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1 Introduction

Cauchy mean value theorem is of huge importance in mathematical analysis. Mercer [18]
and Pecari¢ [21] made connection between Cauchy type means and Jensen’s inequality.
These are given both in discrete and in integral form and have many applications. A mean-
ingful advancement in theory of Cauchy type means is given in [1-5, 18-21]. Also see [8—
11, 15-17] for more information about means. The following result is given in [19], which

involves Jensen’s inequality both in numerator and denominator.

Theorem 1.1 ([19]) Let G C R bean interval and r; > 0 for all 1 < i < n such that X r; =
Sy and cy,...,c, € G not all the same. Consider the twice differentiable functions 1,8 :
G — R such that

0<i<{()<L and 0<m<¢/(x) <M forallceG.

Then

I 5 Zririci(e) = o BEyrico) _L W
M~ ézfszz(ci)—Cz(ﬁEfilriCi) m

Here our aim is to find some Cauchy type means for p-convex and s-convex functions
in the first sense using Jensen’s and Hermite—Hadamard inequalities, respectively.

Let M, N be two bivariable means defined in a real interval G, and let /] € G be a subin-
terval of G. According to Aumann [6], a function ¢ : ] — G is convex with respect to the
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pair of means (M, N) if

¢(M(j1,j2)) < NG, ¢Ga))s  jrja €5
and ¢ is convex with respect to M if

¢ (MGj2) = M(¢(0),¢G2))s juja €.

These notions generalize the classical notions of convexity. Moreover, taking for M the
weighted power mean, i.e.,

M(uj2) = [ + (L= nR]?,

and for N the weighted arithmetic mean
N1, j2) = [rj1 + (L= 1)),

one gets the following definition.

Definition 1.1 ([13, 14]) Let G C (0,0) be a real interval and p € R\{0}. A function ¢ :
G — R is said to be a p-convex function if

e[[rd + (1 - n]?] < rt(e) + (- (ga) @

for all g1,2, € G and r € [0, 1]. If inequality (2) is reversed, then ¢ is called p-concave func-
tion.

Definition 1.2 ([12]) Lets € (0,1]. A function ¢ : [0,00) — R is called an s-convex func-
tion (in the first sense) or ¢ € K} if

s(rigr + rago) < ric(@) + 3¢ (g2) (3)
for all g1,8, € R* = [0,00) and ry,r, > O with r} + 15 = 1.

2 Cauchy type means for p-convex functions in Jensen’s sense
Toplu et al. [22] proved Jensen’s inequality for p-convex functions as follows.

Theorem 2.1 ([22]) Let p € R\{0} and ¢ : G C (0,00) — R be a p-convex function. Let
gi€ Gandr; €[0,1],0 <i < n, then the following inequality holds:

¢ ((Z '"igf) ) <) rnt(g) (4)
1 1
where ) ' r; = 1.

Now, by using Theorem 2.1, we state and prove the following theorem, which gives the
Cauchy type mean for p-convex function.
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Theorem 2.2 Let G C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let ¢1, ¢, € C3(G)
be p-convex functions. Then there exist some x € G such that the following equality holds:

(@) - (T rg)?) el

1 = e ’ (5)
Y ria(g) - (X rgh)r) 8200

with each r; € [0,1] such that Y| r; = 1 and provided that the denominators are non-zero.

Proof Let us define

H:= (irgf’)p

and
(T¢)(A) = Z’”i(l (Agi+ (1= 1H) = ¢1(H),
1

where A € [0, 1]. Similarly, we define (T'¢;)()).
Note that

(T1) ()= Y rilgs — H)g{ (g + (1 - A)H)

1

and

n

(T¢1)' (1) =Y rilgi — H)*¢/ (hgi + (1 - M)H).

1

Now consider a function Q(1) defined as follows:

QM) = (T)()(T51)(A) = (TT)(A)(TE2)(A),

such that we have

Then from two applications of mean value theorem, we have v € G so that
Q'(v)=0.

It implies that

n

Zri(gi ~H’[(T5:)(1)¢] (vgi + (1= v)H) = (T¢1)(1)¢5 (vgi + (1 - v)H)] = 0. (6)

i=1
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For some fixed v, the expression in the square brackets in (6) is a continuous function of
g, so it vanishes. Corresponding to that value of g;, we can have a number

x=vg+(1-v)H
such that

(T)(1).51 (x) = (T61)(1)-85 (x) = 0.
This gives equality (5). O

Corollary 2.3 Let G C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let {1, ¢, € C*(G)

be p-convex functions such that %%, is invertible. Then there exist some X € G such that the

&
following equality holds: ’

i <;_)<z rita(g) ~ L () ngf)h) o)

” 1
%) Y lrita(g) — (X righ)?)
with each r; € [0,1] such that Y| r; = 1 and provided that the denominators are non-zero.

Corollary 2.4 Let G C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let { € C*(G) be a
p-convex function. Then there exist some x € G such that the following equality holds:

B () Pl (B4))

with each r; € [0, 1] such that Xir; = 1.

Proof By letting ¢; = ¢ and &(w) = w?, where w € (0,00), in Theorem 2.2, we achieve
equality (8). O

3 Cauchy type means for p-convex functions in the Hermite-Hadamard sense
Let ¢ : G C (0,00) — R be a p-convex function, p € R\{0}, and g1, € G with g1 < g. If
¢ € L1[g1, 8], then we have (e.g., see [13])

&g\ po(2ew @)+
((52) ) =g || pam= "5

By using the right half of inequality (9), we have following result.

Theorem 3.1 Let G C (0,00) be an interval, p € R\{0}, and g1,g, € G with g1 < g>. Let
1,82 € C*(G) be p-convex functions. Then there exists some x € G such that the following

equality holds:
P (e aw 3
- Ja u} aw — Cl(( )p) é’l/,(X) (10)
P (& CZW) _é-((l+2) ) CZN(X)’

g”g’”glw"

provided that the denominators are non-zero.
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Proof Let
- (S22
2
and
82 r1(A 1-MH
(TE)() = gg’f 7 fg 1 et 0 gy,
where A € [0, 1]. Similarly, we can define (7¢;)(A).
Observe that
R 42 Hw+ (1-21)H)
16y 0y= P [Cor - T
and
" p & 28 (Aw + (1 - 1)H)
(Tz¢)"(\) ::—/ w-H)" > —— " dw.
' gg_gf 4t wi-?

Now consider the function Q()) defined by

QM) = (T&)()(T¢)(A) = (TT)()(T52)(A)

such that we have

Then, from two applications of mean value theorem, we find v € G such that

Q"(v)=0.
It implies
P 2 "
—H)?[(T¢,)(1 -(1-v)H
Z-7 qu,gzl(w P[(Te)(D] (wo - (1 - v)H)
—(Tt1)1)gy (wo - (1-v)H)] =0. (11)

For any fixed v, the expression in the square brackets in (11) is a continuous function of
w, so it vanishes. Corresponding to that value of w, we get a number

x=wu+(1-v)H
such that
(T&)(1).87(x) = (Te1)(1).85 (x) = 0.

This gives equality (10). O
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Corollary 3.2 If % is invertible, then we have
2

(ff’u))l(gﬁ 2000 gy ¢, (832)7)
X= 1" L ‘ (12)
00/ \ e o s - i

Corollary 3.3 By taking {,(w) = w? and ¢y = ¢ in Theorem 3.1, we have

g-7 / e ((#))

Sl A (45)

4 Cauchy type means for s-convex functions in Jensen’s sense

Here first we prove Jensen’s inequality for s-convex function.

Lemma4.1 Letse (0,1] and ¢ : G CR* — R be an s-convex function. Let Z'f r:g; be con-
vex combinations of points g; € G with coefficients r; € [0, 1]. Then each s-convex function

(in the first sense) satisfies the inequality

¢ (Z n-g,») <> relg), (14)
1

1
where ) | ri =1.

Proof We apply induction on the number of points in convex combination.

Basis step: for n = 1, equality (14) is true since

¢(rig1) < rg(g),

where r§{ =1 since r; = 1.
Induction step: suppose that (14) holds for all convex combinations of points containing

less than or equal to # — 1 points. Let r, # 1 and

where the sum Z'f"l( T -)gi € G. Then, by induction hypothesis, we have

n-1 s
cw) < Z(l - ) £(@). (15)
1 n
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By using (3) and (15), we get

(Z rlgl> = (A =r)w +r,8)

=@ =ra)’cw) + 1,5 (gn)

n-1

< (1—rn)sz(lf"r ) £(g) + 73 (@)

1
= Z’ff(gz‘)
1

Thus we get (14).

(16)

0

Remark 4.1 By taking s = 1 in Lemma 4.1 we can get Jensen’s inequality for convex func-

tion.

Now, by using the above lemma, we state and prove the following theorem, which gives

the Cauchy type means for s-convex function.

Theorem 4.1 Lets e (0,1] and r; € [0,1]. Let {1, ¢ € CH(G C [0, 00)) be s-convex functions

(in the first sense). Then there exist some x € G such that the following equality holds:

Yiralg - o rg) _ &' (%)
Y@ - QT rg) ¢ (x)

(17)

with each r; € [0, 1] such that Z’f ri = 1 and provided that the denominators are non-zero.

Proof Define

H := i}’igi
1

and
(Te)(M) =Y it (g + (1= A)H) - &1 (H),
1

where A € [0, 1]. Accordingly, we can define (7'¢;)(A).
Note that

n

(T&) (1) =Y ri(g - H)¢{ (Agi + (1 - M)H)
1

and

n

(T&1)' (1) =Y i@ —H)’¢y (Agi + (1 - MH).
1

Page 7 of 13
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Now consider the function Q()) defined by
QM) = (T&)()(Tg)(A) = (T¢)()(T52)(A)

such that we have
Q(0)=Q(1)=Q(0) =

Then, from two applications of mean value theorem, we find v € G such that
Q"(v) =0.

It follows that

> rilg - HP[(Te)(1).¢f (vgi + (1= v)H) = (T21)(1).¢5 (vgi + (1 - v)H)] =0.  (18)

i=1

For any fixed v, the expression in the square brackets in (18) is a continuous function of

g, so it vanishes. Corresponding to that value of g;, we get a number
x=v+(1-v)H,
so that

(T6)(1)-57 (x) = (T61)(1).55 (x) = 0.
This gives equality (17). O

Corollary 4.2 Let 5€(0,1]. Let &1, ¢, € C*(G C [0,00)) be s-convex functions (in the first

sense) such that 1,, isinvertible. Then there exist some x € G such that the following equality
2

holds:

:<ﬁ)1<29%&m—a61nm> (19
&y Yiricg) - o ng))

with each r; € [0,1] such that Y| r{ = 1 and provided that the denominators are non-zero.

Corollary 4.3 Let s1,s5 € (0,1). Let &1, € C*((0,00)) be an s,-convex function and an
sy-convex function (in the first sense), respectively, defined as {1 (w) = w'l and ¢ (w) = w'2.
Then, from Theorem 4.1, we get

1(s1—-1)

S 5182
- (20)

1@t - (] gt
Z;f fz(gz)sz— (-1 rig)®

5 Cauchy type means for s-convex functions in the Hermite-Hadamard sense

Drgomir and Fitzpatrick [7] gave the following result.
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Theorem 5.1 Suppose that ¢ : [0,00) — R is an s-convex function in the first sense, where
5s€(0,1), and let g1,g, € [0,00), g1 < g. Then the following inequality holds:

((52) =t [ ctmaw < SR e
2 & -& Jg s+1

The above inequalities are sharp.
From inequality (21) we give the following result.

Theorem 5.2 Suppose that {1,¢; : [0,00) — R is an s-convex function in the first sense,
where s € (0,1), and let g1,g> € [0,00), g1 < . Let £1,5 € CZ(Lgl,gz]). Then there exist
some y € [g1,82] such that the following equality holds:

£2-81

gzigl gglz 52(W)dw_§2(¥) - fz//(X),

L Je awdw = a(552) iy (22)

provided that the denominators are non-zero.

Proof Let
H:= sits
2
and
42
(TO)0) = / &1 (hw -+ (1= WH) dw - ¢1(H),
2-81 Jg

where A € [0,1]. Accordingly, we can define (7¢;)(A).
We can have

(T6) ()= —— /g fz(w-H)c{ (o + (1= W)H) dw
and

T¢) (M) := “ H)?¢(aw+(1-A)H)d

(&G i= = [ w= 2% (v (- ) d

&1

Now consider the function Q()) defined by

QM) = (To)((T51)(A) = (TE)ANT E)(R)

such that we have

Then, from two applications of mean value theorem, we find v € [g1, 2] such that

Q"(v) =0.
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It implies
1
£ —-£4
—(T)(1).4y (wo - (1-v)H)] =0. (23)

[ - mPlres o -0 - vm)
lg1.¢2]

For some fixed v, the expression in the square brackets in (23) is a continuous function of

W, so it vanishes. Corresponding to that value of w, we get a number
x=wu+(1-v)H
such that
(T2)(1).51 (%) = (T61)(1)-85 (x) = 0.
Thus we get (22). O

Corollary 5.3 If % is invertible, then we have
2

(24)

= (C{/(X))_l<g21g1 gg12 W (w)dw — §1(gl%)>'

500 \ g fe w)dw = 5(452)

Corollary 5.4 Let 51,55 € (0,1). By taking &1 (w) = w*t and ¢(w) = w2, where w € (0, 00),
in Theorem 5.2 we have

sp+l 0 sp+l
g —

2 8 g1+
(s1+1)(g2-g1) ~ 2 )’ _ 5 (s1-1) s1-82

sp+l  so+l - (X) . (25)
& & (4 )52 $2(s2—1)
(s2+1)(g2-g1) 2

Now we define the following definition.

Definition 5.1 Lets € (0,1) and g1,£ € [0,00), g1 < g». Then quasi-arithmetic mean for

the strictly monotonic function @ defined on [g1,£,] is as follows:

- a1 & Q+®
Mo(g1,g) = (gz_gl f ¢<w>dw—a>(—2 )) (26)

&1

Theorem 5.5 Let s € (0,1) and g1, € [0,00), g1 < go. Let @1, Py, @3 € C*([g1,4]) be

strictly monotonic real-valued functions. Then

D1 (Mo, (81,22)) = P1 (Mo, (g1,82)) _ 2{0)P3(v) - &1 (V)P (v) (27)

o (Mo,(g1,2)) — Po(May(g1,82)) 3 (V)P4(v) — D5 ()P5 (V)

for some v, provided that the denominators are non-zero.
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Proof Let us choose functions ¢; = @1 o @3, {3 = @y 0 P3', w = D3(w), and 522 =

g21g1 jz @3(w) dw in Theorem 5.2, we observe that there exists some v € [g1,£] such that

451(1\zf¢1 (g1,8)) - 4’1(1/\\71% (g1,82))
Dy (Mo, (81,82)) — Po(Ma,(g1,82))

_ 9@ ()P (P51 (X)) — 45{(@?53‘1()())(15;/(@3‘1()())’

= 28
&}(@3700)84(37(x)) - @4(@31 () B}(@51 (1)) 29
Then, by letting &3 () = v, we notice that we have v € [g1, ] such that
1Mo, (¢1,82)) = D1 (Mo, (@1,22) _ P} W)P3(v) -~ P} (v)P5 () 29)
Dy (Mo, (g1,82)) — P2(Mo,(g1,8)) Py (L)P3(v) - @5(v)P5 ()

Again from inequality (21) we have following result.

Theorem 5.6 Suppose that {1,¢, : [0,00) — R is an s-convex function in the first sense,
where s € (0,1), and let g1,g, € [0,00), g1 < g». Let &1,8 € C*([g1,8]). Then there exist
some x € [g1,82] such that the following equality holds:

El(gl);rsltl(gz) _ ﬁ gg12 c1(w) dw i c(x)
So(g1)+s62(g2) 1 (& - ol )’ (30)
s R _ﬁ @ gz(W)dW 2 X
provided that the denominators are non-zero.
Proof Consider the function
(e = 8 g [“oax (31)
s+1 @
Similarly, we can define T, (w).
Note that
(Té.l)/(w): Sé‘l(w)(w_gl)_ CI(W)_gl(gl) (32)
+1 s+1
and
Ty m =L gy (33)
s+1
We observe that
(Tt (@) = (T6) (g1) = (T¢1)" (@) = 0.
Now we define D(w) as follows:
D(w) = (T42)(@NT¢)w) = (T61)(@)(TE)(w). (34)

Then note that

D(g1) =D'(g) =D"(¢1) = D(g) = 0.
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Thus, by application of the mean-value theorem, we get
D'(x)=0
for some yx € [g1,2]. Consequently, this completes the proof of the theorem. O

Corollary 5.7 If % is invertible, then we have
2

:(C{/(X)>_l<w_gﬁgl L Glwydw ) (35)
G0/ \ el i [ 6w dw

£2-81

Corollary 5.8 Let 51,55 € (0,1). By taking &1 (w) = w*t and ¢(w) = w2, where w € (0, 00),
in Theorem 5.6, we have
5 gs1+1_ sp+l
@' +518") - (3 gz—gi ) _si(si=1)(s2+1)

s+l sp+l T
& g s2(s2 — 1)(sy + 1)
(67 +5267) - (5

()2, (36)

6 Conclusion

In Sect. 2, we proved Cauchy type mean for p-convex functions. In Sect. 3, Cauchy type
theorem in the Hermite—Hadamard sense was obtained for p-convex functions. In Sect. 4,
we proved Jensen’s inequality for s-convex functions in the first sense, and then a Cauchy
type theorem was obtained. In Sect. 5, a Cauchy type theorem in the Hermite—Hadamard
sense was obtained for s-convex functions in the first sense.
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