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Abstract

This paper presents a new modulus combination—combination synchronization (MCCS) scheme using the adaptive control
technique. MCCS scheme is performed between complex hyperchaotic (HC) systems and real hyperchaotic (HC) systems.
The HC complex Lorenz and Lu are taken as master systems, and the HC Chen system and Newton—Leipnik are taken as slave
systems. Based on the Lyapunov stability theory, adaptive control and parameter update law are obtained from making the
MCCS. According to the appropriateness of modulus synchronization as a persuasive explication for secure communication,
we then explored the application of the suggested adaptive MCCS design. Also, the complexity of master systems improves
the protection of stable transmission. Technical investigation and conclusion of simulations verify the performance of the
suggested technique using MATLAB.

Keywords HC complex system - Modulus synchronization - Combination—combination (C—C ) - Adaptive control - Lyapunov

stability theory - Secure communication

1 Introduction

Chaos is a ubiquitous event in nonlinear mathematics and
physics. Chaos is defined as the random and unpredictable
phenomenon, or the behavior of a complex system, where
little changes in the origin positions can lead to signifi-
cant differences over the period. In general practice, chaos
means complete disorder and disorganization, but in science,
it implies that the equations expressing nonlinear systems
are very sensitive to initial inputs. Although such systems
usually exhibit some consistency, it is impossible to proph-
esy their future behavior with a high degree of certainty.
Henri Poincare finds the chaotic deterministic system (Rus-
sell 1967), which placed the establishment of modern chaos
theory in the eighteenth century. Later on, Lorenz (1963)
gives the first chaotic attractor, named the Lorenz attractor.

Many methods have been applied to examine the chaotic
behavior. Firstly by drawing phase portrait, secondly by
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drawing bifurcation, thirdly by drawing the Poincare section,
and the last one is by finding Lyapunov exponents. The Lya-
punov exponent is the most significant milestone in the theory
of chaotic systems and has proved to be an immensely useful
technique for analysis. A HC system is defined as an attractor
with more than one positive Lyapunov exponents. The min-
imal dimension for HC is four. Rossler (1979) proposed the
first HC system in 1979 to a defined chemical reaction. Later,
various researchers suggested different HC and HC complex
systems for distinct applications. HC complex systems can
take a larger message signal and improve the protection of
information because they have real parts and imaginary parts.
Recently, these systems find use in many physical cases, such
as detuned lasers (Mahmoud and AL-Harthi 2020), rotating
fluids, and electronic circuits (Vaidyanathan et al. 2019).
Pecora and Carroll (1990) were continuing in this field
and instigate the study chaos synchronization. Synchroniza-
tion of chaos is an event that may happen when two or
more chaotic systems are coupled, and synchronization error
converges to zero, and it plays a significant role in several
different contexts such as biological models (Vaidyanathan
2015), robotics (DRK et al. 2018), information processing
(Das and Pan 2011), secure communication (Mahmoud et al.
2013), neural networks (Wang et al. 2017), image process-
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ing (Volos et al. 2013), and finance models (Xin and Zhang
2015).

The example of synchronization schemes currently avail-
able in the literature includes complete synchronization
(Mahmoud and Mahmoud 2010a), anti-synchronization (Li
and Zhou 2007), hybrid synchronization (Vaidyanathan
2016), projective synchronization (Ding and Shen 2016),
modified projective synchronization (Hamri and Ouahabi
2017), hybrid complex projective synchronization, mod-
ulus synchronization (Li et al. 2019), combination syn-
chronization (Runzi et al. 2011), combination projective
synchronization (Khan and Nigar 2020a), dual combina-
tion synchronization, C—C synchronization (Khan and Nigar
2019a; Khan and Singh 2018a), etc. Synchronization of a
complex two coupled dynamics, dynamical properties of a
new complex system, HC complex Lorenz system, modified
projective synchronization in complex Chen and Lu system
and complex complete synchronization are interesting issue
discussed by Mahmoud et al. (2007, 2008), Mahmoud and
Mahmoud (2010b), Mahamoud and Ahmed (2011) and Mah-
moud (2014).

With the increasing application of synchronization of
chaotic systems, various control methods have been intro-
duced for the control of chaos, which includes active control
(Bhalekar 2014), adaptive control (Khan and Tyagi 2017a),
sliding mode control (Wang et al. 2012), adaptive sliding
mode control (Khan and Tyagi 2017b; Khan and Nigar
2019b, 2020b), feedback control (Liu and Liu 2018), optimal
control (Khan and Tyagi 2017a), etc. Out of these methods,
adaptive control is one of the most proper methods to achieve
synchronization. Hubler (1989) was the first who investigate
the chaos synchronization using adaptive control in which
Lyapunov stability is applied to derived control adaptation
laws. Accordingly, many researchers have produced an adap-
tive control method for synchronizing of chaotic systems
(Liao and Tsai 2000; Yassen 2003; Li et al. 2011; Wang and
Sun 2011; Aghababa 2012). Adaptive control incorporates a
set of methods that gives an orderly procedure for automatic
adjustment of the controllers in real-time to achieve or to
support the wanted level of appearance of the control sys-
tem when the parameters of the system model are entirely
unknown and change in time. For example, as an aircraft
flies, its mass will steadily reduce due to fuel loss, a con-
trol law that regulates itself to such developing conditions.
Thus, the adaptive controller’s derivation for the synchro-
nization of chaotic systems in the appearance of parameter
uncertainty is a significant challenge. When the parameters
of the chaotic (HC) systems vary unpredictably in time, these
circumstances happen due to the parameters denoting time-
varying. To achieve the right level of the control system, a
general procedure is to build an adaptive controller followed
by parameter update laws for synchronization of two chaotic
(HC) systems. In the chaotic dynamical system, the state
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of the slave’s system is evolving over time, guided by the
adaptive controller, and error dynamics obtain this adaptive
controller. The error dynamics are the results of both master
and slave systems.

In the Lyapunov stability theory (LST), we define a Lya-
punov function V (x) is a positive definite for the system
under study obtained with the help of the system’s error
system and parameters. We need to show the time deriva-
tive of a Lyapunov function along with the error dynamics
is negative definite, i.e., V(x) < 0 using the adaptive
control law and parameters update law (Yoshizawa 1966;
Rouche et al. 1977; Sastry 2013). In Zhang et al. (2018)
and Al-Mahbashi et al. (2019), the author investigates finite
synchronization and finite time-lag synchronization for a
complex dynamical network. Complex modified hybrid func-
tion projective synchronization between complex system
variable was examined in Liu et al. (2016). Moreover, the
author Khan and Nigar (2019a) investigates adaptive hybrid
complex projective C—C synchronization between a complex
HC system. Modified projective synchronization and mod-
ified function projective synchronization of a real chaotic
system and the chaotic complex system were discussed in
Sun et al. (2014).

The previously mentioned synchronization has been
obtained for real master systems, and real slave systems or
both master and slave systems are complex systems. It is an
essential and fascinating problem to the design synchroniza-
tion for a complex master system and real slave system. To
the best of my knowledge, this idea is so far to be introduced.
This kind of synchronization is extra winning and challeng-
ing. An exciting and attractive result related to this topic has
been discussed, such as novel synchronization technique to
achieve a hybrid module phase in the complex hyperchaotic
system using adaptive control investigated by Wang and Luo
(2013), whereas in Nian et al. (2010), Fuzhong et al. intro-
duced the idea of module phase synchronization in which
modules varied in a particular field after the synchronization
. Moreover, hybrid module synchronization with time delay
among two complex HC systems using adaptive control was
presented in Chao (2016) by Luochao. Hence, we can say,
modulus synchronization of a complex system variable plays
a vital role because of its application in stable transmission
was discussed in Li et al. (2019).

According to these mentioned analyses, we present MCCS
scheme using an adaptive control technique. A suitable adap-
tive controller is designed to perform synchronization among
HC complex master systems and HC real slave system. Some
of the difficulties arise in solving the MCCS method. We used
four non-identical chaotic systems in the MCCS scheme,
which have a different—different parameter. LST is typically
used to derive adaptive control laws and show convergence.
For displaying the derivative of the Lyapunov function is neg-
ative definite, we have to calculate all the adaptive parameters
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and adaptive controllers, which is very difficult to calcu-
late. According to Theorems 1 and 2, the adaptive control
technique is applied to estimate unknown parameters. When
adaptive controllers are structured, special consideration is
necessary for convergence and robustness issues.

The essential highlights of this research are summarized
as follows.

— This paper firstly proposed modulus combination—comb-
ination synchronization (MCCS) to deal with the HC
complex system and HC real system.

— An adaptive control technique with fast convergence is
designed for the modulus synchronization.

— This paper discusses a secure communication design
based on modulus combination—combination synchro-
nization.

The rest of the manuscript is structured as follows: Sect. 2
presents the synchronization principle of MCCS using the
adaptive control technique, and Sect. 3 contains system
descriptions of chaotic systems. Section 4 contains the
numerical example of testing the adaptive control’s analytical
method to perform the MCCS. Section 5 provides the numer-
ical simulation of the MCCS by using MATLAB. We obtain
a proper arrangement among mathematical treatments and
simulation outcomes for our suggested MCCS, and compar-
ative investigations are also discussed in Sect. 6. We received
an application of MCCS using the chaos masking method
for message information, that we could still recover after
decryption of the message in Sect. 7. The conclusion is finally
declared in the last Sect. 8.

2 Synchronization Principle of Modulus
Combination-Combination (MCCS) Using
Adaptive Control Technique

This section investigates the principle of MCCS (Li et al.
2019; Sunetal. 2013). Two non-identical complex HC master
systems can be described as follows:

X =h1(x)2) + g1 (x) (D
Ty = ha(y)§22 + g2(). ()

The two non-identical real chaotic(or HC) slave systems are
defined as:

w = h3(w)$23 + g3(w) + p1 3)
2 =h4(x)24 + g4(2) + p2 4)

where x = (x1,x2,...,x0)7 € C,y = (1, y2, ..., ym)T
€ C represents the state vector of master systems (1)

and (2). We mention that x and y can be expressed as
x = x" 4+ jxi, y = y" 4+ jy, with j = /=1 and
r represent as real parts and i represents imaginary parts.
Assume X1 = X1 + jX12m> X2 = X13m + JX14ms-- XN =
XUN—Dm+JXINm, thenx” = (X11m, X13m, - xiv=nm) T,
xt= (om Xtams - XINe) T Y1 = Yiim + JYioms
Y2 = YB3m + jYl4mr-¥n = VIN-Dm + jYinn, then
Y= Otims Y3ms s Viv—1m) T Y = O12m, Yiam, - -
lem)T. h1(x) and hy(x) presents N x N matrix function
and g1(x) , g2(x) are N x 1 continuous vector func-
tion, £21, §2o are N x 1 real nonlinear parameter. w =
(Witss W12ss > Wins)] € R, 2= (2115 2125 - -» 21Ms) .
€ R are the state vectors of slave systems (3) and (4).h3(x)
and h4(x) presents M x M matrix function and g3(x) , g4(x)
are M x 1 continuous vector function, £23, §24 are M x 1
real nonlinear parameter. p; = (011, P12, -- -, P1M) € RM,
0 = (P21, p22s - ., pom) € RM are the adaptive control
inputs.

Definition 2.1 (Sun et al. 2013; Li et al. 2019) For the com-
plex master systems (1) and (2), and real slave systems (3)
and (4), our aim is to synchronize the trajectory of |x + y|
with that of w 4 z which can be expressed as.

limioollell = limi»oollw 42z =[x + [l =0 &)

where |.| represents the modulus of complex variable and ||. ||
is the matrix norm.

Remark 1 If (x”,x") # (0,0) and (¥", y') # (0,0), then
error system in Eq. (5) can be rewritten as follows:

limisollell = lim—oollw + 2
— "+ jat 4y =0
limisollell = limi—oollw + 2z
—Jer R E YR =0. (6

The error dynamics obtain from Eq. (6) such as:

" 4+ ¥ +y")
\/(xr T yr)2 + (xi T yi)2
RGO

Ve 307+ G4y

et)y=w+z—

(N

Substitute Egs. (1), (2), (3), and (4) in Eq. (7), we get the
error dynamics:

e(t) = h3(w)23 + g3(w) + p1 + ha(2)$24 + g4(2) + 2
G YD) ()21 + g1(x7) + ha ()22 + 82(97))
\/(x’ + )2+ (xf + y1)?
_ G2+ 1D +ha (D2 + 2201 ®)
\/(xr +yr)2 + (xi _|_yi)2
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Now, MCCS can be performed by design the relevant adap-
tive control p; + pp and parameter update laws £2;.

(" + Y (x") 21 e

Q>

(x4 yHhi(x') 2 e

where k denotes a positive real constant, Ql(t), Qz(t),
!}3 (1), Q4 (t) are the estimated values of §21, §2,(t), §23(¢),
£24(t), respectively, and the adaptive laws of parameters are
considered as follows.

]Te +kglf~21

1

(" 4+ yDha(Y")S$22e

Q>

B \/(xr + )2 + (xf + yi)2 \/(Xr.-i- yr)z + (xl + yi)2
(' + y)ha(y)$22e

2 - - -

, VO )7+ (7 4y
$23 = [h3(w)]" e + ke, 23

24 =[ha(@)) e + ke, 24

VO )7+ (4 y7)?

1Te + kq,$22 (10)

Remark2 If w = 0,x =0,z #0andy # 0orz =0,
y =0, w # 0and x # 0, then MCCS turned into modulus
synchronization.

limi—oollell = limioollz — |yl = 0.

Remark3 1f w = 0 and,z # O or z = 0 and w # O, then
MCCS turned into modulus combination synchronization.

limi—oollell = lim;oollz — |x + y|l = 0.

Remark4 If (y",y') = (0,0), and z # O or z = 0 and
w # 0, then Eq. 6 turned into modulus combination syn-
chronization.

. . 2
lim;—oollell = limi—oollw +z — /x> + x| = 0.

Remark 5 If x” # 0, x' = 0 and y" # 0 and y’ = 0, then
MCCS turned into an absolute C—C synchronization of real
systems.

lim—oollell = limi—oollw +z — [x" + y"||| = 0.

Theorem 1 If (x",x') # (0,0) and (y",y') # (0,0),
then error system can be written as e(t) = w + z —
\/(xr + y")2 + (x! + yi)2 . Then, the two real slave systems
(3) and (4) can modulus synchronized with the complex mas-
ter systems (1) and (2) are globally asymptotically stable, if
the suitable adaptive controllers p1 + p2 is considered as
follows (Li et al. 2011; Khan and Nigar 2019a).

p1 + p2 = —h3(w)$23 — g3(w) — ha(2)$24 — ga(2)
P YO (h1 ()21 + g1 (") + ha(y)$22 + g2(3"))
V& Y2+ (xf + yi)?
N o+ YD ()21 + g1 () + ha (31§22 + g2(0))
\/(xr + yr)2 + (xi + yi)2
— ke )
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Proof Substitute Eq. (9) in (8), we obtain error dynamics as
follows:

é(1) = h3(w)$23 + ha(2) 24
YD1+ ha(V)$2)
VO Y2+ (4 yi)?
@Y E)R1 + ()2
VO 32+ (x4 yi)?

ke. (11)

Theorem 1 is defined for complex master systems and real
slave systems for MCCS, which demonstrates that MCCS is
globally and exponentially synchronized. That is, we have to
show modulus error e(#) — 0 exponentially as t — oo for
all initial values. And hence, the theorem one always follows
when the time derivative of a Lyapunov function is negative
definite, as defined by the LST using the adaptive control law
(9) and parameters update law (10).

Now we design Lyapunov function V (¢) for convergence
such as (Li et al. 2011):

V() = E(eTe + 2121+ 212, + QT 23+ 21 24).
(12)

Finding the derivative of V, we get:
Viy=éle+ QT 21+ 2120+ 21025+ 21 24

where él = .Ql — S}l, .(22 = 92 — S}z, [}3 = .Q3 - S}_O,,
94 = 94 - 94.’ . . . . .
which implies 2| = —$21, 2, = —$2, 23 = —$23, 24 =
N

V() =¢"e + 2] (—21) + 21 (—$22) + 21 (—$23)

+ 8T (—5y). (13)
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Using Egs. (10) and (11) in Eq. (13), we get :

V(1) = elh3(w)$23 + ha(2)$24
L@ YD1+ () 2)
\/(xr + 92 + (xi + yi)2
YD R+ ha(y)22)

—— kel”
VO )7+ (7 4y
~ "+ yDhi(xNe
- Q11— ——
VOV YR G2
(x" +yHhi(x")e 1Te + ke $1]

VOT+ 32+ (x4 y1)?
(" +yDhi()e
VO 32+ (xf + yi)?

(x' 4+ yHha(y")e
V& + )2+ (x4 y1)?
— 27 hs(w)]"e — 2/ Tha()]"e
= h3(w)e$23 + ha(z)e24
L, 6O ane2)
VO + 302+ Gl +y7)2
N Gl O LITC Y]
VT 372+ (6 + yi)?
I Gl S PTG L e
VO + D)2+ Gl +yT)2
B YO L
VT +y1)? 4 (6 + yi)?2
+ o7 (x" + y’)hl(f’) j
VG307 + G+ y)?
&' 4+ yDhi(x")
\/(xr + 92 + (xi + yi)2
& G
VO Y+ (4 yi)2
"+ yDha ()
\/(xr + 92 + (xi + yi)2
— 2§ [haw)]" e — ko, 25 23
— 2/ ha(@)1"e — ke, 24 24
=—kele— k_QI.(NZlT[NZ] - kng}géz
— ke 27 23 — kg, 27 24
<0

-2 [

1Te 4 kq,$2]

keTe

]Te — k_QlSNZITQI

+ 82

]Te — kQZQZTS}Z

Hence, we observe that V (¢) is positive definite, and V(t)
is negative definite. According to the LST, we see it

lim;—lle|| = 0, which indicates that the master systems
(1) and (2) will perform MCCS with the slave systems (3)
and (4). ]

3 System Descriptions of HC Complex
System and HC Real System

Consider a HC complex Lorenz system proposed by Mah-
moud et al. (2008):

X1 =0211(x2 —x1) + (1 +1i)x4
J:Cz = ?1_3)61 ) - X1X3 (14)
X3 = 5(¥1x2 + x1X2) — §212%3

. 1, - -
X4 = 5(X1x2 + x1X2) — £214%4

where 211, 212, £213, §214 denote the real parameters, while
X1 = X11m + iX12m and X3 = X3, + iX14, denote complex
variable and x3 = x15,, and x4 = x1¢,, are real variable.

Xitm +iX10m = 21113 + iX14m — (X11m +ix12m)) + (1 +)x16
X13m + iX14m = 213X 11m + iX12m) — (X13m + i X14m)
—(X11m + iX12m)X15m
. 1 . .
Xism = 5 ((X11m — iX12m) (X13m + I X14m)
+X11m + ix12m) (X13m — iX14m)) — $212X15m
. 1 . .
Xi6m = 5 ((X11m — iX12m) (X13m + I X14m)
+X11m + ix12m) (X13m — iX14m)) — $214X16m

(15)
The real form of system (14) is written as follows:
X1im = 211(X13m — X11m) + X16m
X1om = 211 (X14m — X12m) + X16m
X13m = 213X11m — X11mX15m — X13m (16)

X14m = $213X12m — X12mX15m — X14m

X15m = X11mX13m + X12mX14m — §212X15m

X16m = X11mX13m + X12mX14m — §214X16m

. Consider HC complex Lu system proposed by Wang et al.
(2016)

y1 = $221012m — Y11m)
Y2 = =Y11mY13m + £222Y12m — 2234+ 0.03y14m) Y1 1m
y3= %(inmmzm + Y1tmY12m) — $224Y13m
4= AO01im + F1im)
(17)
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where £2>1, §£222, §223, §£224 denote the real parameters, while

Y1 = Y11m + iy12m and y2 = Y13, + iy14, denote complex
variable and y3 = y;5,, and y4 = yi6,, are real variable.

Yiim +iyi2m = 220(013m + iV14m — G11m + iY12m))

V13m + iV1am = —11m + iY120) Y15m + $222(V13m + iY14m)
—$223(4 + 0.03y16m) (V1 1m + iy12m)

Fism = 3(Vitm — iy12m) ¥13m + 1¥14m)
FO1tm + y12m)(Y13m — iY14m)) — §224Y15m

Yiem = 5 V1im + iyi2m + Yiim — iy12m)

(13)

The real form of system (17) is written as follows:

Yilm = £221(V13m — Y1lm)

Yiom = £221(Y14m — Y12m)

F13m = —Y1imYism + 222V13m — 2234+ 0.03y% Hyi1im
Flam = —Y12mY15m + 222Y14m — 223(4 + 0.03y%¢ Y yiom
V1sm = Y1imY13m + Y12mY1dm — $224¥15m

Yiem = Yiim
(19)
Two HC systems are taken as:
HC Chen system (Li et al. 2005)
Wiy = $231(Wi2y — Wits) + Wi3s
Wi = 232w11s + $233W125 — WisW13s 20)

W13y = —£234W135 + W11sW12s
Wi4s = $235W14s + W125W13s

where §231, §233, §233, §234, §235 denote the real parameters,
while wyis, wias, Wi3s, Wi4s denote real variable.

HC Newton-Leipnik chaotic system (Ghosh and Bhat-
tacharya 2010)

Z11s = — 82412115 + 2125 + 1021252135 + Z14s
2125 = —211s — 0.4z125 + 521152135 21
213s = §2422135 — 521152125

Zl4s = — 824321152135 + 2442145

where 241, $242, §243, §244 denote the real parameters, while
Z11s» Z125213s» Z14s denote real variable.

4 Example of Modulus
Combination-Combination
Synchronization

In the following, Egs. (16) and (19) act as the master system

and Eqgs. (22) and (23) are selected as a slave system with
controller written as.

@ Springer

Wi = 231(Wi2s — wits) + Wi3s + P11
Wios = 23w11s + $233W125 — W1LsW13s + P12 (22)
W13y = —$£234W135 + W1sWi2s + P13
Wi4s = §235W14s + Wi2sW13s + P14
211y = — 82412115 + 2125 + 1021252135 + 2145 + P21
2125 = —211s — 0.42125 + 521152135 + P22
213s = 2422135 — 521152125 + P23
Z14s = —S$24321152135 + $2442145 + P24
(23)

where 011, 12, 013 » P14, P21, P22, 023 ,P24 are the appropriate
design adaptive controllers.
Definition 1 shows that the error system can be obtain as:

enn = (Wits + 211s) — V& 1im + Yiim)? + K12m + yiom)>

e1n = (wias + 2225) — V& 13m + Y13m)? + K1am + Viam)?
e13 = (Wi3s + 2235) — v (X15m + Yis5m)?

e14 = (Wi4s + 2245) — v/ (X16m + Yiem)?

(24)

We find the derivative of error system of Eq. (24), we get

C1im + Y11m) K1im + Y11m)

V& m + yiim)? + Ciam + Yiom)?
(X12m + Y12m) (X12m + Y12m)

V&1 im + Y1im)? + K12 + yiom)?

el = wi +2i1 —

(X13m + Y13m) (X13m + Y13m)

V& 13m + y13m)? + Clam + Viam)?
(X14m + Y14m) X 14m + Y14m)

V& 1im + y1iim)? + Grom + yi2m)?

eix = wi +2zi2 —

(X15m + Y15m) X15m + Y15m)

Vv (X15m + yi5m)?

(X16m + Y16m) X16m + Yi6m)

v (X16m + ylﬁm)2

e;3 = w3 +2i3 —

ei4 = w4 + 24 —

(25)
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Using Egs. (16), (19), (22), and (23) in the error dynamics
(25) such that:

~ 1um A y1im) (211 (13m = X11m) + X16m + £221(V13m = Y11m))

V1 m + y1im)? + K12m + yiom)?
_ (12m 4 y12m) (8211 (X 14m — X12m) + X16m + 221 (V14m — Y12m))

V& 1m F y1im)? + x12m + yiom)?

eln = 23nWi1s + £233Wi25 — WisWi3s + P12 + P22
_ (13m A y13m) ($213X11m — X11mX15m — X13m)

V& 3m + Y13m)2 + Cram + Yiam)? )
3w A Y13m) (ZY1imYism + $222913m — $223(4 + 0.03y7,, ) yi1m)

el = $231(Wi2s — Wits) + Wi3s — 2412115 + 2125 + 1021252135 + 2145 + 011 + P21

Vo 13m + ¥13m)? + (Kdm + Yidm)?
_ (1dm + Y14m) (€X12m = X12mX15m — X14m)

V& 13m 4 Y13m)2 + K1am + Yiam)? )
~ 1am A Yiam) (=Y12mYism + 202Y14m — $223(4 + 0.03y{, ) yiom)

VO13m + y13m)2 + X14m + Yidam)?

e13 = —§234w13s + WisWi2s + 2422135 — 521152125 + P13 + 023
_ 1sm + Yism) K11mX13m + X12mX14m — $212X15m)

% (x15m + ylSm)2

~ (1sm + Y15m) OV11m Y13m + Y12mY14m — $224Y15m)

Vv X1sm 4 yism)?

el4 = §235W14s + Wi2sW13s — §24321152135 + 2442145 + P14 + 024
_ (x16m + Yiem) (X11mX13m + X12mX14m — $214X16m + Y11m)

vV (X16m + Yiem)?

(26)

To achieve the control goal, we introduce the following the-
orem.
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Theorem 2 In, errorsysteme(t) = w+z—/ (x" + y)2 + (x/ + yi)2
and (x",x") # (0,0) and (y",y") # (0,0). The master
systems (16) and (19) will achieve modulus combination—
combination synchronization with slave systems (22) and
(23). If the adaptive control function p11 + p21, P12 + P22,
P13+ P23 and p14+ pag are selected such that Liet al. (2011).

X11m 4 Y11m) (211X 13m — X11m) + X16m + 221 V13m — Y11m))
V&iim 4 y1im)? + E1am + Y12m)?
(X12m + Y12m) (211 X 14m — X120m) + X16m + 221 V1dm — Y1i2m))
\/(fum + yuni)2 + (X12m + Yi2m)?
P12 + p22 = —kae1z — 23w11s — £233W125 + Wi W13s
(X13m + Y13m) (§213X11m — X11mX15m — X13m)

V& 13m 4 yi3m)? + (X14m + Y14m)?
+(x13m + Y13m) (= Y11mV15m + 222V13m — $223(4 + 003y ) ¥11m)

+

P11+ p21 = —kie11 — $231(wi2g — wits) — Wi3s + 2412115 — 2125 — 1021252135 — Z14s

V& 3m + y13m)% + K 1am + yiam)?
(X14m + Y14m) ($213X12m — X12mX15m — X14m)

V&13m + y13m)? + (X14m + Y14m)*
+()614m + Y14m) (= V12m Y15m + 222Y14m — 223(4 + 0.03y%¢ ) ¥12m)

VC13m 4+ Y13m)2 + K1am + Viam)?
P13 + 023 = —kzers + 234wz, — WisWi2s — 2422135 — 52115212
 Gism 4 Yism) (—R212X15m — 224Y15m)
vV (xXism + Yi5m)?
P14+ P24 = —kaers + 235Wiay — WinWi3s + 24321152135 — $244Z14s
+()616m + Y16m) X1 1mX13m + X120 X14m — $214X16m + Y11m)

AY (xl6m + yl6m)2

27)

and the adaptive parameters are considered as:
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X11m + Y11m) (X13m — X11m)e11 (X12m + Y12m) (X14m — X12m)€11

V&x1m + Yirm)? + iom + yi2m)? vV @1m F yiim)? + G1om + yiom)?
+ks5(£211 — $211)

211 =~

A (X15m + Y15m)X15me13 A
Qp=-—""2 = m2 + ke (8212 — $£212)

v (X1(5m + %’I_ISm) )
A X13 Y13m)X11m€12 A
213 = - — s +k7($213 — $213)

E/(xmj_-i- y13)m) + (X14m + Y14m)

A X16 Yiem)X16me14 A
Qu=-——"—"" =2 - m2 + kg (§214 — $214)

vV (xl6m + yl6m)
[*221 _ (C11m + Y11m) V13m — Yiim)en (X12m + Y12m) (YV14m — Yi2m)en

VX11m + yirm)? + (iom + yi2m)? vV @1m + Yiim)? + Crom + yiom)?
+ko(£221 — $§221)
By = — (X13m + Y13m) Y13me12 _ (X14m + Y14m) y14€12
Vx13m -l:y13m)2 + (1am + y1am)?*  V E13m + Y13m)? + C1am + Yiam)?
+k10(£222 — §222)
A (13m + yi3m) (4 4+ 0.03y7 ) viimenn L G+ y1am) (4 4+ 0.03y7,,)y14€12

Vx13m + 2’13m)2 + C1am + Yam)? V@& Bm A+ Y13m)2 + K4 + Yiam)?
+k11(£223 — £223)

A (X15m + Y15m) Y11me13 A
204 = — = - - + k12(($224 — $224)

(X15m + Y15m)? )
231 = (wias — wis)en + k138231 — £231)
230 = wirsens + kia(232 — £23)
§233 = wiasern + kis5($233 — 233) (28)
5?34 = —wisse3 + kig(234 — £234)
f?ss = —wigsers + ki7(235 — 235)
5?41 = —z11se11 + kig (241 — $241)
5?42 = z135e13 + k19 (242 — 242)
f?43 = —21352135€13 + koo (243 — $243)
Qa4 = z1a5e14 + ko1 (Ras — 2u4)

where k; > Ofori = 1,2, ..., 21 are positive real constant.
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Proof Using Eq. (27) in Eq. (26), finally error dynamics is
written as

eil = §231(Wi2s — Wits) — $241211s

@ 4 Y1) (20 F13m = X11m) + 2213w = Yiim))

\/(xllgl + yllm)2 + (X12m 't y12m)2

_ (c12m A y12m) ($211 (X14m — X12m) + 221 (V14m — Y12m))

— ke

V& 1m + Y1im)? + Gizm + yiom)?

(X13m 4 Y13m) (21331 1m + 222Y13m — 223(4 4 0.03y7, ) Vi1m)

elx = 23wi1s + 233w125 —

. } V& 13m + Y1302 + Ktam + Viam)2
~ 14m 4 Y14m) ($213%12m + 222V 14m — $223(4 + 0.03y75,,)y12m)

(29)

—koern

V& 13m + Y13m)? + K1am + Viam)?

(X15m + Y15m) (— 212X 15m — 224Y15m)

—kzei3

ei3 = —$234w13s + 2422135 —

Vv X1sm 4 Yism)?

(X16m + Y16m) (214X 16m)

ei4 = $235W14s — §2432115213s + $244Z145 —

(xl6m + yl6m)

— kge
5 4€14

The Lyapunov function V in the form of:

V= Sl ey ey ey B+ B+ 2+ 2,
+ 25+ Q25 + 235+ 23, + 05 + 25, + 25
+ 25+ Q55 + 25 + 24 + R + Q4] (30)

which is a positive definite.

Derivative of V is obtained as:

V =ejieil +eneir + erzeis + eraeis + S+ Ll
+ 913513 + 5514-(;214 + -(}215;221 + 922522 + 9235;223
+ 924524 + 931531 + 9325;232 + 52335;233 + f}34§34

+ 9355}35 + 241241 + 242210 + 5243{243 + 244244
(31)

since fj,‘j = .Ql‘j — S},‘j which implies 5 é,’j = —.Qij

V = ereir + eneir + enzeis + erqeis — 211211 — 2128212
— 2138213 — 214214 — 221221 — 20220 — 230223
— 2048204 — 2318231 — 23023 — 233233 — 2348234

— 2358235 — 201241 — R R0 — 213243 — 244244
(32)

@ Springer

Using Egs. (28) and (29) in Eq. (32). We get the derivative
of V in the form of:
V= e11(£231(wizs — wits) — 241211
G + Y1um) (211 (513m — X11m) + 221 (V13m = Y11m))
Vm + y1im)? + Crom + yiom)?
_ (om + Y12m) (8211 (X1am — X12m) + 221 V14m — Yi2m))
V& + yiim)? + Ciom + yiom)?
— kie11) + e (2nwin + 233wing
(e £ Y13m) (21331 1m + 222913m — $223(4 4+ 0.03y% ) y11m)
V& 13m 4 Y13m)2 + Cram + Viam)?
O + Yiam) (213X 12m + 222 Y14m — §223(4 4 0.03y7, ) yi2m)
V& 13m 4 Y13m)? + Ctam + Yiam)?
— kae12) + e13(— 234w 3,

+ 2422135

_ (asm + Yi5m) (—8212X15m — $224Y15m)

AY (x15m + y15m)2

—kze13) + e14(£235w145 — £2432115213s

+ Q2442145
 (16m + Yiem) (214X 16m)
Vx16m + yiem)?
~ X X — X e
B ( 11m+y|1m)§ 13m — X11m)el1l .
\/(xllm + Yiim)*® + X1om + yl2m)
_ Griom 4 yiom) (K1dm — X12m)
\/(xllm + yllm)2 + (x12m + y12m)2
X15m + Y15m)X15me€l =
(_( S5m + Yi5m) 5m2 3 4 keB1)
(X15m +y15m)
(X13m + Y13m)X11me€12

V& 13m + y13m)2 + Cram + Yiam)?

— kseis)

+ks211) — 212

+k78213) — 214

- Q13(—
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Fig. 1 Phase portraits of HC complex system and HC real system in
2D and 3D a complex Lorenz in xy1,, — x12,» plane, b complex Lu
systems in y11,, — y13m plane, ¢ Chen systems in wyj; — wi2s plane, d
Newton-Leipnik HC system in z115 — z125 plane, e complex Lorenz in

Y13m
o

ot

y
13m Yiom

()

X11m — X12m — X13m space , f Lu systems in y12,, — y13m — Y14m Space,
g Chen in w1y — w35 — wi4s space , h Newton—Leipnik systems in
Z11s — 2125 — Z13s Space
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W1 4m

Fig.1 continued

(- (X16m + Yi6m)X16me14
v (X16m + y16m)2
X11m + Y11m) (V13m — Yiimdenn
\/(xllm + yllm)2 + (x12m + y12m)2
_ (X12m + yl2m2)(yl4m — Y12m) - +k9[~221)
\/(-xllm + yllm) + (x12m + ylZm)
(X13m + Y13m)Y13me12
\/(x13m + y13m)2 + (X14m + y14m)2
(X14m + Y1am)y14€12 ~
- = - i =+ k10§222)
\/(xl3m + y13m) + (X14m + y14m)
& ((x13m + ¥13m) (@ + 0.03y%, ) yiimer2
— 223
\/(x13m + y13m)2 + (X14m + y14m)2
n (X14m + V1am) (@ +0.03y7, ) yiaer2
\/(xl3m + y13m)2 + (X14m + yl4m)2
G (x15m + y15m)y11m2€13
A% (XISm + y]5m)
— 231 ((wizy — wityen +ki3231) — L (wiser
+ k14$232) — 233(winsert + ki5$233) — $234(—wizsers
+ k165234) — $235(—wiasera + k178235)
— Q41 (—z115e11 + kis2a1) — Rup(z135€13 + k198242)

+ kg $214)

- 2 (—

- 2n(—

+ k115223)

+ k125224)

— Qu3(=21352135€13 + k20$243)

— Qu4(z145€14 + ka1 2u4).

In Eq. (33), canceling out the terms, finally we get:

V = —kie?| —kaety — k3e%3 — kye?y — ks 23,
— ke 2f, — k1213 — ks 23y
— ko $23) — k1023, — k11233 — k12234
— k13923 — k14823, — k5523
— k169234 — k17235 — k18823

@ Springer

(33)

— k1923, — k208233 — k21823,
<0

where k; > Ofori=1,2,...,2I.

Based on the LST, the error dynamics (29) is globally
asymptotically stable. It implies that complex HC master sys-
tems (16), (19) and the real HC slave systems (22), (23) are
synchronized under the controller (27) and parameter update
law (28); the error variables goes zeros as time t tends to
infinity. O

5 Numerical Simulations

In this section, we use the fourth order Runge—Kutta method
to carry a mathematical simulation to illustrate the effec-
tiveness of the defined controller. For simulation results, we
assume the parameter values of master and slave systems
are selected to assure that the systems perform chaotically,
these are (.Q]] = 14, .Q]z = 5, .Q13 = 45, 914 = 5.5),
(§221 = 36, 220 = 20, 293 = 3.2, §04 = 5), (£231 = 35,
23y =7, 8233 = 12, §234 = 3, 235 = 0.6), (241 = 0.4,
R4y = 0.175, 243 = 0.8, 244 = 0.01), respectively. The
initial states of the master systems and the slave systems
for modulus combination—combination synchronization are
considered to be as (X11m, X12ms X13m> X1dm»> X15m> X16m) =
(1,2,3,4,5,6), (Yitm> Y12ms Y13ms Y1dms Y15m» Yiem) =
(—=1,2,1,1,2, 1), (wi1s, wizs, wi3s, wias) = (4,8,9, 3),
(z11s, 21255 21355 2145) = (1, 2, 3, 4), respectively. Also, the
control gains are assumed to be as k;, = 4 for i =
1,2,...,21. Initial states of synchronization errors are
obtained as (e1, €12, €13, e14) = (1, 3.596, 5, 2). Figure la—
h depicts the 2D and 3D phase portraits of the master systems
and slave systems, respectively. Figure 2a—d displays the time
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Fig.3 a Modulus
synchronization error using
active control; b modulus
combination—combination
synchronization error using
adaptive control

Fig.4 MCCS-based secure
communication system by
chaotic masking method

E11’E12'E13’E14

(a)

©11812% 384

Transmitter

X
‘Master System 1 {'—

0 0.5

| _—

Master System 2, vy,

(b)

Receiver

Controler U

N(t) = O(t) + Xy + Yy

-)‘ Public Channel ‘-
> Slave System 2
o(t) ) \@ = n(t) - (W, + 2,) /

on

Slave System 1

S

response of the state variables of master systems and slave
systems by using the appropriate adaptive controller. Fig-
ure 2e illustrates the time of error synchronization states and
Fig. 2f iAndicaAtes thf: estiznatecl valugs of lAlnkIIOWIl parameters
(8211, £212, §213, $214, §221, $222, §293, $204, $205, £231, 232,
933, 934, .935, .Q41 s 942, .943, 944) converge to their ini-
tial states asymptotically with time. Hence, the considered
MCCS technique among complex HC systems and HC real

systems is tested numerically.
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6 Comparison Observation of the Studied
MCCS Method With the Earlier Issued Work

In Zhou et al. (2014), author investigates combination—
combination (C—C) synchronization between four complex
chaotic systems, observing that the synchronization error is
attained at = 5 (approx). Also, in Khan and Singh (2018a),
the author used active control to the achieved C—C synchro-
nization of a novel HC system where it is seen that the
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Fig.5 a Information signal ®(¢), b the encrypted signal (), ¢ decrypted signal (:)(t), d error between O (1) — (:)(t)

synchronization error is converging to zero at¢ = 5 (approx).
Further in Khan and Singh (2018b), the author studied
a generalization of C—C synchronization of n-dimensional
time-delay chaotic via robust adaptive sliding mode control,
where it noted that the synchronization state is attained at
t = 5.1 (approx.). Moreover, in Yadav et al. (2019), the
author proposed phase synchronization among non-identical
complex chaotic systems of fractional order. There, the syn-
chronization error converges to zero at t = 4.5 (approx.).
Further, in Khan et al. (2019), author used the adaptive con-
trol technique and achieved C—C anti-synchronization of four
fractional-order HC systems. They completed the synchro-
nization error at + = 1.8(approx). Lastly, in Li et al. (2019),
the author investigates modulus synchronization between an
HC complex system and an HC real system using an active

control technique, in which modulus synchronization occurs
between one master system and one slave system. They suc-
ceeded in error synchronization att = 4.5 (approx), as shown
in Fig. 3a, whereas in the current scheme is extended work of
modulus synchronization and C—C synchronization. We had
studied MCCS in non-identical HC complex systems and HC
real systems (two masters, two slaves) using adaptive con-
trol. In our investigations, the error has been synchronized at
t = 1.5 (approx), as demonstrated in Fig. 3b. Hence, the syn-
chronization time via our investigated methodology is least
among all the above-discussed methods. Enough time and
energy are conserved for our later practical application. We
give the application of MCCS in secure communication pro-
vided in followed section. Accordingly, it illustrates that our
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examined MCCS scheme is more advantageous over earlier
issued work.

7 Application of Modulus
Combination-Combination
Synchronization for Secure
Communication

This section discusses a new secure communication design
based on MCCS of four non-identical HC complex systems
and HC slave systems (two master systems, two slave sys-
tems) (Khan and Nigar 2019a; Xiang-Jun et al. 2011; He
and Cai 2014). Here, a chaotic system signal is applied
for the masking and recovery of an information signal in
an application of communication. The secure communica-
tion scheme of MCCS is sketched as Fig. 4. Recently, the
chaos-based method has gained a broad deal of applica-
tion for secure communication. In this method, ® () =
O11(t) + O12(t) + @71 (1) + @y(t) is the information mes-
sage signal to be transmitted where ®@11(t), @12(¢), @21 (1),
and ®»;(¢) are added to the master systems (16) and (19).
O (1) is the decrypted message signal . The signal transmit-
ted in the chaos masking method is 7(¢) , so masking process
is n(t) = O) + X11m + Yiim + X12m + Y12m., and O (1)
is the signal at the recovered end , which can be obtained
as @(t) = n(t) — (wi1s + z115)- Signal error can be found
as:e = |O(t) — @(t)| . We choose the information signals
such as ®11(t) = sign(sin2t) and O2(t) = sign(sindt),
©1(t) = 2sign(sin2t) and Oy (t) = 2sign(sindt). Fig-
ure 5 demonstrates that the original information message
signal @ (¢) can be recovered successfully.

8 Conclusion

This paper firstly introduced modulus combination—combination

synchronization (MCCS) using an adaptive control technique
and application in chaotic secure communication. MCCS is
achieved between complex HC systems and real HC systems.
The adaptive controller is proposed based on the LST and
completed MCCS. Compared with the earlier works, the syn-
chronization error takes less time and gives the application
of secure transmission. The MCCS technique is more gener-
alized. MCCS certifies the effectiveness of our approach and
thus prompts us to expand MCCS, such as projective MCCS,
anti-MCCS, generalized MCCS, and hybrid MCCS. Further,
in the future direction, we can study systems interrupted
by model uncertainties and disturbance in HC complex sys-
tems and HC real system using modulus synchronization. To
the author’s knowledge, the study of modulus combination—
combination synchronization using adaptive control has not
yet been explored.

@ Springer
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