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Abstract
The method of moments (MoM) is widely used in several areas of knowledge to solve integral equations. In the specific
case of solving electrical grounding transient behavior problems, the computational time is usually high. This paper presents
new alternative solutions for solving the double integrals in the well-known hybrid electromagnetic model (HEM) applied
to horizontal grounding electrodes. These new alternative solutions correspond to using an approximation to the exponential
term appearing in the finite integral needed to obtain the parameters. Two approaches are considered either using Maclaurin
series or Padé approximation. The corresponding results are compared with those obtained by using HEM with MoM. It is
shown that the proposed solutions allow reducing the computational time, without jeopardizing accuracy.

Keywords Method of moments · Numerical methods · Grounding · Transient analysis

1 Introduction

The low-frequency response of electrical grounding sys-
tems is relatively well characterized in the literature (IEEE
Std. 80-2000 2000). However, when requested by impulsive
currents, grounding systems may present a very complex
transient response.Aphysically consistentmodeling requires
that the electromagnetic field for the specific grounding
system geometry is correctly evaluated and that the soil
behavior is correctly accounted for. This behavior includes
the frequency dependence of the soil electrical parameters,
conductivity and permittivity and soil ionization, for high
amplitude currents (Smith-Rose 1933; Scott 1966; Scott et al.
1967; Longmire and Smith 1975; Portela 1999; Alipio and
Visacro 2013, 2014b; Liew and Darveniza 1974; Ala et al.
2008; Otani et al. 2014; He and Zhang 2015; Liu et al.
2017; Mokhtari and Gharehpetian 2018; Kherif et al. 2018;
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Chen and Du 2019; Sekioka 2019). Several methodologies
are presented in literature allowing to deal with these mat-
ters (Dawalibi 1986a, b; Grcev and Dawalibi 1990; Grcev
2009; Dawalibi and Selby 1993; Visacro and Soares 2005;
Karami et al. 2017; Ding et al. 2017; Tanaka et al. 2018;
Clavel et al. 2018; Karami and Sheshyekani 2018; Lima et al.
2018; Razi-Kazemi and Hajian 2018; Sunjerga et al. 2019;
Grcev et al. 2018; Rizk et al. 2019; Kherif et al. 2019; Gho-
linezhad and Shariatinasab 2019; Grcev et al. 2019; Lima
et al. 2019; Ramamoorty et al. 1989; Otero et al. 1999; Verma
and Mukhedkar 1980; Mazzetti and Veca 1983; Velzaquez
and Mukhedkar 1984; Tanabe 2001; Tsumura et al. 2006;
Alipio et al. 2011, 2012a; Magalhães et al. 2015).

Concerning the electromagnetic field evaluation, the pub-
lished methodologies can be grouped in three major groups:
(i) circuit theory approach (Kherif et al. 2018; Sekioka 2019;
Ramamoorty et al. 1989; Otero et al. 1999), (ii) transmis-
sion line theory (Chen and Du 2019; Ding et al. 2017; Grcev
et al. 2018, 2019; Verma andMukhedkar 1980;Mazzetti and
Veca 1983; Velzaquez and Mukhedkar 1984) and (iii) full-
wave theory either in the frequency domain or time domain
(Portela 1999; Dawalibi 1986a, b; Grcev and Dawalibi 1990;
Grcev 2009; Dawalibi and Selby 1993; Visacro and Soares
2005; Karami et al. 2017; Tanaka et al. 2018; Clavel et al.
2018; Karami and Sheshyekani 2018; Lima et al. 2018; Razi-
Kazemi and Hajian 2018; Sunjerga et al. 2019; Grcev et al.
2018; Rizk et al. 2019; Gholinezhad and Shariatinasab 2019;
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Grcev et al. 2019; Lima et al. 2019; Tanabe 2001; Tsumura
et al. 2006). Each methodology presents advantages and dis-
advantages (Alipio et al. 2011, 2012a) that are basically
reflected on accuracy and computational time. For example,
the circuit theory approach normally requires low compu-
tational effort, but cannot model properly fast transients,
such as lightning. Models based on line theory assume that
the propagation of the electromagnetic field, guided by the
grounding electrode, is dictated by the transverse electromag-
netic propagation mode (TEM). Methods based on full-wave
theory are themost physically consistent, being able tomodel
phenomena within the frequency spectrum range from 100
Hz up to 1–4 MHz (Magalhães et al. 2015). However, they
are the most difficult to implement and consume the largest
computational time.

The well-known hybrid electromagnetic model (HEM)
(Visacro and Soares 2005; Visacro and Portela 1992; Visacro
et al. 2002) is highlighted due to: (i) its relatively easy
implementation, (ii) its validation by comparison with exper-
imental results (Visacro et al. 2011; Visacro andAlipio 2012;
Alipio and Visacro 2014a; Visacro et al. 2014) and (iii) its
wide application for transient studies in transmission line
systems, including grounding (Visacro and Silveira 2015,
2016; Silveira and Visacro 2014). The numerical solution
of HEM involves computing double integrals. This solution
is often obtained by using the method of moments (MoM).
However, the computational time is high. The main reasons
for the very long processing time of the HEM consist of the
necessity of: (i) getting solutions for a very large number of
frequencies and (ii) subdividing the grounding into a rela-
tively large number of segments. This requires running the
computational mode repeatedly. The aim of this paper is to
present new alternative solutions to overcome the need to
solve a complex double integral on evaluating the HEM solu-
tion for horizontal grounding electrodes. This is achieved
by applying a Maclaurin series or a Padé approximation to
the term exp(−γ r), thus leading to an analytical solution of
the double integrals. These new alternative solutions allow
a substantial reduction of the computational time without
jeopardizing accuracy.

2 Horizontal Grounding ElectrodeModeling

2.1 Hybrid Electromagnetic Model (HEM)

The so-called HEM (Visacro and Soares 2005; Visacro and
Portela 1992; Visacro et al. 2002) consists of: (i) discretiz-
ing the grounding electrode into cylindrical segments (thin
wire approximation); (ii) obtaining, for each segment, an
average potential (V ) as function of the transversal current
(IT) and a voltage drop (ΔV ) as function of the longitudinal
current (IL), given the grounding system geometry and soil

electromagnetic parameters; (iii) applying electrical circuit
theory to determine the node (segments intersection) volt-
ages. Computation is carried out in frequency domain. The
node voltages allow determining all the quantities of interest,
such as transverse and longitudinal currents, potential and
voltage drop and harmonic impedance. (Visacro and Soares
2005; Visacro and Portela 1992; Visacro et al. 2002). The
time domain quantities are determined via the inverse Fourier
transform. More details on HEM, as well as its validation
by comparison with experimental results, can be found, for
example, in Visacro and Soares (2005); Visacro and Silveira
(2004).

Circuit theory application in HEM is based on consider-
ing each segment as a source and evaluating its self and
mutual effects. The average potential VRS in the recep-
tor segment associated with the transversal current ITS in
the source segment S and the voltage drop ΔVRS along R
associated with the longitudinal current ILS in S are given
by:

VRS = 1

4π [σ(ω) + jωε(ω)]�S �R

∫

�S

∫

�R

ITS
e−γ r

r
dlRdlS

(1)

ΔVRS = − jωμ

4π

∫

�S

∫

�R

ILS
e−γ r

r

−→
dlR • −→

dlS (2)

where �S and �R are the segment lengths; r is the dis-
tance between the infinitesimal segments dlS and dlR; σ(ω),
ε(ω) and μ are the conductivity, permittivity and perme-
ability of the soil, respectively; ω = 2π f is the angular
frequency; γ = √

jωμ[σ(ω) + jωε(ω)] is the propagation
constant. Note that the possibility of considering the fre-
quency dependence of the soil electrical conductivity and
permittivity is considered. For most soils, the magnetic per-
meability is quite close to that of the vacuum (μ = μ0)
(Portela 1999).

As the grounding electrodes are found close to a boundary
of two half-spaces (earth and air), to implement the influence
of this interface the method of images is used (Arnautovski-
Toseva and Grcev 2016; Grcev and Grceva 2009).

To avoid dealing with an integral equation, the MoM
is usually used leading to an algebraic problem (Alipio
et al. 2011, 2012a, b; Schroeder et al. 2017). The solution
is based on the well-known Gauss–Legendre integration that
presents a good accuracy for just a low quadrature order.
The authors implemented this numerical technique for solv-
ing HEM equations to compare results with those obtained
using the proposed new alternative solutions. Results shown
in this paper were obtained using order 4 (resulting into 16
points) as the solution of the double integral that must be
computed.
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2.2 Transversal and Longitudinal Impedance
Evaluation

The transversal and longitudinal currents ITS and ILS vary
from segment to segment. However, within each segment
these currents are considered uniform and used to define the
elements of transversal and longitudinal impedancematrices,
ZTRS and ZLRS:

VRS = ZTRS ITS (3)

ΔVRS = ZLRS ILS (4)

Taking into consideration the interface between air and
soil, another segment source is placed parallel to the first
one (Arnautovski-Toseva andGrcev 2016; Grcev and Grceva
2009). Therefore, it is possible to obtain matrices of total
transversal and longitudinal impedances (including the con-
tributions of the sources and their respective images):

ZTtotal = ZTRS + ZTRS−IMAGE (5)

ZLtotal = ZLRS + ZLRS−IMAGE (6)

The following new alternative solutions are derived for
horizontal electrodes of radius a and length � and buried in
the soil at a depth d. The xx axis is considered along the
electrode, with origin at the current injection point.

2.3 New Alternative Solution UsingMaclaurin Series

The Maclaurin expansion of the exp(−γ r) term is consid-
ered:

e−γ r =
∞∑
n=0

(−γ r)n

n! (7)

Replacing (7) in (1) and (2), the following analytical solu-
tions are obtained for the mutual elements of ZT and ZL

(Sect. 6.1):

ZTRS = 1

4π [σ(ω) + jωε(ω)]�S�R (mA + mB) (8)

ZLRS = − jωμ0

4π
(mA + mB) (9)

with mA and mB given by:

mA =

⎧⎪⎪⎨
⎪⎪⎩
xRO ln

(∣∣∣∣ xRO − xSI
xRO − xSO

∣∣∣∣
)

+ xRI ln

(∣∣∣∣ xRI − xSO
xRI − xSI

∣∣∣∣
)

xSO ln

(∣∣∣∣ xRO − xSO
xRI − xSO

∣∣∣∣
)

+ xSI ln

(∣∣∣∣ xRI − xSI
xRO − xSI

∣∣∣∣
)
⎫⎪⎪⎬
⎪⎪⎭

(10)

mB =
∞∑

n = 1

(−γ )n

n (n + 1) n!

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|xRI − xSO|n+1

−|xRI − xSI|n+1

−|xRO − xSO|n+1

+|xRO − xSI|n+1

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(11)

where xSO and xSI are, respectively, the positions at the begin-
ning and ending of the source segment S; xRO and xRI are
similar, but for the receptor segment R.

For the self-elements (S ≡ R), the approximation
exp(−γ r) ≈ 1 is generally accepted, as the effect of propaga-
tion can be disregarded (Salari and Portela 2007). Equations
(8) and (9) can be used with (mA + mB) ≈ �Rmp:

mP = 2

⎡
⎢⎢⎣ln

⎛
⎜⎜⎝

√
1 +

(
a
�S

)2 + 1

a
�S

⎞
⎟⎟⎠ −

√
1 +

(
a

�S

)2

+ a

�S

⎤
⎥⎥⎦

(12)

For ZTRS−IMAGE and ZLRS−IMAGE, equations similar to
Eqs. (8) to (12) can be derived. The distances between the
source and receptor segments become: rROIMAGE (instead of
xRO) and rRIIMAGE (instead of xRI), and the following approx-
imations are considered:

rRO IMAGE ≈ xRO + 2 d (13)

rRI IMAGE ≈ xRI + 2 d (14)

The loss of accuracy associatedwith these approximations
varies from segments to segments, and it will depend on the
electrode length � and on the depth d.

As regards the number of terms n to be used in the
Maclaurin series, two alternatives are considered: (a) using
a convergence test of the series, with 1% criteria, and (b)
using just the first term, that is, n = 1, thus resulting
exp(−γ r) = 1 − γ r . Results obtained with the alternatives
(a) and (b) are identified by the labels PS and PSn=1, respec-
tively.

2.4 New Alternative Solution Using Padé
Approximation

Another alternative solution is obtained by using the Padé
approximation:

e−γ r =
(
1 − γ r

2

)/(
1 + γ r

2

)
(15)

Replacing (15) in (1) and (2), the following analytical solu-
tions are obtained (Sect. 6.2):

ZTRS = 1

4π [σ(ω) + j ω ε(ω)] �S �R
(mC + mD) (16)
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Fig. 1 |Z(ω)| and associated
errors as compared to MoM
results. Base case parameters

ZLRS = − j ω μ0

4π
(mC + mD) (17)

where mC and mD can be given by:

mC =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−xRI.ln (|xSO − xRI|)
+xRI.ln (|xSI − xRI|)

+xSO.ln (|xRI − xSO|)
−xSI.ln (|xRI − xSI|)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2xSO.ln (|2 + γ (xSO − xRI)|)
+2(γ xRI − 2).ln (|2 + γ (xSO − xRI)|)

γ

−2(γ xRI − 2).ln (|2 + γ (xSI − xRI)|)
γ

+2xSI.ln (|2 + γ (xSI − xRI)|)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(18)

mD = −

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−xRO.ln (|xSO − xRO|)
+xRO.ln (|xSI − xRO|)
+xSO.ln (|xRO − xSO|)
−xSI.ln (|xRO − xSI|)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

−

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2xSO.ln (|2 + γ (xSO − xRO)|)
+2(γ xRO − 2).ln (|2 + γ (xSO − xRO)|)

γ

−2(γ xRO − 2).ln (|2 + γ (xSI − xRO)|)
γ

+2xSI.ln (|2 + γ (xSI − xRO)|)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(19)

Concerning the self-elements (S ≡ R), Eq. (12) is also
obtained formP.Moreover, the same procedure as in Sect. 2.3

is used for obtaining Z TRS− IMAGE and Z LRS− IMAGE.
Results obtained with this alternative are identified by the
label PA.

3 Accuracy and Computation Time Tests

3.1 Case Studies

The base case study corresponds to a horizontal electrode,
with radius a = 1 cm and buried at depth d = 0.5 m, in a
soil with ρ0 = 600 � m (low-frequency resistivity). The
electrode length � is considered equal to the effective length
(�ef = 35 m). Other values of the depth (0.02 and 2 m),
electrode length (10, 20, 50 and 60 m) and low-frequency
soil resistivity (100 and 1000 � m) are also considered. The
electrode lengths 20 and 50 m are near to the effective length
corresponding to 100 and 1000 � m soil resistivity values,
respectively.

In all cases, two soil models are considered: (i) frequency-
independent soil parameters, ρ0 and εr = 15 (relative
permittivity), and (ii) frequency-dependent soil parameters,
according to Alipio–Visacro model (Alipio and Visacro
2014a) (Sect. 6.3). Also, soil ionization is disregarded. To
ensure comparability, all routines were written by the same
programmer and the final algorithms compared. Besides, the
same system was simulated 100 times to guarantee a conver-
gence on the average values of computational time. It was
used a computer with I7-3770 (3.4 GHz) processor and 12-
GB RAM. All simulations took place on Windows 8.1 PRO
operating systems.
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Fig. 2 |Z(ω)| and associated
errors as compared to MoM
results. Different depth cases

3.2 Accuracy Tests

The harmonic impedance is used to evaluate the accuracy
of the new alternative solutions, when compared to results
obtained usingMoM. Overall, the computed results show that
the proposed solutions generate physically consistent results
for the modulus and argument of the harmonic impedance.
Results for |Z(ω)| are presented here.

In Figs. 1, 2, 3 and 4, results obtained using MoM, PS,
PSn=1 and PA are compared, for the base case (Fig. 1),
and depict the influence of parameters d (Fig. 2), � (Fig. 3)
and ρ0 (Fig. 4). The extreme parameter values mentioned in

Sect. 3.1 were considered, so to better evaluate their influ-
ence. Results in Fig. 5 correspond to practical cases where
the effective electrode length is considered for the different
soil resistivity values: ρ0 = 600�m ⇒ �ef = 35 m
(Fig. 5a, b), ρ0 = 100�m ⇒ �ef = 20 m (Fig. 5c, d)
and ρ0 = 1000�m ⇒ �ef = 50 m (Fig. 5e, f). The rela-
tive errors associated with using the new alternative solutions
are also shown. Figures on the left correspond to consider-
ing frequency-independent soil parameters, and the ones on
the right correspond to considering frequency-dependent soil
parameters.
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Fig. 3 |Z(ω)| and associated
errors as compared to MoM
results. Different length cases

The harmonic impedance was used to compute the
grounding potential rise (GPR):

GPR = F−1 { Z (ω) F [ i (t) ] } (20)

where i(t) is the current that requests the electrode; F
and F−1 correspond, respectively, to the direct and inverse
Fourier transform. Considering a lightning current character-
istic of a first stroke, it was found that, although themaximum
harmonic impedance error is about 10%, the maximum GPR
error is around 5%. Equal or lower errors will be obtained
for other quantities that characterize the transient behavior

of grounding electrodes, such as the transient impedance,
impulse impedance, effective length and impulse coefficient.

3.3 Computation Time

To evaluate the computational efficiency of the new alterna-
tive solutions, their computation time is compared to the one
corresponding to MoM. Results for all cases represented in
Figs. 1 and 2 are presented in Table 1. The positive values
of the computational efficiency illustrate the gain obtained
by using the new alternative solutions. In general, the lowest
computational gain is obtained with PS (the most accurate
alternative solution) and the highest gain is obtained with
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Fig. 4 |Z(ω)| and associated
errors as compared to MoM
results. Different soil
resistivities cases

PSn=1, as expected, given that only one term of the Maclau-
rin series is considered.

For instance, for the base case, the gain obtained by algo-
rithms PS, PSn=1 and PA is, respectively, 31%, 119% and
52% faster than the traditional MoM.

Additionally, results in Table 1 of the PS solution show
that as the number of terms to meet the convergence criterion
increases with the electrode length and the decrease with
the soil resistivity value, the computational efficiency of this
solution follows the same pattern.

The computational efficiency of PS is very sensitive to
the soil model, being higher for frequency-independent soil
parameters since the frequency dependence decreases the
resistivity values.

In very special cases, the PS solution requires more
computation time than theMoM (negative values of the com-
putational efficiency). This occurs for cases that are not
realistic from a practical point of view (electrodes much
longer than the effective length).

4 Discussion

The results presented here indicate that:

– In all cases, from an engineering perspective, errors using
any of the new alternative solutions are acceptable, the
maximum error being around 10%.
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Fig. 5 |Z(ω)| and associated
errors as compared to MoM
results, considering the
electrode effective length for
different soil resistivity values:
Curves on the left correspond to
frequency-independent soil
parameters and on the right to
frequency-dependent soil
parameters. a, b—base case
parameters; c, d—low-resistivity
soil; e, f high resistivity soil. All
cases buried at 0.5 m above the
ground

– When comparing results obtained with frequency-inde-
pendent and frequency-dependent soil models, it is clear
that the new alternative solutions can reproduce: (i) the
decrease in |Z(ω)| when frequency-dependent param-
eters are considered; (ii) the increase in the capacitive
effect, which can be observed by the decrease in |Z(ω)|
in an intermediate frequency range. These effects of con-
sidering the frequency dependence of soil parameters are
more accentuated for higher resistivity soils and aremore
evident in cases (a) (a′), (b) (b′), (c) (c′), (g) (g′) and (i)
(i′).

– In general, the PS solution is more accurate, followed
by PSn=1 and finally by PA. For practical cases, � being
close to the effective length (Fig. 2), the maximum error
is about 7.5% using PA.

– The largest errors of the PS solution occur at very high
frequencies (above 1 MHz), while those corresponding
to PSn=1 and PA vary over the analyzed frequency band.

– The errors are sensitive to the depth d, being smaller for
smaller values of d. This is explained by the approxima-
tions (13) and (14), which are more accurate for lower
values of d. For d = 0.5 m (widely used in practice),
the maximum errors are around 7.5% for PSn=1 and PA,
while for PS, it is reduced to about 3.5%.

– Errors are sensitive to the electrode length �, increasing as
� decreases. This is also explained by the approximations
(13) and (14), which are more accurate for higher values
of �, tending to stabilize for very high frequencies.

– Errors are sensitive to the soil resistivityρ0, especially for
the solutionsPSn=1 andPA. In these cases, errors increase
with increasing ρ0. This is due to the fact that, having a
lower conductivity soil, the propagation is relevant until a
longer distance, along the electrode, and solutions PSn=1

and PA reproduce wave propagation less accurately.

5 Conclusions

In field theory-based methods for determining the tran-
sient behavior of grounding electrodes, the MoM is com-
monly used leading to a double integral involving the term
exp(−γ r) which can cause a poor convergence and be a
numerically demanding task. Aiming at a computational
improvement, new alternative solutions for horizontal elec-
trodes are presented in this paper: usingMaclaurin serieswith
a convergence criterion (PS) or just the first term (PSn=1) and
the Padé approximation (PA).
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Table 1 Computational efficiency of the new alternative solutions, con-
sidering frequency-independent/frequency-dependent soil parameters

Computational efficiency (%)
New alternative solution
Case Maclaurin (PS) Maclaurin (PSn=1) Padé (PA)

Fig. 1 (a) +31 +119 +52

(b) +15 +113 +52

Fig. 2 (a) +33 +116 +53

(b) +14 +115 +49

(c) +21 +116 +49

(d) +6 +113 +47

Fig. 3 (a) +49 +103 +18

(b) +42 +105 +16

(c) +4 +55 +30

(d) −9 +52 +25

Fig. 4 (a) −13 +117 +44

(b) −13 +120 +54

(c) +41 +118 +54

(d) +25 +114 +56

Fig. 5 (c) +14 +138 +48

(d) +6 +139 +42

(e) +21 +74 +43

(f) +2 +75 +36

The results obtained are promising as the harmonic
impedance Z(ω), computed up to 2 MHz, via any of the new
alternative solutions, when compared to the results obtained
using MoM, presented a maximum difference about 10%,
even if considering extremevalues of the electrode length and
depth, for different soil resistivity values. The computational
gain by using PA or PSn=1, instead of MoM, is significant,
reaching on average, about 40% and 125%, respectively. For
practical cases, where the electrode length is related to the
soil resistivity value, the efficiency gain is in the order of 70%
to 140%. When using PS, the computational gain depends
on the electrode depth and length and on the soil resistivity
value. It also depends on the used soil model.
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6 Appendix

6.1 Maclaurin Series

Replacing (7) in (1) and (2), and given that the electrode
is along the xx axis (d lS = d xS, d lR = d xR and r =

|xR − xS|), the following analytical solutions are obtained
for the mutual elements ZTRS:

ZTRS = K (ω)

xS I∫

xS 0

xR I∫

xR 0

1

|xR − xS| { 1 − γ (|xR − xS|)+

+
[
γ (|xR − xS|)

]2
2 ! − . . . } d xR d xS

(21)

where K (ω) = 1
4π [σ(ω) + j ω ε(ω)] �S �R

.
Note that in Eq. (21):

i The first term of the integrand has an analytic solution of
the logarithm type, thus resulting in (10) for mA;

ii The other terms have a polynomial-type solution, leading
to (11) for mB.

To obtain ZTRS−IMAGE, the procedure is similar, with r =√
(|xR − xS|)2 + (2d)2 . Then,

ZTRS− IMAGE

= K (ω)

xS I∫

xS 0

xR I∫

xR 0

1√
(|xR − xS|)2 + (2d)2

{ 1

− γ (

√
(|xR − xS|)2 + (2d)2) +

+ [γ (

√
(|xR − xS|)2 + (2d)2)]

2

2 ! − . . . } d xR d xS

(22)

An analytical solution to (22) is possible if it is assumed that
r =

√
(|xR − xS|)2 + (2d)2 ≈ |xR − xS| + 2d ; then,

(22) becomes similar to (8).
The sameprocedure canbeused for ZLRS and ZLRS−IMAGE

since
−→
dlS = dxSâx and

−→
dlR = dxRâx , see (1) and (2).

6.2 Padé Approximation

Replacing (15) in (1) and (2), the following analytical solu-
tions are obtained:

ZTRS = K (ω)

xS I∫

xS 0

xR I∫

xR 0

1

|xR − xS|

[
1 − γ (|xR − xS|)

2

1 − γ (|xR − xS|)
2

]
d xR d xS

(23)

The integral of (23) has analytical solution, as expressed
by (16), (19) and (19).

In a similar way, it is possible to obtain ZTRS−IMAGE con-
sidering the same approximation used in Sect. 6.1 (r ≈
|xR − xS| + 2d ).

For the self-elements, it is possible to approximate
exp(−γ r) ≈ 1 and (12) is obtained according to Salari and
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Portela (2007), both for theMaclaurin series and for the Padé
approximation.

6.3 Frequency-Dependent Soil Parameters

The frequency-dependent soil parameter model presented in
Alipio and Visacro (2014a) is considered:

σ(ω) = σ0 + σ0h (σ0)

(
f

106

)α

(24)

εr (ω) = ε∞
ε0

+ tan (0.5π α) × 10−3

2πε0
(
106

)α σ0h(σ0) f
α−1 (25)

where σ(ω) is the soil conductivity (in mS/m); σ0 = 1/ρ0 is
the low-frequency ground conductivity (in mS/m) measured
at 100 Hz; εr (ω) is the relative soil permittivity. Consider-
ing the statistical dispersion of the frequency dependence
of soil parameters, the following mean values are adopted:
α = 0.54, h(σ0) = 1.26σ−0.73

0 and ε∞/ε0 = 12 (relative
permittivity at higher frequencies).
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