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Abstract

Fractional calculus is the field of mathematical analysis that investigates and applies
integrals and derivatives of arbitrary order. Fractional g-calculus has been investigated
and applied in a variety of research subjects including the fractional g-trapezoid and
g-midpoint type inequalities. Fractional (p, g)-calculus on finite intervals, particularly
the fractional (p, g)-integral inequialities, has been studied. In this paper, we study two
identities for continuous functions in the form of fractional (p, g)-integral on finite
intervals. Then, the obtained results are used to derive some fractional (p, g)-trapezoid
and (p, g)-midpoint type inequalities.
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1 Introduction

The ordinary calculus of Newton and Leibniz is well known to be investigated extensively
and intensively to produce a large number of related formulas and properties as well as
applications in a variety of fields ranging from natural sciences to social sciences. In the
early eighteenth century, the well-known mathematician Leonhard Euler (1707-1783) es-
tablished quantum calculus or g-calculus, which is the study of calculus without limits,
in the way of Newton’s work for infinite series. Later, F. H. Jackson initiated a study of g-
calculus in a symmetrical manner in 1910 and introduced g-derivative and g-integral in
[1], see [2] for more details.

Many physical and mathematical problems have led to the necessity of studying g-
calculus; for instance, Fock [3] studied the symmetry of hydrogen atoms using the g-
difference equation. In addition, in modern mathematical analysis, g-calculus has lots of
applications such as combinatorics, orthogonal polynomials, basic hypergeometric func-
tions, number theory, quantum theory, mechanics, and theory of relativity, see also [4—24]
and the references cited therein. The book by Kac and Cheung [25] covers the basic the-
oretical concepts of g-calculus.
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As one of the major driving forces behind the modern approach of real analysis, inequal-
ities have played a vital role in almost all branches of mathematics along with other fields
of science. In 2015, Noor et al. [26] established g-analogue of classical integral identity to
obtain g-trapezoid type inequalities for convex functions. Moreover, in 2016, Necmettin,
Mehmet, and Imdat [27] proved the correctness of left part of g-Hermite—Hadamard and
gave some g-midpoint type integral inequalities through g-differentiable convex function
and g-differentiable quasi-convex functions. With these results, many researchers have
extended some important topics of g-calculus together with applications in many fields,
such as g-integral inequalities, see [28—37] for more details.

Since the exploration has been continued to generalize the existing results through cre-
ative thoughts and novel techniques of fractional calculus, in 2015, Tariboon, Ntouyas, and
Agarwal [38] proposed a new g-shifting operator ,®,(m) = gm + (1 — g)a for studying new
concepts of fractional g-calculus. In 2016, Sudsutad, Ntouyas, and Tariboon [39] studied
some fractional g-integral inequalities. In 2020, Kunt and Aljasem [40] proved Riemann—
Liouville fractional g-trapezoid and g-midpoint type inequalities for convex functions.
Furthermore, in 2021, Neang et al. [41] introduced fractional (p, g)-calculus on finite in-
tervals and proved some well-known integral inequalities.

In 2018, as one of the most attractive areas, Kunt et al. [42] proved (p,q)-Hermite—
Hadamard inequalities and gave some (p, g)-midpoint type integral inequalities via (p, q)-
differentiable convex and (p, q)-differentiable quasi-convex functions. In 2019, Latif et
al. [43] proved some (p,q)-trapezoid integral inequalities for convex and quasi-convex
functions. Based on these results, many authors have generalized and developed (p, q)-
calculus, which is used efficiently in many fields, and some results on the study of (p, q)-
calculus can be found in [44-71].

Motivated by some of the above studies and applications, in this paper, we study two
identities for continuous functions in the form of fractional (p, g)-integral on finite inter-
vals. Then, the obtained results are used to derive some fractional (p, g)-trapezoid and
(p,q)-midpoint type inequalities.

2 Preliminaries

In this section, we recall some well-known facts on fractional (p, g)-calculus, which can
be found in [10, 11, 38, 53, 55]. Throughout this paper, let [a, 5] C R be an interval with
a<b,and 0 < g < p <1 be constants,

pk— k

Kpg = {22, keN, -
“T1F, 22

(K]l = (Klpalk =1lpg - (Upg =TTy 525, k€N,

b k=0.

Property 2.1 ([38]) Let ,®,(m) = gm + (1 — q)a. For any m,n € R and for all positive
integers j, k, we have
() o DK0m) = Oy (mli |
(i) @ Ph(m)) = (@K (P (m)) = o @ (m);
(it) 4®y(a) = a;
(i) J®K(m) - a = g*(m - a);
(v) - o ®k(m) = (1 - ¢)m - a);
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(vi) adﬂ(;(m) = ma/mdﬂ;(l) for m #0;
(vii) aq>q(m) - ad)l;(n) =q(m— uq)];_l(n))~

Property 2.2 ([38]) For any y,n,m € R with n #a and k € NU {0}, we have
(@) (-m) = (- a)f(2=2;9),
1

B 00 7% 4 _ (y,,,n:q)oo .
(ii) (n—m)(”)a=(7l—ﬂ) [1Z 0 1=Z=2 gy =(n- “)y (T2 97 3q)00”

(i) (7 @k () = (1 — @)y L=

For m,n € R, the (p, q)-analogue of the power function ,(m — n) , With k e NU {0} is
defined follows:

k-1
am-m0 =1, m-n)&) =[] (®hm) - @), (22)
i=0

(e

k-1
_\® (K if1_(”
alm—m)® = (m —a) 1"0[p( (m

More generally, if @ € R, then

po1- Gy

_ )@ _ Y £
a(m n)qu =(m-a) "o pa+i 1— (%)(%)O{+i’ (24)
or
B R AL
ol — n)gf; = (m—a)*p@ 1‘0[ w (2.5)

Property 2.3 ([41]) For « > 0, the following formulas hold:

(i) «®y,(m) —a= (1) (m - a);
i _(9yk(4d
(i) ol — @k, (M) = (m - ) TS opi,’”%—(m a1 (D).

Definition 2.1 ([72]) If f: [a,b] — R is a continuous function, then the (p, g)-derivative
of f on [a, ;(b —a) + a] at x is defined by

flpx+(1-p)a) - f(gx + (1 - q)a)
D/ 1x) = w-q9(x-a) ’

aDp,qf(a) = J]CT’:Z qu,qf(x)

x#a, (2.6)

Obviously, a function f is (p, g)-differentiable on [a, [%(b —a) +alif ;D .f (x) exists for all
x € |a, 1%([9 —a) + a]. In Definition 2.1, if a = 0, then oD, of = D, 4f, where D,, ,f is defined
by

Dy f(x )-%, x40, @7

Furthermore, if p = 1in (2.7), then it reduces to D,f, which is g-derivative of the function
f, see [25, 73] for more details.
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Definition 2.2 ([72]) If f: [a,b] — R is a continuous function, then the (p, g)-integral is

defined by
(1— 4 1)a) (2.8)
pn+

forx € [a, l%(b —a)+al.lfa=0andp =1 in (2.8), then we have the classical g-integral, see

ff(t)“dp’qtz(p_q)(x a Z n+l ( n+1
a n=0

[25] for more details.

Theorem 2.1 ([72]) The following formulas hold for t € [a, b]:
() qutf () adpqs = f(2);
(i) [ wDpf 5) adlpgs = £16) ~F (@)
(iii) f aDpaf (8) adpqs = f(£) — f(c) for ¢ € (a,1).

Theorem 2.2 ([72]) Iff,g: [a,b] — R are continuous functions and ) € R, then the fol-
lowing formulas hold:
() [iU6) + 86 adpgs = [11(5) adlpgs + [ &S) alpas;
(11 f M (8)a dpqs—kff adpqS;
(ifi) [ f(ps + (1= @) aDpag(s) adlpgs = (R)S). — [ g(gs + (1 = 9)a) aDp g (£ (5)) adlpgs.

Fort e R\ {0,-1,-2,...}, the (p,q)-gamma function is defined by

(-apg”
Cpalt) =0 (2.9)
and an equivalent definition of (2.9) is given in [56] as
iG] *© t—-1 p—qx
Tpet)=p 2 x T E, 1 dp g, (2.10)

0

where

Far Z @

(1lpq

Obviously, I'y4(¢ + 1) = [¢],4Tp4(t). For s, > 0, the definition of the (p, )-beta function
is defined by

1
_ (t-1)
B,g(s,t) = /0 wo(1-0®q(w)),, odpqts (2.11)
and (2.11) can also be written as

(E-1)(2s+£-2)/2 pq(s)rpq(t) (2.12)

(s;,t)=p
Bpa [pq(s+ 5’

see [74, 75] for more details.
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Definition 2.3 ([41]) Let f be a function defined on [4, b], and let « > 0. The Riemann—
Liouville fractional (p, g)-integral is defined by

(alp o f)(®)
1 ! (a-1) S 1
= p—(%) Fp,q(a) [ﬂ. ﬂ(t - aq)q(s))p’q f(pa—l + <1 - F)d) adp,qs

(p _ q)(t _ 61) S qﬂ n+l @-1) < qn ( qn ) )
ST O (o) t—a® t+(1- 2.13
p(z) Fp,q(ot) ;pnﬂ ( q/p( )) f P + e a ( )

fort € [a,p*(b - a) + a].

Theorem 2.3 ([41]) Iff :[a,b] — R is a convex differentiable function and o > 0, then we
have

([a+1]p,q—p"‘)a+p°‘b> pq(a+1) o
(et @) b (1-p7)a)

< ([a+1]pq '4 )f(‘Z +paf(b)

< @1,y (2.14)

3 Main results

In this section, we give two identities for continuous functions in the form of frac-
tional Riemann-Liouville (p, g)-integral type which will be used to prove the fractional
Riemann-Liouville (p, g)-trapezoid and (p, g)-midpoint type inequalities.

Lemma 3.1 Let f : [a,b] — R be a continuous function and o > 0. If ,D,f is (p,q)-
integrable on (a, * 5 (b — a) + a), then the following equality holds:

[pgla+1) o o oy ([ + 1]p,g — P*)f (@) + p*f (D)
Dol D g 1) - e
(b-a) [! @ g
e ITM /0 ([ + Uy (1= @0~ 1) oDpaf (- D+ th) odpyt.  (3.1)

Proof By simple computation and using Definition 2.3, we have

b-a
2@ Jo
b-a (! @f((1 = pt)a + ptb) - f(1 - gt)a + qtb)
@ Jy 1700 (p-9)b-a)
1 L 1-pt th

m/; ( Oq)q(t)) wodpqt

1 ! @f((1 - gt)a + qtb)
" O0-0 /0 (1-020),,——,

1
A = (1= 0®y(8)") aDpf (1 = t)a + th) ody gt

Odp,qt

odp,qt

1 & g ot @ f (A= 0@ (1)) + @7, (1)b)
= 2 e (1000 ()

pYI+

1
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of (L= 0@ (1)a + @) (1)b)
- 2 (-

z—<<<>> (1))
0 n+l, 4y
S (- (2) ) (2) )
0 ((
S8 )a
>

S0 (2) Y (1 (2) oo (1))
S Y - (2) e (3
S () )er (1))
S << (@) ) (1)
R G- () (2))
5 >"“<‘i DB (- () e (2))]
B o[£ (- () ) (1))
i<z>‘“‘;ﬁiﬁ i’m (o (2 ()]
B[S (1 () e (1))
z<>* (- (2) ) (2))- s
ot (1= (2 () b (-2 (0
BT (- () )

oo

_ (o]l pq(@) (p = q)p* (b - a)
f(a) + P (b-ay  pOr,, ) Z

'
)

oz(a—l) (b _ a)a—lp(agl)

((;_g)ml;;_g)oo q " q "
@D (=) ) (E) J

- 1“p,q(06+1)[ 1 a®ye (b) o -
) f(a)+pa2(b—ﬂ)a p(%)]"p,q(a)/a ”(“ P ( ) a ())

Page 6 of 22
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t 1
Xf<p”‘1 ’ (1 _p"“l)a) “d”’qt]
[pgla+1)

:-f(a)+W( qu)(Pb‘*( p*)a),

and

o 1
pb-a) / Dy of (1 =)a + th) odyy 4t

5=
[oa+1]pq

Lf(Q = pt)a + ptb) — f(1 - gt)a + qtb) gt
ot l]pq p-q)(b-a)t 0

/ fla- pt)ﬂ+ptb)

Pqt

e q)a+1p,,/f(l e ’”"t}
- 2 (- () ) (2))
(=) ) (&)™)

b)) -pf (u)'

N [a+1],,

:|:(P Qla + 1],

From (3.2) and (3.3), we obtain

(b-a) 1<[a+l]p,q

(1-0®y(s)) 7 - p“) Dy of (1= ) + th) ody t

[a+1]p,q 0 p(2)
=A;-A,
_ q(“+1) o o (lor +1]pq = P*)f (@) +P°’f(b)
T b- ( qu)( b+(1-p*)a)- @+ 1,

Thus the proof is completed.

Remark 3.1 If o = 1, then (3.1) reduces to Lemma 3.2 in [43] as

b+(1-p)a
1 /p 1-p f(x),ldp_qx—pf(a) +qf(a)

pb—-a) ), p+q
b— 1
=%/0 (1= @+ @)t) aDpof (tb + (1 = 1)a) adpqt.

If p =1, then (3.1) reduces to Lemma 5.2 in [40] as

Iy (o +1)

22Dy - Ll YOO

[a+1],

_(b-a)
N [@+1]; Jo

(lo+ 111 @,(0) ~ 1) Dy (1~ ) + 1) oyt

Page 7 of 22

(3.2)

(3.3)

(3.4)

(3.5)
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Moreover, if ¢ — 1 and « = 1, then (3.6) reduces to

fla) +f(b)
2

/ flx)dx = —— / (1-20)f"(ta+ (1 -t)b) dt, (3.7)
which can be found in [76].

Theorem 3.1 Let f : [a,b] — R be a continuous function, o > 0, and D, .f be (p,q)-
integrable on (a, é(b a) + a). If |aDy of | is convex on

(a, 1(b—oz) +a),
V4

then the following Riemann—Liouville fractional (p, q)-trapezoid type inequality holds:

Tpgla +1) (W2 f) (b + (1- p)a) - (lo +1]pg —p*)f (@) + p°f (b)

Paz(b a)* [ + l]p,q
(b—a)
= [a%ﬂ «Dpf (@)|B1 + |uDpof (5) |B2), (3.8)
where
[ +1]
B :/0 a;( )pq( —o® (t)) —p%|(1=1)odpqt
and
Yo +1],,
BZ=L %(1_()([) ( )) _p tOdpqt

Proof Using Lemma 3.1 and the convexity of |,D, ,f|, we have

[pgle+1)

N N ([ + 1]p,g — p*)f (@) + p*f (D)
O‘Z(b—a( qu)( b+(1—p )ﬂ)_ [a+1]p,q
b- e +1],,
= [o(z+16]l:q ) a,:@)pq(l“)q’ )y =" ||aDaf (1= 00 + ) ot
(b-a) Yla+1], @
= [Ot N l]p,q 0 p(z)pq (1 - Oq)q(t))p,q -p

X [|ﬂDqu(‘l)‘(1 — 1) + |aDpof (b)|t] oyt
< il [

b—
T

This completes the proof. O

[‘“ 1” (1-0®y(0)) - p°

)] Odpqt

[a+1pq

(o)
Oqu(t))p,q

_po’ ti| Odp,qt.



Neang et al. Advances in Difference Equations (2021) 2021:333 Page 9 of 22

Remark 3.2 1f p = 1, then (3.8) reduces to

Fgla +1) ([ + 1] — 1)f (@) + f(b)

b—ays i) ®)- @+ 1],

< 829 (| D @]y + [ D B)52) 39)

e+ 1], ! ) '
where

1
8= /0 |[O‘ + Hq(l - O‘Dq(t));ﬂ) - 1|(1 —t)odgt
and
1
8y = /0 |[or +11,(1 - 0d>q(t))f;‘> — 1|t od,t,

which appeared in [40].

Theorem 3.2 Let f : [a,b] — R be a continuous function, a > 0, and ,D,.f be (p,q)-
integrable on (a, i(b —a)+ zz). If |aDypgf I is convex on (a, %(b —a) + a) for r > 0, then the
following Riemann—Liouville fractional (p, q)-trapezoid type inequality holds:

Tpgla +1) o " ([ + 11,5 — p*)f (@) + p°f (b)
W( L) (b + (1-p%)a) - a1l
= 7[;b+_1ijqB§'l”(laDp,qf (@)|B1 + |Dpaf (B)'Bs)", (3.10)

where B, and B, are given in Theorem 3.1 and

33:/
0

Proof Using Lemma 3.1, the convexity of |,D,4f|", and the power mean inequality, we

[a+1]pq

0

(@)
(1 _chq(t))p,q =P | odpgt.

have

D@+ D) 0 <[a+11p,q—p“»’(a)+p“f(b>‘

(b a) (alpgf) (b + (1~ p*)a) a1y,
- (b-a) /‘1 [a+1],,
- [Ot + l]p,q 0 p(;)

(1= 0®g(8)') ~ | |aDpaf ((1 = D) + tb) | odhpqt

(b-a) Ul + 1], @ o 1=1r

< o+ 1, (/0 G (1- Oq)q(t))p’q -p odp,qt>
1 1/r
x (f %(1-@ () Dpaf((1 -t)a+tb)|’0dp,qt)
0 p 2

(b-a) Yo +1],, @ 1-r

< 0 (1 70Pa)yy o)
[ + 1]pq

pa [|aDp,qf(ﬂ)|r(1 - t)

<

(1-0®,(0),,, -

0



Neang et al. Advances in Difference Equations (2021) 2021:333 Page 10 of 22

1/r
+ |ﬂDp,qf(b) |rt] Odprqt>

< [O(lb+—1¢]z:q (/01 [a;(gl)]pyq (1- 0q>q(t));‘j’; —p” Odp,qt>11/r
[| Dy f (@) f “”” 1= 0@(8)) 7~ p*|(1 = ) o gt
+ |aDpof B)| / a+1Pq _Od>q(t)) -p” pqt:|1/r,
Therefore, the proof is completed. O

Remark 3.3 If o = 1, then (3.10) reduces to

1 pb+(1-p)a pf(a) + qf (a)
gl e TS

:q(b—a)[Z(pw—l)
r+q L (p+q?

1/r

1-1/r
} (110, aDpaf B + 220, 0)| uDpf @[], (311)

where

ql(p® -2+ 2p) + 2p* + 2)q + pg*pq*] + 2p* - 2p
@+ +pg+q°)

rip,q) =

and

1
W +9*@* +pg+q?) lal " - 4"

+ (5p - 2)q2 + 2q3] + (2174 - 2p3 - 2p3 - 2p2 + Zp)},

rap,q) = -2p+2)+(6p* -4p-2)q

which appeared in [43].
Moreover, if p = 1, then (3.10) reduces to

D )6 -

- (b-a)
T fa+1],

([a +1]4 - D)f (@) +f(b)

[oz +1],

MYV (| Dof @) My + |uDyf (b)| M,)', (3.12)

where §; and §; are given in Remark 3.2 and

1
SR

which appeared in [40].

Theorem 3.3 Let f : [a,b] — R be a continuous function, a > 0 and ,D,.f be (p,q)-

integrable on (a,}lg(b —a) + a). If |aDpqf|" is convex on [a,}?(b —a)+a) forr>1 and
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1/r+1/p = 1, then the following Riemann—Liouville fractional (p, q)-trapezoid type inequal-

ity holds:
Fpgla+1) , N N ([ + 1]p,g — p*)f (@) + p*f (D)
m(ulp,z/)(ﬁ b+ (1-p*)a) - o+ 10, ‘
r r\ l/r
< [O(lb-l—_l‘]l) B}L/S((p +q - 1)|aDp,;19f-(|—a;| + |aDp,qf(b)| ) ) (3.13)
pa
where

[a+1],,

PG

S
(1-0®y(0)) ~ p°

1
B |
0

Proof Using Lemma 3.1, the convexity of |,D, ,f|", and Holder’s inequality, we have

oddpgt.

pgla+1) P A\ ([ + 1,4 = p*)f (@) + p°f (b) ‘
paZ(b _a)a (”Ip, )(p b + (1 p )61) [a + l]p,q

(b-a) ['Ne+1]yy, @
= lor + 1] pq /0 p@ (1- 0q>q(t))m =" |[aDpf (1 - t)a + th)| odpqt

(b-a) W+ 1]y, @ I s
= la+1],4 (/0 p@ (1- Oq)q(t))m P odp’qt)

1 1/r
x ( f Dy qf (1 -t)a+tb)|’0dp,qt)
0

(b-a) W+ 1]y, @ I s

= [ +1]p4 (/0 p@ (1- Oq)q(t))m P odp’qt)

1/r

1
([ etpaf @[ -0+ 2o O oyt
[+ 1],

(b _ tl) 1 s 1/s
=+, (/o G °d”t)

y ((p +q=DlaDpgf (@) + |aDp,qf(b)|’)“’
p+q '

(1-0®y(8)") - p°

This completes the proof. d

Remark 3.4 If a = 1, then (3.13) reduces to

L L pf(@) + qf (@)
sl s
_ab-a), ]m( laDpaf (B)" + (P + 4~ 1)|aDp,qf(a)|’>”’
ptqg p+q '

(3.14)

where

1
)\,3 = / ’1 - (p + q)t‘sodp,qt,
0

which appeared in [43].
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Moreover, if p = 1, then (3.13) reduces to

([ + 114-)f (@) + f(b)

[a +1],

‘F (a+1)(1“f)(b)

(b —a)*
_b-a 81/S<anDgf(a)|’+Iaqu(b)l’> r’

Tla+1], * l+gq

where

1
84 = / [l + 114 (1= 0@(8) " = 1" odlgt, (3.15)
0
which appeared in [40].

Now we will prove the following lemma to obtain the Riemann—-Liouville fractional

(p,q)-midpoint type inequalities.

Lemma 3.2 Let f : [a,b] — R be a continuous function and o > 0. If ,D,f is (p,q)-
integrable on (a, P%(h —a) + a), then the following equality holds:

([ot+1]1,,q—p"‘)a+p"‘b>_ [pgla+1)
i s (1))

S A _ (@)
—(b-a) |:/ [+ Tlp,q <1 _ %) qu’qf((l —ba+ tb) odp,qt
0 p\?

1
N / Aoy Dof (( 1—t)a+tb)odpqt] (3.16)
e p(z)

[oz+1]p,q

Proof By direct computation and using Definitions 2.1 and 2.2, we have

P

la+1]p,
As= / 1 Dpof (1= t)a+ th) ody gt
0

:/wxiwful—pna+pﬂﬂ—f«1—qﬂa+qw)
0

dy, .t
w-9b-at opa
1 @lrg f((1 - pt)a + ptb)
= —————————odpqt
p-q)(b-a) Jo t
wH f((1—gt)a + qtb)
T — —————————odp4t
(- q)(b a) Jo t
Z q f( P [a‘rl]pq)d + Png‘fl]p,q b)
n+1
(b a)la +1],,4 ~p IWPH]M
. _ qn+1 o n+l o
B p"’ Z q” f((l P”*l[OIJrl]p,q )a + P”+1[a+1]p,q b)
_ n+l 1,0
b~ a)la +1lpg = P pimf’[a’i T
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1 R qnpa qnpoz
- - b
b-a) [;f«l Pl + 11p,q>”+pn[a+11p,q )
g qn+1p qn+1p
- ;f((l n+1[a + l]pq)d + n+1[a + l]p,q h):|

- (le + 1pg —p*)a+p*b
(b-a) [f < (o + 1], ) -f (“)} (3.17)

On the other hand, in Lemma 3.1, the following integral was given:

b—a (! .
A= p(—; o (1-0@g(0) ) uDpgf (1~ t)a + th) od gt
:—f(a)+#( L f) b+ (1-p%)a). (3.18)

Consequently, from (3.17) and (3.18), we have
A3 + A1
g [ (1= o®, ()
=(b-a) |:/ (1 - #) aDp,qf((l —ta+ tb) 0dp,qt
0 p(z)

! 1-,0®,
+/pa -% Dyof (1 —t)a+tb)0dpqt]

[a+1]p,q

o

(- a)[ f S Dy f (1= B)a + th) ody gt

/ (1- o%(t))pq D qf((l—t)a+tb)0dp,qt:|

B
([ + 1]pg —p%)a +Pab> pq(o‘+1
= : - I “b+(1-p”)a).
r(F e 0 (1))
Therefore, the proof is completed. d

Remark 3.5 If a = 1, then (3.16) reduces to

qa + pb /pb* pla .
p+q pb a) “a

r

:q(b_a)[/o’” t aDpof (1= ) + th) odp gt

1 1
+ / (t— ;1>aDp,qf((1 —t)a +tb) odp,qt], (3.19)

p+q

which appeared in [42].
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Moreover, if p = 1, then (3.16) reduces to

f(([oz+ l]q—l)a+b> B [ylo+1)

[ +1], (b-—a) (ﬂlgf)(b)

:(b—a)[/m(l—ocb () Dyf (1 ) + th) odyt
0

1
- (1—0<I>q(t));a)aqu((l—t)a+tb)0dqt,:| (3.20)

la+1]q

which appeared in [40].

Theorem 3.4 Let f : [a,b] — R be a continuous function, a > 0, and ,D,.f be (p,q)-
integrable on (a, I%(b —a) + a). If |aDpqf | is convex on (a, %(b — a) + a), then the following
Riemann—Liouville fractional (p, q)-midpoint type inequality holds:

p(ler e 20) Tt D ey 1)
“p

[ +1],4 p(b-a)
= (b _ﬂ)[B5|aDp,qf(a)| +B6|aDp,qf(b)| +B7|aDp,qf(ﬂ)| +BS|aD X ]7 (321)
where
[ (1= o®y())
Bs = f P 0(4‘1) 1- )odp,qt],
LJo pl2
R (o)
a+1]p, 1— d)
Be = /[ Tlpgq 1- (1-9 Z(t))p,q todp,qt:|,
LJo p@
R A0
B7 = pOt —T (1 - t) Odp,qt )
L Ty p*
r rl 1—,® (¢t (@)
e[ [0,
L) Gy p>
Proof Using Lemma 3.2 and the convexity of |,D, ,f|, we have
([ + 1]pg —P™)a +p°‘b> [pgle+1)
’ . A2 1) (b + (1 - p®
P( [ + 1,4 p"‘z(b—zz)“( bl )"0+ (1-p")a)
o (@)
a+1]p, 1-9®
5(19-4)[[[ |y L20®aOhal) 1 (1= + b)) odyt
0 p@)
! 10D, ()5
3 ‘—M |aDpof (1= t)a + tb)| odp,qt}
[afl] p(z)
g
Y (@)
a+1lp, @, (1)
f(b_“)[/ " 1_(0—M U D qf ‘ _t)+‘ﬂDpyqf(b)‘t]0dpvqt
0
ol —ocqu);‘i‘;
e T [|aDp.af @)|(1 = 8) + |uDpof (B)|t] odlp 4t
V4

[a+1]p,q
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(1= 0@ ()%
el

|aDp,of (@)|(1 = £) oddp gt

g
s(b—a)U "
0

o (@)
+/[“+11p,q 1 (1—0d)q(t))pofq
0

G
+(b—a)|:/ .

|ﬂDp,qf(b)|t0dp,qt}

. (o)
‘-% |aDpaf @)1= ) odpqt

T 0
. /1 (1= 0@ (85
p PG

|aDp.qf (b) |todp,qt].

[oz+1]p,q

This completes the proof. d

Remark 3.6 If a = 1, then (3.21) reduces to

qa +pb 1 phr(1-pla
p( p+q )_p(b—a)/ S el

< q(b—a)[Aa(®: @) |aDpof (@)| + 151, q)|aDpof ()|

+ 361 D)|aDpaf @)| + 170, 9) | Dp.af )], (3.22)
where
3 2(..2 2 3
p pp +pg+q°)-p
)\4 ’ ) = b )\‘ » ) = )
WP q @+ @?*Pp* +pq+q°) spd @+ q?Pp* +pq+q°)
2p° Pt +pPq+ p*q* - 2p°
A. y = ’ )‘- ’ = ’
B = P T pa e ) D)= o P T g e )

which appeared in [42].
Moreover, if p = 1, then (3.21) reduces to

([@+1];,-La+b Pgla+1),
P( o+ 1, )‘(b—a)d (ol )(b"

< (b-a)[85]aDygf (@)| + 86|aDyf (b)| + 87|aDyf (@)| + 85|aDyf (B)]], (3.23)

where

1
[a+1] o
85 = / Ha l1-(1 —chq(t)); )\(1 —t)odqt],
0

-1
86 = /[a+1]q ’1 B (1—0¢q(t));a)|t0dqt:|,
0

r rl

87 = . |—(1—o¢q(t));a)|(1—t)odqt:|,
r rl

b= |_(1—0‘Dq(t));a)|todqt:|,

which appeared in [40].
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Theorem 3.5 Let f : [a,b] — R be a continuous function, a > 0 and ,D,.f be (p,q)-
integrable on (a, }%(b - zz) + a). If |aDypgf I is convex on (a, %(b —a) +a) forr >0, then the
following Riemann—Liouville fractional (p, q)-midpoint type inequality holds:

‘/(([a +1],,-p%)a +pab> _ Dpgla+1) (L% f) (0B + (1-p%)a)
2 a"p,

lor + 1]pq p*(b—a)
< (b—a)[BYV"(Bs|uDpaf @)|" + Bs|aDpof ®)]')"
+ BI5Y (Bs|uDyof @)| + Bs|aDpaf 0)|)], (3.24)

where Bs, Bg, B7, and Bg are given in Theorem 3.4 and

o (@)
la+1]p, 1—-od,(¢
39:/ b 1‘% odyt
0 pl2
and
L - o)
BlO = T Odp,qt'
» p(z)

[a+1]p,q

Proof Using Lemma 3.2, the power mean inequality and the convexity of |,D,,4f|", we have

p(({a+11p,q—zﬂ“>“+1”“b)_ F”‘”l)( I ) (p*b+ (1-p%)a)

[Ol + l]p,q az(b 61
)l o
0 p(Z)

. /1 ’_(1 ~0@4(8))5
[afﬁp‘q p(z)

- (b—a)[(f [@+lpg 1-
0
(1 Oq) (t) pq

W
o+ \p.q
X 1- =
(/0 p@

( ! ‘ (11— oD, (0)%)
+ —_—e———
P p(z)

|aDp.of (1= t)a + tb) | oddpqt

laDypof (1= t)a + tb)| Odp,qt}

1-1/r
odp,qt)
1/r
| aDpof (1 - t)a + tb)| od,,,qt>
1-1/r
0dp,qt>

1/r
Dy of (1-t)a +tb)|" odpqt> }

1-1/r
o)

(1- oD, ()%
P

la+llp,q

( ! ‘ (1- 0¢(t)
X R e

[(x+1]p

s(b—a)[(/“’*”” 1=
0

(1- 0@y (1))

73
[aﬁo]tp,q 1 0q> t) r .
(- OO iy -0+ 0
0
o : ‘M J t)”’
e RO
[ot+1]p,q
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(1 ‘(10c1>t)
% LT 0%a\pg

pC(
(e +1]p,q

<G-a ([ i
0

1/r
H Dyf (@ | 1-0)+ |ﬂDp:qf(b)|rt] 0dp,qt> i|

1-1/r
Odmt)

(1- 0@y (1))

G
r ﬁ CD t ©
X (\aDp,qf(ﬂ)! /[ s 0(—)() (1= 1) oyt
0 p*?
[Ot+1 Oq) (t)) 1/r
g [ 0B
P2
1 _ () 1-1/r
(]
[afl] p.q p 2
1-0,(¢
(| Dpf @] / ) w (1-12)odpqt
[a+1]p p*2
P! 1— 0@, ()5 r
o) [, g, 0) )
Tatlpg p
This completes the proof. 0

Remark 3.7 If o = 1, then (3.24) reduces to

qa + pb 1 ph+(1-pla
P( p+q )_p(b—a)/ S ) alipa

2 1-1/r
<qlb-a) ( L q)g) [0 D)aDpaf @[+ 25,0) e Dpaf D))

+ (060, D) aDpaf @] + 10, @)|uDpaf ®))"], (3.25)

1/r

where A4(p, 9), A5(p, q), 26(p; q), and A7 (p, q) are given in Remark (3.6), which appeared in
[42].
Moreover, if p = 1, then (3.24) reduces to

(la+1],-Da+b\ T a+1),
P( [Ol+1]q )_ (b—a)a (aqu)(b)

< (b- @[55 (55].Dyf @)] + 86| Def B)]') "

+ 815V (87]uDof @) + 8| aDgf B)])"], (3.26)

where 85, 8¢, 87, and Jg are given in Remark (3.6) and

1
89 = / = (1= 090(0) | odgt
0
1

0= [ 1-1-00y0) ot

[e+1]q

which appeared in [40].
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Theorem 3.6 Let f : [a,b] — R be a continuous function, a > 0, and ,D,.f be (p,q)-
integrable on (a,%(b —a) + a). If |,Dyf1" is convex on [a,}?(b —a)+a) forr>1 and
1/r+1/s = 1, then the following Riemann—Liouville fractional (p, q)-midpoint type inequal-
ity holds:

P(([a +1],,-pa +p"‘b> ~ [pqlo+1)

[ + 1], (b — a) (ulg, )(p¥b+ (1-p%)a)

<(b-a) [(Bm“s (!aDmf @] <p g : Z;E?aill]fq;zp >

o 1/r
- 14
+ [aDpof (0)| ((p +q)([or + 1]p,q)2)) }

0 _“)[(Bml”(!ﬂDp,qf(a)\’(’” ta-1 pPrqle+lly, —pza)

p+q @+ ([ +1],,)?
. 1 pza 1/r
+ oDy () ( - )) ] (3:27)
| qu | p+tq (10+q)([0l+1]p,q)2
where
»* (@) |s
le+1lp, 1-99,(t
B11=/ e 1_% Odpvqt
0 pl2
and
b= 0® @)
By = ———— L ody it
» () P
[a+1]p,q p

Proof Applying Lemma 3.2, Holder’s inequality, and the convexity of |,D,, ,f|", we have

([ + 1]pg —P™)a +p°‘b> B Fpgla+1), o o
P( [ + 1] pq p?(b-a)* (ehoaf ) ("b + (1=7)a)

Y (@)
a+1]p, 1-0®,(¢
< (b—a)[[[ e 1_% | Dpaf (1 - D + th) | odp gt
0 p 2
1 1—,d t (o)
3 ‘—M |aDpof (1= t)a + tb)| odp,qt}
[afl] p(z)
\p,q

(L= 0®(®)g
PG

—[ufﬁpq V4 1/p
<(b-a) |:</ n Odpyqt)
0

e 1/r
x (/ o |aDpof (1= t)a + th) |r0dp'qt>
0

+( /1 ‘_u—o%u»ﬁw p t)“f”
p~ »® e
1

la+1]lp,q
1/r
X (/ p |aDp.of (1= t)a + tb) |r0dp,qt> i|

la+1]p,q
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(=0 (8)
)

% p 1/p
<(b-a) |:</ n Odpyqt)
0

»* o 1/r
[a+1]p, [a+1]p,
x (|aD,,,qf(a)|’ / 1= 0 0dpgt + [aDpof D) / v tod,,,,,t> }
0 0

1 _ (@) |p 1/p
conel([, P08

[a+1]p,q

e
x(|aDp,qf(a)| / L (A= Dodygt

la+1lp,q

P 1 1/r
+ |aDp.of ()| f . todp,qt> }

lat+llp,q

_[afll);pq ¥4 1/p
s(b—a)K/ g odmt)
0

r P“(P+4)[06+1]p,q—17“
X ('“D"’J @) ( W+ )+ 11,07 )

o 1/r
- p
+[aDpaf (B)] ((p +q)([o + prq)z)) }
) (@) X
v (b—ﬂ)[<f pa ’_% p"d”’qt> ”

[a+1]p,q
A(p+q-1 pp+qla+ll,,-p™
y (Iqu,qf(a)I (p a-1 p'lp+q pa =P

(1- 0@, (1))
PE)

p+q (p+61)([0(+1]p,q)2
i ) pza 1/r
+ |aDp,qf(b)’ (p +q - (p+q)([0l + l]p,q)z)) ]

This completes the proof. d

Remark 3.8 If a = 1, then (3.27) reduces to

qa +pb 1 pb+(1-p)a
p( p+q )_p(b—a)/a @ adpq
s+1 1/s 3 2 2 2
p p-q r(P’+2p°q+pq —p
Eq(b_m[((zﬂw) (p”l—q”l)) ('“D”"Zf(a” ( v +q)? )
, pz 1/r
@ (2 5))
1 1 s 1/s . 2 2
([ (5-) ) (koo (3555)

2 2 2 3 1/r
r(P°q+2pg~-2pq—q° +q
abyftaf (P ) )

which appeared in [42].
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Moreover, if p = 1, then (3.27) reduces to

(la+1l;-Da+b\ Ty a+1),
l'/< [a +1], ) T -ar (aqu)(b)‘

1+qgfa+ l]q—1>

< —a)[(sn)l’S((aDaf (“)V( (1+ )l +1],)?

, 1 1/r
+[Dof @) ((1+q><[a+11q)2>> }

+(b-a) [(&2)”8 (PDJ(“) ’r( 1 z q ((11162)[50::]1(11;21>

) ) 1 1/r
+ |aDﬂlf(b)| (1 +q - 1+g)([e+ l]q)z)) :|’

where

1

Sul =fm|1— (1-0®g(8)"[" odgt
0

and

1
512=f ) |—(1—0q>q(t)),(;)‘sodqt,
T

a+1]q

which appeared in [40].

4 Conclusions

In this work, we studied two identities for continuous functions in the form of frac-
tional Riemann-Liouville (p, g)-integral. Based on these two identities, some fractional
Riemann-Liouville (p, g)-trapezoid and (p, g)-midpoint type inequalities are given. From
this idea, as well as the techniques of this paper, we hope that it will inspire interested
readers working in this field.
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