_1. It is important to note however that /_; is not integrable on Z and therefore
this polarization does not seem to be accessible if we want agreement between Hamiltonian
and Lagrangian formulations. The non-integrability of _; comes from the fact that when
u — oo we have that M — 0, which means that

vac

lo — é(a —1)NABCove. (9.27)

The only value for which this converges to 0 is a = 1. This means that the BT split of
charge and flux cannot accommodate the presence of a non-trivial asymptotic Weyl frame.

9.3 Renormalized Noetherian fluxes

We can finally compute the renormalized Noetherian fluxes given by (9.9). In the case of
the energy Noetherian flux, by means of the (6.2a), we have

Ff=Fr - /S o7 Vdiv
= Fr+ /S VATNAPog,p + /S VATDADRST + /S ATs\/G
= Fr+ 5 /S VITNAB§Gap — 2r /S To(/F) - § /S ATS\/3, (9.28)
where we have used (8.33), (B.12a), (B.12b), and the relation
SVADADBSP = ~5(VIR@) - A6V, (929)

which follows from (9.6).
In the case of the Weyl symplectic flux, by means of the (6.2b), similar manipulations
for the energy symplectic flux show that we have

Fiy = Fw — /S5W19div
— F — 2 /S Capd@ By /7 - 2 | VaowCapsg”
- %/S VaCapdsw*? — 22/35(5W\/ZI)
:fW—Z S\/(?WCABéfIAB+T2/SW6\/5

+ I Jaw N4 B — 2ru / W S(VaF) - o / AW §/7. (9.30)
S S S
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In the case of the momentum symplectic flux, by means of the (6.2c), it is straightfor-
ward to see that

Fi = Fy — / Oy Vdiv , = 0 (9.31)
s

where we use the fact that 7y = 0 and that éy has no anomaly and therefore it can be
replaced by Ly.

We thus see that the renormalization procedure for the charges ()¢ and fluxes F¢ com-
puted above removes the divergent terms in the Noetherian expressions obtained from (6.1)
and (7.1) and does not pick up any new finite term (see the expressions (7.17), (7.21) for
the divergent parts of the fluxes). Similarly for QF = Q; and

FE = Fo~ [ Gubay = Fat ] [ VAN b0, (9.32)

It follows immediately that the derivation of the asymptotic Einstein’s equations pre-
sented in section 8 goes through in exactly the same way if working at null infinity to
begin with and using the renormalized Noetherian quantities for the bracket (2.14). This
is no surprise of course, as it represents an explicit check of the invariance property of the
bracket (2.20) under the shift (2.16). Finally we can also evaluate the shifted renormalized
flux associated with the boundary Lagrangian (9.14).This can be easily done following the
procedure outlined so far.

10 Conclusions

In this work, we have achieved five interconnected results:

1. We have shown that, under the boundary conditions proposed by [16, 18], the asymp-
totic symmetry group of flat space null infinity is given by the BMSW group, which
contains super-translations, Diff(S) transformations, and Weyl super-boosts. We also
have shown that the BMS group is obtained as field-dependent reduction of BMSW.

2. Following [44], we have given a generalization of the Barnich-Troessaert bracket and
shown that demanding that this bracket provides a representation of the symmetry
algebra implies 5 asymptotic Einstein’s equations: Ez and DaEja as well as the
energy and momenta conservation equation Eys and Ep, + QEB' These results are
summarized in table 1.

3. We have provided the holographic renormalization of the symplectic potential and
the BMSW charges. We have shown that the renormalized symplectic potential is
finite provided the asymptotic equation Ej is satisfied. The renormalized charges
are also finite provided Ej, E;a are satisfied. This result extends the analysis per-
formed by Compere et al. in [18] by including Weyl transformations and the 2d metric
determinant as a phase space variable.

4. We have shown that we can obtain the Barnich-Troessaert [21] BMS charges from a
Noetherian split associated with a non-covariant Lagrangian defined in (9.14).
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5. Finally, we have shown that the vacuum structure of asymptotically flat gravity is
labeled by a BMSW group element. This contains a super-translation and a Weyl
label similar to the one revealed by Compere and Long [69]. In addition it contains
a Diff(S) label.

These results emphasize the importance of choosing a Noetherian split associated with
a choice of Lagrangian. They also generalize to asymptotic infinity the results of [44]
obtained at a finite distance for the extended corner symmetry group. In particular, the
remarkable connection, through the flux laws (2.15), between Einstein’s equations and the
canonical representation of the symmetry algebra (be it finite or asymptotic) could be
understood as the core element of (local) holography. This suggests a deep connection
between finite and asymptotic symmetry algebra (see also [32] for such a connection).

One could extend our results in several ways: first, one could try to relax the condition
Ouqap = 0 and authorize a time-dependent background metric. Essential elements of this
generalizations have been worked out in [21], but in a restricted context that does not allow
the full Diff(S) symmetry.

Also, our analysis reveals that the bigger the symmetry group, the more Einstein’s
equations can be recast as identities of canonical brackets or flux-balance laws. It thus
suggests that the maximal symmetry group should be defined as the one that recovers
all Einstein’s equations, not a subset of them. Our study is still missing the two purely
space-like Einstein’s equations® G(apy = 0. This means that we expect the full symmetry
group to be bigger than BMSW . We conjecture that the full extension includes dual super-
translations associated to the dual energy charges [110]. One way to reveal these symmetry
transformations is to introduce the Immirzi parameter by considering the Einstein-Cartan-
Holst action and repeating the analysis performed here for the dual component of its
symplectic potential (5.2). This will be addressed in a forthcoming work.

One issue that needs to be understood better is the nature of the limit v — 400
of the Noether charges. In this limit one pushes the sphere S to spacelike and timelike
infinities, which are fixed by the symmetry transformations and therefore we do not expect
the presence of non-trivial fluxes. The charges that survive this limit are the covariant
mass and the covariant momentum which are related to the Weyl tensor. This corresponds
to the proposal of [51]. It is not clear however if these covariant charges can be obtained
as limits of the Noetherian ones.

At the same time, it would be interesting to understand the connection between the
BMSW symmetry algebra and the soft theorems more deeply. Especially, what is the role
of the newly revealed Weyl charge in this context, and whether the new Diff(S) vacua
label could be related to a new memory effect associated with the spin memory effect as a
vacuum transition [19, 123].

And finally, now that we have a bona fide Diff(S) symmetry group and not just a
super-Lorentz symmetry acting on the gravitational phase space, one can wonder whether
this means that there exists a fluid description of the asymptotic conservation equations
that extends what is found at the corner [41].

3%Recall that we obtained five EEs from the charge bracket and two more from the renormalization
procedure, while G* 4 = 0 follows trivially from these.

— 50 —



Acknowledgments

We would like to thank Glenn Barnich, Geoffrey Compeére, Adrien Fiorucci, Romain Ruzzi-
coni, Anthony Speranza for helpful discussions and insights. R. O. thanks Geoffrey Com-
pere, Ali Seraj, Bernard Whiting for collaborations on related topics over the past years,
and is grateful to Constantinos Skordis for his support and advice. We thank A. M. for lift-
ing our spirits. R. O. is funded by the European Structural and Investment Funds (ESIF)
and the Czech Ministry of Education, Youth and Sports (MSMT), Project CoGraDS-
CZ.02.1.01/0.0/ 0.0/15003/0000437. Research at Perimeter Institute is supported in part
by the Government of Canada through the Department of Innovation, Science and Eco-
nomic Development Canada and by the Province of Ontario through the Ministry of Col-
leges and Universities. This project has received funding from the European Union’s Hori-
zon 2020 research and innovation programme under the Marie Sklodowska-Curie grant
agreement No. 841923.

A Asymptotic expansions

In this appendix we collect all asymptotic expansions used to derive the results in the
main text.

Metric coefficients:
1
qAB qAB rcfAB y” 2qABC CCD + O( —2) (Al)

DuvA = 7aA(\[v —aA (VGVA) = DAVA, (A.2)

o dr! 1 1 1
e ~a 5,307 + 1530 cp +o(r™?) (A.3)

Tetrad coeflicients:

. _. 1 _. 1 _.

Ej=Ejy+ 5 CaPEp + 15 EACpcCPC +o(r™?), (A.4)
1

EA=EA - —C’A EB + FEACBCCBC +o(r7?). (A.5)

Spin connection:

wio = [%+0(r2)] du + [—fﬁf—i—o( )| dr + —@ + 3 (PA+2DA5)] . (A.6)
Gauge parameters:

A — 212 { Da (C*PosT) - UAﬁAT} +o(r?), (A7)

AL = W 4 ﬁ §DA (CAPopW) = UA0aW | +o(r72), (A.8)

MW =o0. (A.9)
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B Derivation the symplectic flux

In this appendix, we compute the symplectic flux Fg = [gtef. We first expand the
contraction of the EC symplectic potential (5.2) with a generic vector field £&. We use the
convention that €p1;; = €;; and the notation {* {L = §I . We have

fg = iGIJKL/ (2’i£eK@L /\5wa +€K /\GLLg(SwIJ)
S
1 . .
= 5/5 [TGIJKefKEf;(éwB”) + TzGijE’AEfB(Lg(SwOl)] AB 2,
=1 [y Bhet? [€(6wp®) — € (wn®) + € (0wn")] i+ [ Valed o
= r/sﬁ {EiA ({05601401‘ — e war; — §¢5w,410> + ”550110} a2 . (B.1)

In the last equality we have used that ecqe?? = —\/aég and eijeAB Ei‘ = \/§EJB .
Next, we use the identities

EEN =r(" - U, L= =gt R (B.2)
to evaluate the symplectic flux as
fg =r /S Vg [EZA (6255wA0i — FéwAli) + TUAéwAlo]
-7 " (EfSwar —1—7'2/ Ledwig — 40w . B.3
/S\/af( Al) Sﬂ(g 10—¢& AlO) (B.3)
This can be rewritten as in eq. (7.2), namely
7 = [ vilgor - o)
_ u A (28 i i A
_ r/ VaE" [EA (¥5wag’ — Fowar®) + 1 (8wino + U6wao) |
S
- T/S\/afr (EiAéwAli - 7‘5wr10) : (B.4)

B.1 Asymptotic expansion of the temporal flux

We want to expand the temporal flux
—0" = T[EZA (ewéwAOi — FéwAli) + r(0wy10 + UA5WA10)} ) (B.5)
First, we focus on the last two terms
2 (Swuio + UA0wat0) = r28(wuio + UAwaig) — r26U%warg
) (TQF/ + 27~25’F) —rSUAP,
= 6M +o(1), (B.6)

where we have used eq. (A.6) and the asymptotic expansions (2.26).
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Now, we expand two terms of (B.5). They give
e*Powpo; — Fowpy; = 2P0le P EA (FSap — Kap)] + FO(EASAB)
= 0FEASAp — 0(E{ K Ap)+2F8(EfSs5)—20BEA (FSap — Kap) .

We can contract this with EB?, using that 5El-(AEB)i = %6{]‘43 and denoting S = ¢4%S,p
and K = ¢AP K 5. In particular, we use the following relation

EBS[EAK Ap) = %KABcSqAB + ¢*B6K p = 0K — %KAB&]AB (B.7)
to get
r(e*dwpgi — Fowpi;) EP =r [saF + %KABanB — 6K + 2F6S — FSapdgP
— 2168 (FS — K) . (B.8)
Therefore, we have

—0" = T'[ElA (6255w140i — F(SwAli) + 7(dwy10 + UA(SCUAIO)}

= [6M +o(1)] 4 r [5(517 - K)+ %KABanB + F6S — FSapdgt?t (B.9)

To perform the asymptotic expansion, we need the following expressions
A8 = AP — %CAB +o(r™ly, (B.10a)
rKap = (;DCU'C il NCDCCD> 145 + 5 Niap) + Dialpy +0(1),  (B.10b)
rK = DoUC 4+ 0(1), (B.10c)
SaB = qaB + CTIL;? +o(r™1), (B.10d)
S=24o0(r ", (B.10e)

where (AB) denote the symmetric traceless component. By adding (B.6) and (B.8), we
get the asymptotic expression of the temporal flux

_ _ 1 1 1,- - _
0= (26F — Fqapog*B + 4NA35qAB) - ZNAB(scAB +35 <D<AUB> + FCAB> Sg'B

1 o 1 _
— (2DCUC + 1NCDCCD + QM) 5In /g —6(M + DcU®) + o(1), (B.11)

where we used FgagdC4? = F§¢*BC 45 and 61n Va4 = —%QAB&IAB.
To further simplify the above expression, we use the following variations

6g"? = —q*°q"Psqcp (B.12a)

5CAP = 5(q"“¢PPCep) = CcPoq® + Cc6qPC + PP éCep, (B.12b)
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and the properties that a symmetric and traceless 2 x 2 matrix C'4p obey

CacCp = é(jABCCDCCDa (B.13)
NacN€p = %QABNCDNCD, (B.14)
NacC%p = —CacN®p + qapNepCP (B.15)
NacC®p = —CacNYp + GapNepCP . (B.16)

Note, in particular, that eq. (B.15) implies
NACCPICsGap =0. (B.17)

This gives us the final expression for the time flux

—Va0" =20 (rV/aF) - iau (rvac*Psqan)
— 3 [\a( + Dot - i\/éNABéCAB _ %\/5 (FCAP 4 DATR)) 6.5

— (M - %DCUC - iNCDCCD> 5/ +o(1), (B.18)

where we have used the asymptotic condition that d,Gap = 0 and that Nag = 3,Cap to
rewrite the divergent contributions in the first line as a total time derivative.

B.2 Asymptotic expansion of the radial flux

Likewise it was done for the temporal flux, we can show that the radial flux (7.7) is given by

Va" = —ry/q (BY5(wi)a = rd(wio),)
= rVaBY5 (EP Spa) + 2r2\/208
=g <5s - ;SABanB> - é\/@sﬁ
= g\/anB(sQAB + %\/5@4350% - i\/éCAB5qAB
_ %\/quABd(CACCCB _ iqABCCDCCD>
+ %\/éCABJCAB - é\/@sé +o(r™Y)
=7rd\/q — iﬁcAB(quB
+ %CCDCCDé\/Zj - %ﬁcABéoAB - %ﬁaﬁ +o(r7Y), (B.19)

where we used again the properties (B.12), (B.13), and the fact that \/ggapég*? = —26\/q.
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C Variations of fields

In this appendix, we list the field variations under the bmsw generators of those fields
that enter the Noether charges and fluxes. This list of variations is derived from the field
variations in section 4.4 and it is useful to perform the computation outlined in section 8
when performing the field variations of the Noether charges and the field contractions on
the Noether charges.

Field variations under super-translation, written off-shell of the Eg, equation

of motion:
drqag =0, (C.1a)
orF =0, (C.1b)
57 M = TN + 9 TO4F + iNABDADBT + %8AT (DeN*P-E5,) . (Clo)
67Cap = TNap — 2DaDpT + GapAT, (C.1d)
o7(DAUA) = DdrUA. (C.1le)

Field variations under the Weyl rescaling, also off-shell of E; = 0:

dwaqas = —2W qaB, (C.2a)
Sw/q=—2W /1, (C.2b)
SwE =2W F + %AW, (C.2¢)

SwM =W M + 3W M + ud W O F

1 _ _ .
+ 10V DadpW + 5 (DaNP—tp, ) 0pW

U _ 1
+ ZNABDADBWJr5EUAaAW, (C.2d)
owCap = —W Cyup +uW Nap + UAW(YAB —2uD DWW, (C.2¢)
owNag = ulW NAB + AWQAB — QDADBW, (C.2f)
Sy (DAUA) = Da(6wUA) — 204
w(DAU?) = Da(6wU?) — 2040,4W . (C.2g)

Field variations under the sphere diffeomorphism Y4

Syqas =2D(4Yg) (C.3a)
Sy\/q=DaY2\/7q, (C.3b)
Sy F =YAD,F, (C.3¢)
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SyM =YAD,M, (C.3d)

SyCap =Y DcCap +2CcaDp)Y, (C.3e)
_ _ _ 1 _
Sy (DaUA) = —DAYADUC + =00 (6v (vau®)) . (C.3¢f)

D Weyl scalars in Bondi gauge

To compute the Weyl scalars, we recall the frame field in eq. (5.9b)
A —28 A A A L ~a A L oaa
éo = (0u—FO, +U"0a), e1=0, &= CEBfon, = Efo. (D)
We also recall that ¢% = E;“EAJB N = 2E§AE5 ) and 4B = EfEf € = 2E£AEA§3 !
The five Weyl scalars are defined by contracting the Weyl tensor W, ,» with the frame

field above. It is more useful, in order to highlight the covariant feature of these quantities,
to introduce the following definitions

1 1.
(Uo)ap = -3 (EAB — mCABCCDC'CD> . (Uy)ap = *§NABa (D.2a)
1/1- - _
(U1)a = —Pa, (U3)4 = ) <2DAR+ DBN]f,) ,  (D.2b)
1 1- = 1
ReUy = — (M + 8CABNAB) , Im¥y = —cAP (4DADCC% + SCACNCB> .
(D.2¢)

The first column contains the charge aspects (Voap, ¥14, ReWs) that satisfy an evolution
equation on Z. The second column contains the components of the Weyl tensor that
provide information about the radiative nature of asymptotic infinity. Note that (¥4)p
and (V) ap are symmetric and tracefree tensors, (13)4 and (¢1) 4 are vectors, while Reto
and Imiy are scalar quantities. Moreover, it is worth emphasizing that (U3) 4 is M4, ReWs
is the covariant mass M, ImW¥s is the covariant dual mass M, and (¥;) 4 is the covariant
momentum P, introduced in section 4.5 to be those quantities that transform under the
BMSW without any quadratic anomaly.

An explicit computation of the leading asymptotic values of the Weyl scalars shows that

a 1= Wiggs = %Eg‘é;?(m)AB +o(r ), (D.3a)
V3= Wagei = %ﬁ?(%h +o(r?), (D.3b)
Retpy 1= Wigip = T%Relllg + o(r™3), (D.3c)
ilmpg == Wigss = Tigilm\lfg +o(r™3), (D.3d)
1 = Wiggs = %4 25 (T1)4 + o(r ™), (D.3e)
Yo i= Wity = 5 B BB (T0)a + 0(r 7). (D.31)
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