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Abstract
Let (X ,d,μ) be a non-homogeneous metric measure space, which satisfies the
geometrically doubling condition and the upper doubling condition. In this paper,
the authors prove the boundedness in Lp(μ) ofmth-order commutatorsMρ

b,m
generated by the Log-Dini-type parametric Marcinkiewicz integral operators with
RBMO functions on (X ,d,μ). In addition, the boundedness of themth-order
commutatorsMρ

b,m on Morrey spacesMq
p(μ), 1 < p ≤ q <∞, is also obtained for the

parameter 0 < ρ < ∞.
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1 Introduction
Marcinkiewicz integral operators and their commutators play a very important role in
harmonic analysis. Therefore, many authors have focused on studying the operators and
their commutators. In 1960, Hörmander [1] introduced the parametric Marcinkiewicz
integral, defined by,

μ
ρ
�(f )(x) =

(∫ ∞

0

∣∣∣∣ 1
tρ

∫
|x–y|<t

�(x – y)
|x – y|d–ρ

f (y) dy
∣∣∣∣
2 dt

t

) 1
2

, (1.1)

where ρ ∈ (0,∞). Let � be homogeneous of degree zero in Rd for d ≥ 2, integrable and
have mean value zero on the unit sphere Sd–1. Hörmander [1] proved that, if � ∈ Lipα(Sd–1)
for some α ∈ (0, 1], then μ

ρ
� is bounded on Lp(Rd) for p ∈ (1,∞). In 2001, Fan [2] obtained

the boundedness of μ
ρ
� from L1(Rd) to L1,∞(Rd) when � ∈ L(logL)(Sd–1).

If ρ = 1 in (1.1), then it is the higher-dimensional Marcinkiewicz integral first introduced
by Stein [3] in 1958, denoted μ�. Stein [3] proved that μ� is bounded on Lp(Rd) for any
1 < p ≤ 2, and is also bounded from L1(Rd) to L1,∞(Rd). In 1990, Torchinsky and Wang [4]
first introduced the commutator μ�,b generated by μ� and BMO function b, defined as
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follows:

μ�,b(f )(x) = b(x)μ�(f )(x) – μ�(bf )(x), x ∈ Rd,

and established its Lp(Rd) boundedness for p ∈ (1,∞). In 2002, Salman [5] reduced the
condition of the kernel function to � ∈ L(logL) 1

2 (Sd–1), and proved that μ� is bounded on
Lp(Rd) for p ∈ (1,∞).

Recently, Gürbüz considered the boundedness of Marcinkiewicz integral operator with
rough kernel associated with the Schrödinger operator and their commutators [6–8]. Gür-
büz also proved some relevant conclusions about Marcinkiewicz operators, one may refer
to [9–12]. In addition, Tao proved the boundedness of Marcinkiewicz integral operator
with rough kernel [13–15]

In this paper, we will discuss the boundedness of commutators of the parametric
Marcinkiewicz integral on the non-homogeneous metric space. Let (X , d) be a metric
space, and let μ be a positive Borel measure on X that satisfies the following growth con-
dition: for all x ∈X , r > 0,

μ
(
B(x, r)

) ≤ C0rn, (1.2)

where C0 > 0 and B(x, r) := {y ∈X : d(x, y) < r}.
It is well known that the analysis on (X , d,μ) played key roles in many fields, for example,

in solving Painlevé’s problem [16]. In 2010, Hytönen [17] introduced a non-homogeneous
metric measure space, of which the measure satisfies the geometrically doubling condition
and the upper doubling condition. From then on, many researchers considered singular
integral operators on (X , d,μ); see [18–20] for example. The purpose of this article is to
consider the boundedness of the commutators generated by the Log-Dini-type parametric
Marcinkiewicz integral with RBMO functions on (X , d,μ). Before stating our results, we
recall some notions of geometrically doubling and upper doubling measure [17].

Definition 1.1 ([17]) Let (X , d) is a metric space; if there exists some N0 ∈ N , and for any
x ∈ X , r > 0, such that any ball B(x, r) ⊂ X can be covered by at most N0 balls B(xi, r

2 ), we
say (X , d) satisfies the geometrically doubling condition.

Definition 1.2 ([17]) Let (X , d,μ) is a metric measure space, if μ is a Borel measure on
X and there exist a dominating function λ(x, r) : X × R+ → R+ and a constant Cλ > 0 such
that r → λ(x, r) is increasing and

μ
(
B(x, r)

) ≤ λ(x, r) ≤ Cλλ

(
x,

r
2

)
, (1.3)

for all x ∈X , r > 0, then we say μ is an upper doubling measure.

We also need to recall other notions [17, 21].

Definition 1.3 For α,β ∈ (1,∞), a ball B ⊂X is called (α,β) doubling if

μ(αB) ≤ βμ(B). (1.4)
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One can see from Lemma 3.2 of [17] that, if μ is upper doubling, for any α,β ∈ (1,∞)
and β > Clog2a

λ =: αν , then for every ball B ⊂ X there exists j ∈ n, such that αjB is (α,β)
doubling ball. Moreover, we see from Lemma 3.3 of [17] that, if (X , d) is geometrically
doubling, there exists n0 := log2N0, such that β > αn0 , if μ is a Borel measure on X which
is finite on bounded sets, then, for μ-a.e. x ∈X , there exist arbitrarily small (α,β) doubling
balls centred at x. Moreover, for any preassigned r > 0, their radius can be chosen to be of
the form αjr, j ∈ n. Throughout this paper, fix τ ≥ 1, B is a (30τ ,β30τ ) doubling ball and

β30τ > max
{

(30τ )3n, c3log2(30τ )
λ

}
.

For any τ ≥ 1, B ⊂ X , B̃ denotes the smallest (30τ ,β30τ ) doubling ball of the form
(30τ )jB.

As in [7], for any two balls B ⊂ S, rB and rS denote the radius of the ball B and S, respec-
tively. And xB denotes the center of the ball B. We define KB,S and K̃B,S as follows:

KB,S := 1 +
∫

rB≤d(x,xB)≤rS

1
λ(xB, d(x, xB)

dμ(x). (1.5)

Let NB,S be the smallest integer satisfying 6NB,S rB ≥ rS , we define

K̃B,S := 1 +
NB,S∑
k=1

μ(6kB)
λ(xB, 6krB)

. (1.6)

In the case that λ(x, ar) = amλ(x, r) for all x ∈X , a, r > 0, it is easy to show that KB,S � K̃B,S .
Nevertheless, in general, we only have KB,S ≤ CK̃B,S .

Finally, we recall the definition of Morrey space [22] on (X , d,μ).

Definition 1.4 Let κ > 1 and 1 ≤ p ≤ q < ∞, the definition of Morrey space are as follows:

Mq
p(κ ,μ) =

{
f ∈ Lp

loc : ‖f ‖Mq
p(κ ,μ) < ∞}

,

where

‖f ‖Mq
p(κ ,μ) = sup

B
μ(κB)

1
q – 1

p

(∫
B
|f |p dμ

) 1
p

. (1.7)

We remark that, for any κ1,κ2 > 1, Mq
p(κ1,μ) = Mq

p(κ2,μ) (see [23]). Particularly, if μ is
a doubling measure, then Mq

p(κ ,μ) = Mq
p(1,μ) for any κ > 0, and denote it by Mq

p(μ) for
brevity. Moreover, it is easily to see that the space Mq

p(μ) becomes the classical Morrey
space whenever dμ = dx.

Next, we introduce the conditions of kernel discussed in this article.

Definition 1.5 Let ω : [0,∞) → [0,∞) be non-decreasing function that satisfies

∫ 1

0

ω(t)
t

|logt|dt < ∞. (1.8)
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Let K(x, y) ∈ L1
loc((X )2 \ {(x, y) : x = y}), we say K(x, y) is the parametric Marcinkiewicz

kernel of Log-Dini type, if there exists C > 0 such that the following size estimate and
smoothness estimates hold:

(i) For x, y ∈X with x 
= y,

∣∣K(x, y)
∣∣ ≤ C

d(x, y)
λ(x, d(x, y))

. (1.9)

(ii) For x, x′, y ∈X and if 2d(x, x′) ≤ d(x, y),

∣∣K(x, y) – K
(
x′, y

)∣∣ ≤ C
d(x, y)

λ(x, d(x, y))
ω

(
d(x, x′)
d(x, y)

)
. (1.10)

(iii) For x, y′, y ∈X and if 2d(y, y′) ≤ d(x, y),

∣∣K(x, y) – K
(
x, y′)∣∣ ≤ C

d(x, y)
λ(x, d(x, y))

ω

(
d(y, y′)
d(x, y)

)
. (1.11)

The parametric Marcinkiewicz integral Mρ with Log-Dini-type kernel K(x, y) satisfying
(1.9), (1.10) and (1.11) is then defined, initially for f ∈ L∞ with compact support, by

Mρ(f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
B(x,t)

K(x, y)
|d(x, y)|1–ρ

f (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

. (1.12)

In case ρ = 1, Mρ , denoted by M, is just the Marcinkiewicz integral operator on
(X , d,μ) with Log-Dini-type kernel.

In 2014, Lin and Yang [24] proved that M is bounded on Lp(μ) if and only if M is
bounded from L1(μ) to L1,∞(μ), if the kernel K(x, y) satisfies (1.9) and for all x, y, y′ ∈X

∫
d(x,y)≥2d(y,y′)

[∣∣K(x, y) – K
(
x, y′)∣∣ +

∣∣K(y, x) – K
(
y′, x

)∣∣] dμ(x)
d(x, y)

≤ C. (1.13)

In 2016, Fu and Lin [25] proved that when the kernel K(x, y) satisfies (1.9) and (1.13), if Mρ

is bounded on Lp0 (μ) with some 1 < p0 < ∞ then Mρ is bounded from L1(μ) to L1,∞(μ).
Given b ∈ RBMO(μ), the commutators Mρ

b generated by Mρ with RBMO function b
is defined by

Mρ

b (f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
B(x,t)

K(x, y)
|d(x, y)|1–ρ

[
b(x) – b(y)

]
f (y) dμ(y)

∣∣∣∣
2 dt

t

) 1
2

. (1.14)

In general, for all m ∈ N, the mth-order commutators Mρ

b,m is defined by

Mρ

b,m(f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
B(x,t)

K(x, y)
|d(x, y)|1–ρ

[
b(x) – b(y)

]mf (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

. (1.15)

In 2015, Zhou [26] showed that the commutator Mb is bounded on Lp(μ), if M is
bounded on L2(μ), and the kernel K(x, y) satisfies (1.9) and the following Hörmander type
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condition:

sup
r>0

d(y,y′)≤r

∞∑
i=1

i
∫

6ir<d(x,y)≤6i+1r

[∣∣K(x, y) – K
(
x, y′)∣∣

+
∣∣K(y, x) – K

(
y′, x

)∣∣] 1
d(x, y)

dμ(x) ≤ C.

(1.16)

In 2019, Tao [27] proved that, if the kernel satisfies (1.9) and (1.16), then Mb is bounded
on Mq

p(μ). In fact, we can see that (1.16) is stronger than (1.13).
In case X = Rd , the non-homogeneous Euclidean space, then for the kernel K(x, y) in

the Marcinkiewicz integral it can be assumed that K(x, y) ∈ L1
loc(Rd × Rd \ {(x, y) : x = y})

satisfies the following conditions with a constant C > 0:

∣∣K(x, y)
∣∣ ≤ C|x – y|–(d–1) (1.17)

and

∫
|x–y|≥2|y–y′|

[∣∣K(x, y) – K
(
x, y′)∣∣ +

∣∣K(y, x) – K
(
y′, x

)∣∣] 1
|x – y| dμ(x) ≤ C. (1.18)

for all x, y, y′ ∈ Rd with x 
= y. And the Marcinkiewicz integral M is defined by

M(f )(x) =
(∫ ∞

0

∣∣∣∣1
t

∫
|x–y|<t

K(x, y)f (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

. (1.19)

In 2007, Hu [28] obtainedM is bounded on Lp(μ), 1 < p < ∞, and is bounded from L1(μ)
to L1,∞(μ). Later, Zhang [29] proved M is bounded on Mq

p(μ).
For m ∈ N and b ∈ RBMO, the mth-order commutator for Marcinkiewicz integral is

denoted by

Mb,m(f )(x) =
(∫ ∞

0

∣∣∣∣1
t

∫
|x–y|≤t

K(x, y)
[
b(x) – b(y)

]mf (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

. (1.20)

In 2007, Hu [28] proved that Mb,m is bounded on Lp(μ) if the kernel K(x, y) satisfies
(1.17) and the following condition:

sup
r>0,y,y′∈Rn

|y–y′ |≤r

∞∑
l=1

lm
∫

2lr<|x–y|≤2l+1r

[∣∣K(x, y) – K
(
x, y′)∣∣

+
∣∣K(y, x) – K

(
y′, x

)∣∣] 1
|x – y| dμ(x) ≤ C.

(1.21)

It is easy to see that (1.21) is stronger than (1.18). In 2010, Zhang [29] proved that Mb is
bounded on Mq

p(μ) under the same assumptions.
Now we turn to stating the main results of this paper.
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Theorem 1.1 Let K satisfy (1.9), (1.10), and (1.11). Mρ , Mρ

b be as in (1.12) and (1.14),
respectively. Suppose that Mρ is bounded on L2(μ), b ∈ RBMO(μ), 0 < ρ < ∞. If ω satisfies

∫ 1

0

ω(t)
t

|logt|dt < ∞, (1.22)

then, for all f ∈ Lp(μ), 1 < p < ∞, there exists a constant C > 0 such that

∥∥Mρ

b (f )
∥∥

Lp(μ) ≤ C‖b‖RBMO(μ)‖f ‖Lp(μ). (1.23)

In fact we will prove the Lp(μ) boundedness for a more general mth-order commutator
for the parametric Marcinkiewicz integral.

Theorem 1.2 Under the same conditions of Theorem 1.1 and Mρ

b,m be as in (1.15). If ω

satisfies the following condition:

∫ 1

0

ω(t)
t

|logt|m dt < ∞, (1.24)

then for all f ∈ Lp(μ), 1 < p < ∞, there exists a constant C > 0 such that

∥∥Mρ

b,m(f )
∥∥

Lp(μ) ≤ C‖b‖m
RBMO(μ)‖f ‖Lp(μ). (1.25)

Theorem 1.1 is the special case of Theorem 1.2 in which one can take m = 1. We will
prove Theorem 1.2 in Sect. 2.

Moreover, we will establish the boundedness of Mρ

b,m on the Morrey space.

Theorem 1.3 Assume the same conditions of Theorem 1.1 and Mρ

b,m as in (1.15). If ω

satisfies (1.24), then there exists a constant C > 0, for all f ∈ Mq
p(μ), 1 < p ≤ q < ∞, such

that

∥∥Mρ

b,m(f )
∥∥

Mq
p(μ) ≤ C‖b‖m

RBMO(μ)‖f ‖Mq
p(μ). (1.26)

By checking the proofs of Theorem 1.2 and Theorem 1.3, we can obtain the following
two corollaries, which extend the results in [26] and [27].

Corollary 1.4 Let the kernel K (x, y) satisfy (1.9) and (1.16), Mρ and Mρ

b,m be as in (1.12)
and (1.15), respectively. Suppose that Mρ is bounded on L2(μ), b ∈ RBMO(μ), 0 < ρ < ∞.
If ω satisfies (1.24), then there exists a constant C > 0, for all f ∈ Lp(μ), 1 < p < ∞, such that

∥∥Mρ

b,m(f )
∥∥

Lp(μ) ≤ C‖b‖m
RBMO(μ)‖f ‖Lp(μ).

Corollary 1.5 Under the same conditions of Corollary 1.4, there exists a constant C > 0,
for all f ∈ Mq

p(μ), 1 < p ≤ q < ∞, such that

∥∥Mρ

b,m(f )
∥∥

Mq
p(μ) ≤ C‖b‖m

RBMO(μ)‖f ‖Mq
p(μ).
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Remark 1.6 If ρ = 1, m = 1 on Corollary 1.4, which is Theorem 1.10 of [26]; if ρ = 1, m = 1
on Corollary 1.5, which is Theorem 1.8 of [27], so our results contain their conclusions.

Throughout this paper, d is the dimension of space; C denotes a positive constant that
is independent of the parameters, furthermore, it value may differ from line to line; xB

denotes the center of the ball B, rB denotes the radius of the ball B; for any p ∈ (1,∞),
we denote by p′ = p

p–1 its conjugate index; mB(b) is the mean value of B on B, namely
mB(b) = 1

μ(B)
∫

B b(x) dμ(x).

2 Proof of Theorem 1.2
We first recall the definition of a sharp maximal operator M�f (x) [21] over (X , d,μ). For
any f ∈ L1

loc(μ),

M�f (x) = sup
x∈B

1
μ(6B)

∫
B

∣∣f – mB̃(f )
∣∣dμ + sup

(B,S)∈�x

|mB(f ) – mS(f )|
KB,S

, (2.1)

here �x = {(B, S) : x ∈ B ⊂ S, B, Sare doubling balls}. As usual, we let M�
δ(f )(x) =

[M�(|f (x)|δ)]
1
δ .

We will use the following lemma about sharp maximal function on (X , d,μ) proved by
Fu [18].

Lemma 2.1 (i) Let p > 1, s ∈ [1, p), ζ ∈ [5,∞). For all f ∈ L1
loc(μ) and x ∈X ,

Ms,ζ f (x) = sup
x∈B

(
1

μ(ζB)

∫
B

∣∣f (y)
∣∣s dμ(y)

) 1
s

(2.2)

is bounded on Lp(μ) and also bounded from L1(μ) to L1,∞(μ). If s = 1, then Ms,ζ f = M(ζ )f .
(ii) For any δ ∈ (0, 1) and for f ∈ L1

loc(μ), define

Nδf (x) := sup
x∈B:doubling

(
1

μ(B)

∫
B

∣∣f (y)
∣∣δ dμ(y)

) 1
δ

,

then, for μ-almost every x ∈X ,

∣∣f (x)
∣∣ ≤ Nδf (x). (2.3)

According to Theorem 4.2 in [21], we can easily get the following lemma.

Lemma 2.2 Let f ∈ L1
loc(μ) satisfy

∫
X fdμ = 0 when ‖μ‖ := μ(X ) < ∞. Assume that

inf{1, Nδf } ∈ Lp(μ), for any p ∈ (1,∞), δ ∈ (0, 1), then there exists a constant C > 0,

‖Nδf ‖Lp(μ) ≤ C
∥∥M�

δ(f )
∥∥

Lp(μ). (2.4)

The next two lemmas can be found in [30].

Lemma 2.3 Let � > 1, for b ∈ L1
loc(μ). The following statements are equivalent:

(i) b ∈ RBMO(μ).
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(ii) There exists a constant C > 0, such that, for all balls B,

1
μ(�B)

∫
B

∣∣b(x) – mB̃(b)
∣∣dμ(x) ≤ C, (2.5)

and for all (30τ ,β30τ ) doubling balls B ⊂ S,

∣∣mB(b) – mS(b)
∣∣ ≤ CKB,S, (2.6)

where mB(b) = 1
μ(B)

∫
B b(x) dμ(x). Furthermore, the infimum of all positive constants C sat-

isfying (2.5) and (2.6) is an equivalent RBMO norm of b, denoted by ‖b‖RBMO(μ).

Lemma 2.4 Let � > 1, p ∈ [1,∞), if b ∈ RBMO, for any ball B, then there exists a constant
C > 0, we have

(
1

μ(�B)

∫
B

∣∣b(x) – mB̃(b)
∣∣p dμ(x)

) 1
p

≤ C‖b‖RBMO(μ). (2.7)

We need the following lemma about the boundedness of parametric Marcinkiewicz in-
tegral operators.

Lemma 2.5 Let kernel K (x, y) ∈ L1
loc((X )2 \ {(x, y) : x = y}) satisfy (1.9), (1.10) and (1.11),

Mρ be as in (1.12), 0 < ρ < ∞. If Mρ is bounded Lp0 (μ), 1 < p0 < ∞, then Mρ is bounded
from L1(μ) to L1,∞(μ).

Proof In Theorem 2.1 of [25], the kernel function satisfies (1.9) and (1.13). It is easily to see
that (1.13) is weaker than (1.10) and (1.11). So by similar argument as that in Theorem 2.1
of [25], we can prove the lemma. Hence, we omit the details. �

To prove Theorem 1.2, we should first establish the following lemma.

Lemma 2.6 Let K(x, y) satisfy (1.9), (1.10) and (1.11). Suppose Mρ be as in (1.12) is
bounded on L2(μ), b ∈ RBMO(μ). If 0 < ρ < ∞, δ ∈ (0, 1) and ω satisfies (1.24), then there
exists a constant C > 0, for all f ∈ Lp(μ), such that

M�
δ

[
Mρ

b,m(f )(x)
] ≤ C

[m–1∑
k=0

‖b‖m–k
RBMO(μ)Mη,30τ

[
Mρ

b,k(f )
]
(x)

+ ‖b‖m
RBMO(μ)Mp,30τ (f )(x)

]
.

(2.8)

Here Mρ

b,1 = Mρ

b and Mρ

b,0 = Mρ .

Proof Without loss of generality, we may assume that ‖b‖RBMO(μ) = 1. In order to prove
(2.8), it suffices to prove that, for all x ∈X and balls B � x,

[
1

μ(30τB)

∫
B

∣∣Mρ

b,m(f )(y) – hB
∣∣δ dμ(y)

] 1
δ
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≤ C

[m–1∑
k=0

Mη,30τ

[
Mρ

b,k(f )
]
(x) + Mp,30τ (f )(x)

]
, (2.9)

and for all balls B ⊂ S, S is a (30τ ,β30τ ) doubling ball,

|hB – hS|

≤ C[KB,S]m

[m–1∑
k=0

Mη,30τ

[
Mρ

b,k(f )
]
(x) + Mp,30τ (f )(x)

]
,

(2.10)

where

hB := mB
[
Mρ

([
b – mB̃(b)

]mf χX \6B
)]

,

hS := mS
[
Mρ

([
b – mS̃(b)

]mf χX \6S
)]

.

Now we decompose the function f into two parts, i.e., f = f χ6B + f χX \6B := f1 + f2. We
can write

[
b(y) – b(z)

]m

=
[
mB̃(b) – b(z)

]m –
m–1∑
k=0

Ck
m
[
b(y) – b(z)

]k[mB̃(b) – b(y)
]m–k .

(2.11)

Thus, we obtain

Mρ

b,m(f )(y)

=
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
B(y,t)

K(y, z)
|d(y, z)|1–ρ

[(
b(y) – b(z)

)]mf (z) dμ(z)
∣∣∣∣
2 dt

t

) 1
2

≤
m–1∑
k=0

Ck
m
∣∣mB̃(b) – b(y)

∣∣m–kMρ

b,k(f )(y) + Mρ
([

b(·) – mB̃(b)
]mf

)
(y).

Since 0 < δ < 1,

[
1

μ(30τB)

∫
B

∣∣Mρ

b,m(f )(y) – hB
∣∣δ dμ(y)

] 1
δ

≤
[

1
μ(30τB)

∫
B

∣∣∣∣∣
m–1∑
k=0

Ck
m
∣∣mB̃(b) – b(y)

∣∣m–kMρ

b,k(f )(y)

∣∣∣∣∣
δ

dμ(y)

] 1
δ

+
[

1
μ(30τB)

∫
B

∣∣Mρ
([

b(·) – mB̃(b)
]mf1

)
(y)

∣∣δ dμ(y)
] 1

δ

+
[

1
μ(30τB)

∫
B

∣∣Mρ
([

b(·) – mB̃(b)
]mf2

)
(y) – hB

∣∣δ dμ(y)
] 1

δ

=: E1 + E2 + E3.
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To estimate E1, let γ ,η > 1, be such that

1
γ

+
1
η

=
1
δ

.

By Hölder’s inequality and Lemma 2.4, we have

E1 ≤
m–1∑
k=0

Ck
m

[
1

μ(30τB)

(∫
B

∣∣[mB̃(b) – b(y)
]m–k∣∣δ· γ

δ dμ(y)
) δ

γ

×
(∫

B

∣∣Mρ

b,k(f )(y)
∣∣δ· η

δ dμ(y)
) δ

η
] 1

δ

≤ C
m–1∑
k=0

‖b‖m–k
RBMO(μ)

(
1

μ(30τB)

(∫
B

∣∣Mρ

b,k(f )(y)
∣∣η dμ(y)

) 1
η
)

≤ C
m–1∑
k=0

Mη,30τ

(
Mρ

b,k(f )
)
(x).

For E2, by the Kolmogorov inequality, Lemma 2.5, Hölder’s inequality and Lemma 2.4, we
have

E2 =
[

1
μ(30τB)

∫
B

∣∣Mρ
([

b(·) – mB̃(b)
]mf1

)
(y)

∣∣δ dμ(y)
] 1

δ

≤ ∥∥Mρ
([

b(·) – mB̃(b)
]mf1

)
(y)

∥∥
L1,∞(6B, dμ(y)

μ(30τB) )

≤ C
1

μ(30τB)

∫
B

∣∣b(y) – mB̃(b)
∣∣m · ∣∣f1(y)

∣∣dμ(y)

≤ C
(

1
μ(30τB)

∫
B

∣∣b(y) – mB̃(b)
∣∣m·p′

dμ(y)
) 1

p′ ( 1
μ(30τB)

∫
B

∣∣f (y)
∣∣p dμ(y)

) 1
p

≤ C‖b‖m
RBMO(μ)Mp,30τ (f )(x)

≤ CMp,30τ (f )(x).

As to the estimate E3, we observe that

∣∣Mρ
([

b(·) – mB̃(b)
]mf2

)
(y) – hB

∣∣
=

∣∣∣∣ 1
μ(B)

∫
B

(∫ ∞

0

∣∣∣∣
∫

d(y,z)<t

K(y, z)
|d(y, z)|1–ρ

× [
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

dμ(w)

–
1

μ(B)

∫
B

(∫ ∞

0

∣∣∣∣
∫

d(w,z)<t

K(w, z)
|d(w, z)|1–ρ

× [
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

dμ(w)
∣∣∣∣

=
∣∣∣∣ 1
μ(B)

∫
B

∣∣Mρ
([

b(·) – mB̃(b)
]mf2

)
(y) – Mρ

([
b(·) – mB̃(b)

]mf2
)
(w)

∣∣dμ(w)
∣∣∣∣.
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Hence

E3 ≤
[

1
μ(30τB)

∫
B

(
1

μ(B)

∫
B

∣∣Mρ
([

b(·) – mB̃(b)
]mf2

)
(y)

– Mρ
([

b(·) – mB̃(b)
]mf2

)
(ω)

∣∣dμ(ω)
)δ

dμ(y)
] 1

δ

.

In fact, for y, w ∈ B, we observe that

∣∣Mρ
([

b(·) – mB̃(b)
]mf2

)
(y) – Mρ

([
b(·) – mB̃(b)

]mf2
)
(ω)

∣∣

≤
(∫ ∞

0

∣∣∣∣
∫

d(y,z)<t

K(y, z)
|d(y, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2

–
∣∣∣∣
∫

d(w,z)<t

K(w, z)
|d(w, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

≤
(∫ ∞

0

∣∣∣∣
∫

d(y,z)<t

K(y, z)
|d(y, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)

–
∫

d(w,z)<t

K(w, z)
|d(w, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

≤
(∫ ∞

0

∣∣∣∣
∫

d(y,z)≤t≤d(w,z)

K(y, z)
|d(y, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

+
(∫ ∞

0

∣∣∣∣
∫

d(w,z)≤t≤d(y,z)

K(w, z)
|d(w, z)|1–ρ

[
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

+
(∫ ∞

0

∣∣∣∣
∫

max{d(y,z),d(w,z)}<t

(
K(y, z)

|d(y, z)|1–ρ
–

K(w, z)
|d(w, z)|1–ρ

)

× [
b(z) – mB̃(b)

]mf2(z) dμ(z)
∣∣∣∣
2 dt

t2ρ+1

) 1
2

:= F1 + F2 + F3.

In order to estimate E3, it suffices to estimate F1, F2, andF3. To estimate F1, for all y, w ∈ B,
we have d(y, z) ∼ d(w, z) ∼ d(cB, z). By the Minkowski inequality, (1.9), Hölder’s inequality,
and Lemma 2.4, we get

F1 ≤
∫
X \6B

|K(y, z)|
|d(y, z)|1–ρ

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣(∫
d(y,z)≤t≤d(w,z)

dt
t2ρ+1

) 1
2

dμ(z)

≤ C
∫
X \6B

|d(y, z)|ρ
λ(y, d(y, z))

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣ 1
|d(y, z)|ρ

(
d(w, y)
d(w, z)

) 1
2

dμ(z)

≤ C
∞∑

k=1

∫
6k+1B\6k B

(
rB

6krB

) 1
2 1
λ(cB, 6krB)

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)

≤ C
∞∑

k=1

(
1

6 k
2

1
λ(cB, 6krB)

)[∫
6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m∣∣f (z)

∣∣dμ(z)
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+
∫

6k+1B

∣∣m
˜6k+1B

(b) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)
]

≤ C
∞∑

k=1

(
1

6 k
2

1
λ(cB, 6krB)

)(∫
6k+1B

∣∣f (z)
∣∣p dμ(z)

) 1
p

×
[(∫

6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m·p′

dμ(z)
) 1

p′

+ km‖b‖m
RBMO(μ)

[
μ

(
30τ × 6k+1B

)]1– 1
p

]

≤ C‖b‖m
RBMO(μ)Mp,30τ (f )(x)

∞∑
k=1

(
km + 1

6 k
2

μ(30τ × 6k+1B)
λ(cB, 6krB)

)

≤ CMp,30τ (f )(x).

We have used the following fact in the last inequality:

μ(30τ × 6k+1B)
λ(cB, 6krB)

≤ μ(6k+1B)
λ(cB, 6krB)

≤ μ(6k+1B)
μ(6kB)

· μ(6kB)
λ(cB, 6krB)

≤ C.

Similarly, we get

F2 ≤ CMp,30τ (f )(x).

To estimate F3, for all y, w ∈ B, we have d(y, z) ∼ d(w, z) ∼ d(cB, z), using the Minkowski
inequality, we get

F3 ≤
∫
X \6B

∣∣∣∣ K(y, z)
|d(y, z)|1–ρ

–
K(w, z)

|d(w, z)|1–ρ

∣∣∣∣

× ∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣(∫ ∞

d(y,z)

dt
t2ρ+1

) 1
2

dμ(z)

≤
∫
X \6B

∣∣∣∣ K(y, z)
|d(y, z)|1–ρ

–
K(w, z)

|d(y, z)|1–ρ

∣∣∣∣

× ∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣(∫ ∞

d(y,z)

dt
t2ρ+1

) 1
2

dμ(z)

+
∫
X \6B

∣∣∣∣ K(w, z)
|d(y, z)|1–ρ

–
K(w, z)

|d(w, z)|1–ρ

∣∣∣∣

× ∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣(∫ ∞

d(y,z)

dt
t2ρ+1

) 1
2

dμ(z)

:= F31 + F32.
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Next we estimate F31 and F32, respectively. For F31, by (1.10), Hölder’s inequality,
Lemma 2.4 and (1.24), we have

F31 ≤ C
∫
X \6B

∣∣∣∣ d(y, z)
λ(y, d(y, z))

∣∣∣∣ω
(

d(y, w)
d(y, z)

) |f (z)|
|d(y, z)|

∣∣b(z) – mB̃(b)
∣∣m dμ(z)

≤ C
∞∑

k=1

∫
6k+1B\6k B

ω

(
rB

6krB

)
1

λ(cB, 6krB)
∣∣b(z) – mB̃(b)

∣∣m∣∣f (z)
∣∣dμ(z)

≤ C
∞∑

k=1

ω
(
6–k) 1

λ(cB, 6krB)

[∫
6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m∣∣f (z)

∣∣dμ(z)

+
∫

6k+1B

∣∣m
˜6k+1B

(b) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)
]

≤ C
∞∑

k=1

ω
(
6–k) 1

λ(cB, 6krB)

(∫
6k+1B

∣∣f (z)
∣∣p dμ(z)

) 1
p

×
[(∫

6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m·p′

dμ(z)
) 1

p′

+ C
∣∣m

˜6k+1B
(b) – mB̃(b)

∣∣m[
μ

(
6k+1B

)]1– 1
p

]

≤ C‖b‖m
RBMO(μ)Mp,30τ (f )(x)

∞∑
k=1

(
km + 1

)
ω

(
6–k)μ(30τ × 6k+1B)

λ(cB, 6krB)

≤ CMp,30τ (f )(x).

We have used the following fact in the last inequality:

∫ 1

0

ω(t)
t

|logt|m dt ≥
∞∑

k=1

∫ 61–k

6–k

ω(6–k)
61–k

∣∣log6–k∣∣m dt ≥ C
∞∑

k=1

kmω
(
6–k).

To estimate B32, for all y, w ∈ B, if ρ ∈ (0,∞), by (1.9), Hölder’s inequality and Lemma 2.4,
we get

F32 ≤ C
∫
X \6B

∣∣∣∣ d(w, z)
λ(w, d(w, z))

∣∣∣∣
∣∣∣∣ d(w, y)
d(y, z)2–ρ

∣∣∣∣
∣∣b(z) – mB̃(b)

∣∣m∣∣f (z)
∣∣ 1
|d(y, z)|ρ dμ(z)

≤ C
∞∑

k=1

6–k 1
λ(cB, 6krB)

∫
6k+1B\6k B

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)

≤ C
∞∑

k=1

6–k 1
λ(cB, 6krB)

[∫
6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m∣∣f (z)

∣∣dμ(z)

+
∫

6k+1B

∣∣m
˜6k+1B

(b) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)
]

≤ C
∞∑

k=1

6–k 1
λ(cB, 6krB)

(∫
6k+1B

∣∣f (z)
∣∣p dμ(z)

) 1
p

×
[(∫

6k+1B

∣∣b(z) – m
˜6k+1B

(b)
∣∣m·p′

dμ(z)
) 1

p′
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+ km‖b‖m
RBMO(μ)

[
μ

(
6k+1B

)]1– 1
p

]

≤ C‖b‖m
RBMO(μ)Mp,30τ (f )(x)

∞∑
k=1

km + 1
6k

μ(30τ × 6k+1B)
λ(cB, 6krB)

≤ CMp,30τ (f )(x).

Then we have

F3 ≤ CMp,(30τ )(f )(x).

Moreover, combining the estimates of E1, E2, F1, F2, and F3, we obtain the desired in-
equality (2.9).

Next we give the proof of (2.10). Write

|hB – hS|
=

∣∣mB
(
Mρ

([
b – mB̃(b)

]mf χX \6B
))

– mS
(
Mρ

([
b – mS(b)

]mf χX \6S
))∣∣

≤ ∣∣mB
(
Mρ

([
b – mB̃(b)

]mf χX \6N1 B
))

– mS
(
Mρ

([
b – mB̃(b)

]mf χX \6N1 B
))∣∣

+
∣∣mS

(
Mρ

([
b – mB̃(b)

]mf χX \6N1 B
))

– mS
(
Mρ

([
b – mS(b)

]mf χX \6N1 B
))∣∣

+
∣∣mB

(
Mρ

([
b – mB̃(b)

]mf χ6N1 B\6B
))∣∣ +

∣∣mS
(
Mρ

([
b – mS(b)

]mf χ6N1 B\6S
))∣∣

:= G1 + G2 + G3 + G4.

To estimate G1, it being similar to E3, we get

G1 ≤ CMp,30τ (f )(x).

For G2, we use

[
b(z) – mB̃(b)

]m –
[
b(z) – mS(b)

]m

=
m–1∑
k=0

Ck
m
[
b(z) – mS(b)

]k · [mS(b) – mB̃(b)
]m–k ,

[
b(z) – mS(b)

]k =
k∑

i=0

Ci
k
[
b(z) – b(y)

]i · [b(y) – mS(b)
]k–i.

So we have

∣∣Mρ
([

b – mB̃(b)
]mf χX \6N1 B

)
– Mρ

([
b – mS(b)

]mf χX \6N1 B
)∣∣

≤ ∣∣Mρ
[([

b – mB̃(b)
]m –

[
b – mS(b)

]m)
f χX \6N1 B

]∣∣

≤
m–1∑
k=0

Ck
m
∣∣mB̃(b) – mS(b)

∣∣m–kMρ
([

b – mS(b)
]kf χX \6N1 B

)
(y)

≤ C
m–1∑
k=0

[KB,S]m–kMρ
([

b – mS(b)
]kf χX \6N1 B

)
(y)
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≤ C
m–1∑
k=0

[KB,S]m–k

[ k∑
i=0

Ci
k
∣∣mS(b) – b(y)

∣∣k–iMρ

b,i(f χX \6N1 B)(y)

]

≤ C
m–1∑
k=0

[KB,S]m–k

( k∑
i=0

Ci
k
∣∣mS(b) – b(y)

∣∣k–iMρ

b,i(f )(y)

)

+ C
m–1∑
k=0

[KB,S]m–kMρ
(∣∣b – mS(b)

∣∣kf χ6N1 B\6B
)
(y)

+ C
m–1∑
k=0

[KB,S]m–kMρ
(∣∣b – mS(b)

∣∣kf χ6B
)
(y).

Therefore,

G2 = mS

[
C

m–1∑
k=0

[KB,S]m–k

( k∑
i=0

∣∣mS(b) – b(y)
∣∣k–iMρ

b,i(f )

)]

+ mS

[
C

m–1∑
k=0

[KB,S]m–kMρ
([

b – mS(b)
]kf χ6N1 B\6B

)]

+ mS

[
C

m–1∑
k=0

[KB,S]m–kMρ
([

b – mS(b)
]kf χ6B

)]

:= H1 + H2 + H3.

With the same argument as for E1, we get

H1 ≤ C[KB,S]m
m–1∑
k=0

Mη,30τ

(
Mρ

b,k(f )
)
(x).

The estimates of H2 and H3 is very similar to G4 and E2, respectively, then we have

H2 ≤ C[KB,S]mMp,30τ (f )(x),

H3 ≤ C[KB,S]mMp,30τ (f )(x).

Therefore, combining H1, H2, H3, we have

G2 ≤ C[KB,S]m

[m–1∑
k=0

Mη,30τ

(
Mρ

b,k(f )
)
(x) + Mp,30τ (f )(x)

]
.

For G3, by (1.9), the Minkowski inequality, Hölder’s inequality, we obtain

∣∣Mρ
([

b – mB̃(b)
]mf6N1 B\6B

)∣∣

=
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
d(y,t)<t

K(y, z)
|d(y, z)|1–ρ

[
b(z) – mB̃(b)

]mf χ6N1 B\6B dμ(z)
∣∣∣∣
2 dt

t

) 1
2

≤
∫

6N1 B\6B

|d(y, z)|ρ
λ(y, d(y, z))

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣ 1
|d(y, z)|ρ dμ(z)



Xiangxing and Qiange Journal of Inequalities and Applications        (2021) 2021:115 Page 16 of 21

≤ C
N1–1∑
k=1

∫
6k+1B\6k B

1
λ(cB, 6krB)

∣∣b(z) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)

≤ C
N1–1∑
k=1

1
λ(cB, 6krB)

[∫
6k+1B

∣∣b(z) – m6k+1B(b)
∣∣m∣∣f (z)

∣∣dμ(z)

+
∫

6k+1B

∣∣m6k+1B(b) – mB̃(b)
∣∣m∣∣f (z)

∣∣dμ(z)
]

≤ C
N1–1∑
k=1

1
λ(cB, 6krB)

(∫
6k+1B

∣∣f (z)
∣∣p dμ(z)

) 1
p

×
[(∫

6k+1B

∣∣b(z) – m6k+1B(b)
∣∣m·p′

dμ(z)
) 1

p′

+ km‖b‖m
RBMO(μ)

[
μ

(
30τ × 6k+1B

)]1– 1
p

]

≤ C‖b‖m
RBMO(μ)Mp,30τ (f )(x)

N1–1∑
k=1

[(
km + 1

)μ(30τ × 6k+1B)
λ(cB, 6krB)

]

≤ CMp,30τ (f )(x).

Therefore,

G3 ≤ CMp,30τ (f )(x).

Similarly,

G4 ≤ CMp,30τ (f )(x).

Since (2.10) has been proved, Lemma 2.6 follows directly.
By Lemma 2.5 and the Marcinkiewicz interpolation theorem, we have

∥∥Mρ(f )
∥∥

Lp(μ) ≤ C‖f ‖Lp(μ). (2.12)

Then using (2.3), (2.4), Lemma 2.6 and Lemma 2.1, we get

∥∥Mρ

b (f )
∥∥

Lp(μ)

≤ ∥∥Nδ

(
Mρ

b (f )
)∥∥

Lp(μ)

≤ ∥∥M�
δ

(
Mρ

b (f )
)∥∥

Lp(μ)

≤ C‖b‖RBMO(μ)
∥∥[

Mη,30τ

(
Mρ(f )

)
(x) + Mp,30τ (f )(x)

]∥∥
Lp(μ)

≤ C‖b‖RBMO(μ)‖f ‖Lp(μ).

We set

∥∥Mρ

b,m–1(f )
∥∥

Lp(μ) ≤ C‖b‖m–1
RBMO‖f ‖Lp(μ).
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Finally, using mathematical induction, (2.3), (2.4), Lemma 2.6 and Lemma 2.1, we obtain

∥∥Mρ

b,m(f )
∥∥

Lp(μ)

≤ ∥∥Nδ

(
Mρ

b,m(f )
)∥∥

Lp(μ) ≤ ∥∥M�
δ

(
Mρ

b,m(f )
)∥∥

Lp(μ)

≤ C

[m–1∑
k=0

‖b‖m–k
RBMO(μ)

∥∥Mη,30τ

(
Mρ

b,k(f )
)∥∥

Lp(μ) + ‖b‖m
RBMO(μ)

∥∥Mp,30τ (f )
∥∥

Lp(μ)

]
.

≤ C‖b‖m
RBMO‖f ‖Lp(μ).

Then Theorem 1.2 is proved. �

3 Proof of Theorem 1.3
In this section, we will prove Theorem 1.3. We recall the boundedness in Morrey space
Mq

p(μ) of the sharp maximal function on (X , d,μ) [22, 31].

Lemma 3.1 Let f ∈ L1
loc(μ) satisfy

∫
X f (x) dμ(x) = 0 when ‖μ‖ := μ(X ) < ∞. Let 1 < p ≤

q < ∞, δ ∈ (0, 1). If inf{1, Nδf } ∈ Mq
p(μ), then there exists a constant C > 0, such that

‖Nδf ‖Mq
p(μ) ≤ C

∥∥M�
δ(f )

∥∥
Mq

p(μ). (3.1)

Lemma 3.2 Let ζ > 1, 1 < s < p ≤ q < ∞, Ms,ζ f be as in (2.2) is bounded on Morrey space
Mq

p(μ), that is,

‖Ms,ζ f ‖Mq
p(μ) ≤ C‖f ‖Mq

p(μ). (3.2)

Next we give the proof of Theorem 1.3.
In combination with Lemma 2.6, the differences between the proof of Theorem 1.2 and

Theorem 1.3 are as follows:
By (1.7) and (2.12), it is easy to see

∥∥Mρ(f )
∥∥

Mq
p(μ) = sup

B
μ(κB)

1
q – 1

p

(∫
B

∣∣Mρ(f )
∣∣p dμ

) 1
p

= sup
B

μ(κB)
1
q – 1

p
∥∥Mρ(f )

∥∥
Lq(μ)

≤ C sup
B

μ(κB)
1
q – 1

p ‖f ‖Lq(μ)

≤ C‖f ‖Mq
p(μ).

Then using (2.3), (3.1), Lemma 2.6 and (2.2), we have

∥∥Mρ

b (f )
∥∥

Mq
p(μ) ≤ ∥∥Nδ

(
Mρ

b (f )
)∥∥

Mq
p(μ) ≤ ∥∥M�

δ

(
Mρ

b (f )
)∥∥

Mq
p(μ)

≤ C‖b‖RBMO(μ)
(∥∥Mη,30τ

(
Mρ(f )

)∥∥
Mq

p(μ) +
∥∥Mp,30τ (f )

∥∥
Mq

p(μ)

)

≤ C‖b‖RBMO(μ)‖f ‖Mq
p(μ).
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We set

∥∥Mρ

b,m–1(f )
∥∥

Mq
p(μ) ≤ C‖b‖m–1

RBMO‖f ‖Mq
p(μ).

Finally, by mathematical induction, (2.3), (3.1), Lemma 2.6 and (2.2), we get

∥∥Mρ

b,m(f )
∥∥

Mq
p(μ)

≤ ∥∥Nδ

(
Mρ

b,m(f )
)∥∥

Mq
p(μ) ≤ ∥∥M�

δ

(
Mρ

b,m(f )
)∥∥

Mq
p(μ)

≤ C

[m–1∑
k=0

‖b‖m–k
RBMO(μ)

∥∥Mη,30τ

(
Mρ

b,k(f )
)∥∥

Mq
p(μ) + ‖b‖m

RBMO(μ)
∥∥Mp,30τ (f )

∥∥
Mq

p(μ)

]
.

≤ C‖b‖m
RBMO(μ)‖f ‖Mq

p(μ).

So, the proof of Theorem 1.3 is finished.

4 Proof of Corollary 1.4
If ρ = 1, m = 1 on Corollary 1.4, which is Theorem 1.10 of [26]. The different between
Corollary 1.4 and Theorem 1.10 of [26] is to estimate F31. So, in order to complete the
proof of Corollary 1.4, it suffices to show that

F31 ≤ ‖f ‖L∞(μ)

∞∑
k=1

∫
6k+1B\6k B

|K(y, z) – K(w, z)|
d(y, z)

∣∣b(z) – mB̃(b)
∣∣m dμ(z)

≤ ‖f ‖L∞(μ)

∞∑
k=1

∫
6k+1B\6k B

|K(y, z) – K(w, z)|
d(y, z)

∣∣b(z) – m
˜6k+1B

(b)
∣∣m dμ(z)

+ ‖f ‖L∞(μ)

∞∑
k=1

∣∣m
˜6k+1B

(b) – mB̃(b)
∣∣m

∫
6k+1B\6k B

|K(y, z) – K(w, z)|
d(y, z)

dμ(z)

=: F1
31 + F2

31.

Using Lemma 2.3, Lemma 2.4 in [26], (1.9) and (1.16), we have

F1
31 ≤ ‖f ‖L∞(μ)

∞∑
k=1

∫
6k+1B\6k B

|K(y, z) – K(w, z)|
d(y, z)

× logm
[

2 + 6k · μ(
30τ × 6kB

) |K(y, z) – K(w, z)|
d(y, z)

]
dμ(z)

+ ‖f ‖L∞(μ)

∞∑
k=1

1
6k · μ(30τ × 6kB)

∫
6k+1B

exp
(∣∣b(z) – m

˜6k+1B
(b)

∣∣)dμ(z)

≤ ‖f ‖L∞(μ) + ‖f ‖L∞(μ)

∞∑
k=1

km
∫

6k+1B\6k B

|K(y, z) – K(w, z)|
d(y, z)

× logm
(

2 +
μ(30τ × 6kB)
λ(cB, d(y, z))

)
dμ(z)

≤ ‖f ‖L∞(μ)
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and

F2
31 ≤ ‖f ‖L∞(μ)

∞∑
k=1

km
∫

6k+1B\6k B

∣∣K(y, z) – K(w, z)
∣∣ 1
d(y, z)

dμ(z)

≤ ‖f ‖L∞(μ).

This completes the proof of Corollary 1.4.
Using the similar to the argument in the proof of Corollary 1.4, we can get Corollary 1.5.

5 Some applications
Now we give the applications of Theorem 1.2 and Theorem 1.3 for the classical parametric
Marcinkiewicz integral.

Let � be homogeneous of degree zero in Rd for d ≥ 2, integrable and have mean value
zero on the unit sphere Sd–1. In addition, � satisfies the following condition: with a con-
stant C > 0, for x, x′, y ∈ Rd and |x – x′| ≤ |x–y|

2 ,

∣∣�(x – y) – �
(
x′ – y

)∣∣ ≤ Cω

( |x – x′|
|x – y|

)
, (5.1)

where ω satisfies (1.24).
μ

ρ
� be as in (1.1), where � satisfies the above condition (5.1). Moreover, μρ

�,b,m is gener-
ated by μ

ρ
� with RBMO functions b, defined by

μ
ρ

�,b,m(f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
|x–y|<t

�(x – y)
|x – y|d–ρ

[
b(x) – b(y)

]mf (y) dy
∣∣∣∣
2 dt

t

) 1
2

(5.2)

where 0 < ρ < d.

Theorem 5.1 Let 0 < ρ < d and � satisfies (5.1). μ
ρ

�,b,m(f ) be as in (5.2), and ω satisfies
(1.24), then there exists a constant C > 0, for all f ∈ Lp(Rd), 1 < p < ∞ such that

∥∥μ
ρ

�,b,m(f )
∥∥

Lp(Rd) ≤ C‖b‖m
RBMO(Rd)‖f ‖Lp(Rd).

For all f ∈ Mq
p(Rd), 1 < p ≤ q < ∞, such that

∥∥μ
ρ

�,b,m(f )
∥∥

Mq
p(Rd) ≤ C‖b‖m

RBMO(Rd)‖f ‖Mq
p(Rd).

Next, we give the applications of Theorem 1.2 and Theorem 1.3 for the parametric
Marcinkiewicz integral operator in Euclidean space where μ satisfies the growth condition
(1.2).

Let ω satisfy (1.24), K satisfy (1.17) and the following conditions hold with a constant
C > 0:

(
b′) ∣∣K(x, y) – K

(
x′, y

)∣∣ ≤ C
1

|x – y|d–1 ω

( |x – x′|
|x – y|

)
,
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where x, x′, y ∈ Rd and |x – x′| ≤ |x–y|
2 .

(
c′) ∣∣K(x, y) – K

(
x, y′)∣∣ ≤ C

1
|x – y|d–1 ω

( |y – y′|
|x – y|

)
,

where x, y′, y ∈ Rd and |y – y′| ≤ |x–y|
2 .

Define the parametric Marcinkiewicz integral operator Mρ with respect to the kernel
above as follows:

Mρ(f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
|x–y|<t

K(x, y)
|x – y|1–ρ

f (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

, 0 < ρ < ∞ (5.3)

Mρ

b,m is generated by Mρ with RBMO functions b, defined by

Mρ

b,m(f )(x) =
(∫ ∞

0

∣∣∣∣ 1
tρ

∫
|x–y|<t

K(x, y)
|x – y|1–ρ

[
b(x) – b(y)

]mf (y) dμ(y)
∣∣∣∣
2 dt

t

) 1
2

, (5.4)

Theorem 5.2 Let 0 < ρ < ∞, and K satisfythe above conditions (1.17), (b′) and (c′). Let
Mρ , Mρ

b,m be as in (5.3) and (5.4). Suppose that Mρ is bounded on L2(μ), b ∈ RBMO(μ), ω
satisfies (1.24), then there exists a constant C > 0, for all f ∈ Lp(μ), 1 < p < ∞ such that

∥∥Mρ

b,m(f )
∥∥

Lp(μ) ≤ C‖b‖m
RBMO(μ)‖f ‖Lp(μ).

For all f ∈ Mq
p(Rd), 1 < p ≤ q < ∞, we have

∥∥Mρ

b,m(f )
∥∥

Mq
p(μ) ≤ C‖b‖m

RBMO(μ)‖f ‖Mq
p(μ).
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Dünyasinda Bilimsel Ve Mesleki Çalişmalar 2019 Matematik Ve Fen Bilimleri, 1nd edn., pp. 52–66. Ekin Yayınevi, Turkish
(2019)

11. Gürbüz, F.: A note concerning Marcinkiewicz integral with rough kernel. Chin. Ann. Math., Ser. B 24, 1–14 (2021)
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