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Abstract

A mathematical model for the dynamic systems of SMIA involving the ABC-fractional
derivative is considered in this manuscript. We examine the basic reproduction
number and analyze the stability of the equilibrium points. We prove the theoretical
results of the existence and Ulam’s stability of the solutions for the proposed model
using fixed point theory and nonlinear analytic techniques. Using the Adams type
predictor—corrector rule for the ABC-fractional integral operator, a numerical scheme
is devised for obtaining the approximate solution of the proposed model. Different
numerical plots corresponding to various fractional orders are presented. In addition,
we demonstrate a numerical simulation for the transmission of social media addiction
in two cases with the basic reproduction numbers greater than and less than one.
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1 Introduction

During the last decade, social media (SM) has plentifully influenced the world. SM is the
most popular technology which collects the wide knowledge of all attention and makes
up the society or the individual who interacts with communication. People use SM ad-
vantage via internet access in many parts such as business, education, health, science, and
amusement [1, 2]. Some of them access information of their curious attention from SM
platforms such as Google. Some find old or new friends, earn money, present work, make
advertising products, buy or sell their goods via Facebook, Instagram, and Youtube. Some
make a money transaction via bank applications. Some share information via Twitter and
play games from various applications [3—5]. Although SM has become a part of our daily
lives, it can negatively cause or affect people’s daily lives or relatives in families. One of
the significant causes of more serious negative impacts does the social media addiction
(SMA). SMA is a state that is used to refer to people who spend so much time in their
daily life on SM and feel anxious when they cannot make a visit to a SM platform [6, 7].
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In fact, SMA is a kind of addictive problem, the same as in psychology alcoholism, smok-
ing, game addiction, etc. Mathematical models play an important role in the construction
to study the dynamic behavior of these problems. For instance, Nyabadza and co-workers
[8, 9] formulated methamphetamine transmission in South Africa by building an appro-
priate mathematical model. In 2018, Ma and co-workers [10] have studied the stability
of the synthetic drugs transmission epidemic models with psychological addicts. In 2019,
Liu et al. [11] have analyzed a synthetic drug transmission model with treatment and dis-
cussed global stability and backward bifurcation of the model. Huo and co-workers [12]
introduced a new alcoholism model with treatment and effect of Twitter. The stability of
the equilibrium point is determined by using the basic reproductive number and numer-
ical results are conducted. Li and Guo [13] constructed an online game addiction model.
They used the basic reproduction number to obtain some properties and analyzed the sta-
bility of the equilibria. Pontriagin’s maximum principle was employed to solve the optimal
control strategy and numerical simulations are presented in their work. In 2020, Samad et
al. [14] presented and analyzed a mathematical model of the smoking tobacco epidemic
in Bangladesh. They derived the basic reproduction number and established the stability
theorem for all equilibria. In 2021, Alemneh and Alemu [15] formulated and analyzed a
mathematical model for the transmission dynamics of SMA in the human population as

follows:

”fi—‘ts =7 +ynR - Bo AS — (k + n)S,
% =Bo AS - (8 + n)E,

% =adl —(u+e+p)A, (1.1)

% =(1-a)f€+eA-(u+n)R,

22 =k S+(1-y)MR-pnQ.

;=

For system (1.1), the human population is divided into five groups representing addic-
tion status. Group 1: the people who are not addicted but susceptible to SMA are de-
noted by susceptible populations; S(¢). Group 2: the people who use SM less frequently
but do not grow to the addicted stage are denoted by exposed populations; £(£). Group
3: the people who are addicted to SM and spent most of their time on it are denoted by
addicted populations; A(£). Group 4: the people who recovered from SMA are denoted
by recovered populations; R(£). Group 5: the people who permanently do not use and
quit using SM are denoted by Q(#). The total number of members of the population is
N =8+&+ A+ R+ Q. The assumptions of the system are the following: the spread of
the problem of SMA happens within a closed environment, and it does not depend on
sex, race, and human social state, members mix homogeneously, and the social media ad-
dictive people will transmit to non-addictive people when they are in connecting with the
pressure of addictive. Moreover, the differential equations of this system are integrated by
using the social media addictive cycle, which starts from entering susceptible individuals
into the population with a rate of 7. They are motivated by addictive people with the pres-
sure contact rate of 8 and the probability transmission rate of o and move to the exposed
state. Some susceptible individuals move to a group of people who permanently do not
use social media at a rate of . The exposed individuals are separated into two groups,
one becomes addicted and moves to the addicted group at rate «§, and another recovered
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with treatment at a rate (1 — «)8. Some addicted individuals move to the recovered group
at a rate of € or died due to the overusing of addiction on social media at a rate of p. The
recovered individuals become again susceptible individuals at a rate of y 1 or permanently
stop using social media at a rate (1 — y)n. Finally, all the people in every compartment
have a natural death rate of 1. Alemneh and Alemu also investigated the stability of the
equilibrium points and employed Pontryagin’s maximum principle for the optimal control
system.

More than three centuries have passed, fractional-order derivative models have been ap-
plied in several areas of real-world problems such as science, economics, engineering, bi-
ology, and epidemiology with various types of fractional calculus such as Liouville—Caputo
(LC), Caputo—Katugumpola (CK), Caputo—Fabrizio (CF), and fractal-fractional (FF);
see [16-26]. In addition, some of the authors incorporated the fractional-order deriva-
tive to addictive problems. In 2017, Singh et al. [27] studied and analyzed the existence
and uniqueness of the smoking model under the CF sense. In 2019, Dokuyucu [28] pre-
sented a fractional order of an alcoholism model with CF type and investigated the ex-
istence and uniqueness of the model by using a fixed-point theorem. In 2021, Alraba-
iah and co-workers [29] have formulated and analyzed a new mathematical model for
LC-fractional tobacco smoking with snuffing class. They accomplished a numerical so-
lution of the proposed model via the generalized Adams—Bashforth—Moulton method.
The Atangana—Baleanu—Caputo (ABC) fractional derivative operator is one of the most
popular fractional derivative operators. A fractional-order derivative was first roused into
operation by Atangana and Baleanu [30] under the rule of a generalized Mittag-Leffler
function in the part of a non-singular and non-local kernel. In many real-world problems,
the ABC-fractional derivative produces better results [31-41].

Based on the best of our knowledge of previous research, no manuscripts have looked
into the mathematical model of SMA with various fractional derivatives. We initiated the
ABC-fractional derivative to the SMIA model which is the creativity of this manuscript.
Consequently, we are interested in filling this gap by considering the SMIA model studied
by [15] under the ABC-fractional derivative with order ¢. We replace the integer order
of model (1.1) with a fractional-order system. Therefore, the classical model (1.1) extend
to fractional-order system by replacing the ordinary time derivative d/dt to the ABC-
fractional derivative fm@g. It is remarkable that in the classical model (1.1), the dimen-
sion of the right-hand side of fractional model has dimensions (¢ime) !, but the dimensions
of the left-hand side of ABC-fractional model equal to (time)™®. In addition, when we
convert an integer order system into fractional-order ¢, we also have to consider all non-
negative parameters in the term of ¢-exponent for making the equal dimensions of the
differential equations. The modified SMA transmission model with the ABC-fractional

derivative suggested a model as follows:

BECDIS(1) = % + y?n?R - BP0 AS - (k¢ + pu?)S,

ABCDPE(r) = BPo? AS — (8% + 1u?)E,

ABCDY A(r) = a®89E — (u? + €% + p?) A, (1.2)
ABCDPR(r) = (1 - a?)8%E + € A — (u® + n*)R,

FECDEQ() = k?S + (1- y )R - n? Q,
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with the initial conditions (S, &, A, R, Q) = (So, €0, Ao, Ro, Qo). The descriptions of all pa-
rameters are shown in Table 1. The main aim of this manuscript is to analyze the con-
ditions that influence the transmission of this addiction to cease or, opposite, turn into
epidemic, based on the number of reproductions. We establish the existence and unique-
ness of the solutions for the proposed model via the famous fixed point theorems. The
context of various Ulam’s stability is provided to discuss the stability analysis. Finally, we
use the novel numerical method represented by Alkahtani et al. [42] to find the approxi-
mated solutions of the SMA for different fractional orders.

This paper is organized as follows: in Sect. 2, we present definitions and basic concepts
of ABC-fractional differential and integral operators after that we provide fixed point in-
struments to proof the our existence results. We computed the equilibrium points, the
basic reproduction numbers, and established the stability analysis of the proposed model
in Sect. 3. In Sect. 4, the uniqueness of the solution for the ABC-fractional SMIA system
(1.2) is examined by employing Banach’s fixed point theorem and the existence result is
proved by Krasnoselskii’s fixed point theorem. In Sect. 5, the four types of Ulam’s sta-
bility concepts of the model (1.2) are investigated. Numerical simulations to support the
theoretical results are provided in Sect. 6. Finally, the discussion and conclusion of the
proposed model are presented in Sect. 7.

2 Preliminaries
This section presents relevant and necessary essential concepts used in this manuscript.

Definition 2.1 ([30]) Letf € C'[a,b], a < b, be a function, and 0 < ¢ < 1. Then the ABC-
fractional derivative of a function f of order ¢ is defined as follows:

where AB(¢) = 1-¢ +¢/I"(¢) is normalization function, characterized by AB(0) = AB(1) =
1, and the Mittag-Leftler function E is given as

d’(t s)"’]—fs)ds, t>a>0, (2.1)

Ey(z) = 2 z,¢ € C,Re(¢) >0,
kZ: gk +1)’

with C the set of complex numbers.

Definition 2.2 ([30]) The ABC-fractional integral of a function f € C!(a, b) is defined as
follows:

¢

1-¢
= f(t)+MB(¢)

FTHO = 15

T 9) /at(t—s)¢’1f(s)ds, t>a>0.

Clearly, if ¢ = 0 and ¢ = 1 then we get the initial function and the ordinary integral,
respectively. Furthermore, we can calculate the Laplace transform of (2.1) and obtain the
following result:

AB@)p’ L)} (p) -1 (@)

L{*ECD2f (1)} (p) = =0 + %)

(2.2)
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Lemma 2.3 ([30]) The AB-fractional derivative and AB-fractional integral of a functions
f € CYa, b) satisfies the Newton—Leibniz equality

LRI (PPODLS () = f(0) - f(@).

Lemma 2.4 ([43]) For two functions, f, g € H(a,b), a < b, the AB-fractional derivative of
a function f and g satisfies the following inequality:

|EBCDLf (1) - BECDog(t)]| < H|f(8) —g(0)].-

Lemma 2.5 (Generalized mean value theorem [44]). Let g(t) € Cla, b, and let ;WC’DZg(t) €
Cla, b] when ¢ € (0,1]. Then we have g(t) = g(a) + ﬁfm@fg(‘g‘)(t —a)?, when £ € [a,t],
Vt € (a,b].

It is easy to see by Lemma 2.5 that, if g(¢) € [a, b], éw‘cing(t) € [a, b], and ﬁwc’,@ﬁg(t) >0,
Vt € (a,b] when ¢ € (0, 1], then the function g(¢) is nondecreasing, and if ;WC”)DZg(t) <0,
Vt € (a, b], then the function g(¢) is nonincreasing V¢ € [a, b].

Definition 2.6 (Contraction mapping [45]) Let X be a Banach space. Then the operator

T : X — X is a contraction if
1 Tx—Tyl <Lllx-yl, Vxy€X,0<L<l.

Lemma 2.7 (Banach’s fixed point theorem [45]) Let D be a non-empty closed subset of a
Banach space E. Then any contraction mapping Q from D into itself has a unique fixed
point.

Lemma 2.8 (Krasnoselskii’s fixed point theorem [45]) Let D be a non-empty, closed, con-
vex subset of a Banach space E. Let Ty, Ty be two operators such that (i) Tix + Toy € D,
Vx,y € D; (ii) T is compact and continuous; (iil) T, is a contraction mapping. Then there
exists z € D such that T1z + Trz = z.

3 Model analysis
3.1 Positivity invariant region
Now, we will discuss the positivity invariant region and steady states of the ABC-fractional
SMA model (1.2).

The following lemma guarantees the boundedness of the ABC-fractional SMA model
(1.2).

Lemma 3.1 The closed set

Q:= {(S,é',A,R, Q) eR’:0<N(t) < Z—Z}, N() =S@)+E@)+ Al®) + R(1) + Q(2),

is positively invariant with regard to the ABC-fractional SMA model (1.2).
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Proof Assume that the set (S,&, 4, R, Q) with any solution of the ABC-fractional SMIA
model (1.2), and N () = S(¢) + £(¢) + A(2) + R(¢) + Q(¢) represents the total population. By
applying Lemma 2.5, we obtain

BECDYS(6) = 7% + y PR > 0,

ABCDPE(f) = BPo? AS > 0,

ABCD? A(t) = a?80E > 0, (3.1)
ABCDOR(D) = (1 - a?)8%E + €2 A > 0,

PECDEQ(t) = k7S + (1 - )R > 0.

It follows from (3.1) that any of the solutions of (1.2) is nonnegative and remains in R®.

Taking into account that all the parameters are positive, by all the equations of the model,
BECOON(£) = 1% = u N = p? A< 7% — P N (). (3.2)
Taking the Laplace transform into (3.2), we obtain

AB(¢) © + (1 - ¢)m? )E (_ pu? t¢)
AB(¢) + (1 — p)u? AB+(1—g)u? ) '\ AB(¢) + (1 - p)u?

N(t)s(

+ il E - i’ t?
AB(@) + (1-g)u? """\ TAB@) + (1= g)u?” )’
where Ey, 4, is the two parameter Mittag-Leffler function, defined by

o k

z
Bl =) T(ik+ )

k=0

Taking into account the asymptotic behavior of the Mittag-Leffler function, we have

- Z_K (f)lﬂ'
Ep, .4, (2) = — 4+ 0(]zI™?),  |z| = o0, —— < |arg(z)| < 7.
$1.¢2 Igr((l)Z_(ﬁlI() ( ) 2 ‘ ’

It is easily to observe that A/ (f) — 7?/u? as t — oo. Then the solution of the ABC-
fractional SMA model (1.2) for initial conditions in €2 stays in €2 for every ¢t > 0. Hence, 2
is positively invariant region with regard to the ABC-fractional SMA model (1.2). g

All solutions which begin at the boundary of the positivity invariant region €2 converge
to this region. We can analyze the flow generated by the ABC-fractional SMA model (1.2)
for consideration because it is biologically and epidemiologically significant.

3.2 Equilibrium points and reproduction numbers

In this subsection, we are going to obtain the equilibrium points of the ABC-fractional
SMA model (1.2). We are to find equilibrium points and the basic reproduction num-
ber of the considered model. There are two species of probable equilibrium points of the
model. The primary one is the point where no disease in the group is called the disease-
free equilibrium point. For the process of finding the equilibrium point, we will be setting
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the right-hand side of the ABC-fractional SMAA model (1.2) is equal to zero. Hence, the
disease-free equilibrium point of the ABC-fractional SMA model (1.2) with £ = A =0is
given by

0 €0 40 PO A0 m? K¢m?
€ =(8%&% A% R, Q% = <m,0,o,o, W)

For analyzing the stability of the equilibrium points, the basic reproduction number R
of the ABC-fractional SMIA model (1.2) is very important. To find Ry, we only focus on
the infectious classes of the ABC-fractional SMIA model (1.2). The transmission matrix F
and transition matrix V for the next-generation matrix method [46, 47] are obtained as

Ber?c?

0 et 0 8%+ u? 0 0
F=1o0 0 0], V= —a?8? u® +e? + p? 0
0 0 0 -(1-a?)s? —€f n?® + u?

Then the next-generation matrix is given by

BP9 790950 pod®
L (P +19)(8P +1P)(u? +€9 +pP) (P +u9) (P +e?+p%)
FVv— = 0 0 ol. (3.3)
0 0 0

Therefore, the spectral radius of the next-generation matrix (3.3) provides the number
of the basic reproduction number (R;). Hence,

2 (FV‘I) Berla?s?c?
=1 = ’
° (k9 + 19)(8% + u?)(u? + €9 + p9)

where v denotes the spectral radius. As we know, Ry is the information for measuring an
infectious disease transmission potential over time. When Ry > 1, then the ABC-fractional
SMA model (1.2) has an endemic equilibrium point &*. For finding &*, we will be setting
this fact that all variables S(z), £(¢), A(£), R(£), and Q(¢) of (1.2) are nonnegative. It can
be calculated by equating each equation of (1.2) equal to zero as follows:

ECDIS (1) = FECDYE(r) = MDY A1) = FECDI R(1) = #5°D; Q(1) = o.

Then we obtain ¢* = (§*, &%, A*, R*, Q*), where

_(u?+8)(u? +€? + p?)

S a? B98¢0 ® ’
S
&
e a?stE*
TP v bt pf
R* £+ (82 + u?)Ex
- yon?

KOS+ (1—-y?) R

*
Q p;
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Here

Y Pat
g = L1 -+ ————— ) =8 — %,
w1 n? 1?1 eb p?

_ W+ )@+ p )Wl +e? 1 0%
2= Booads? :

Next, we will state the theorem and guarantee that &, of the ABC-fractional SMAA model
(1.2) is locally asymptotically stable.

Theorem 3.2 The disease-free equilibrium point &, of the ABC-fractional SMA model
(1.2) is locally asymptotically stable if Ry < 1 and unstable otherwise.

Proof We omit the details of the proof. See Theorem 3.3 in [15]. g

4 Existence results of SMA transmission mathematical model
In this section, we examine the existence and uniqueness of solutions for the fractional
SMA model with the help of Banach’s and Krasnoselskii’s fixed point theorems.

For the sake of simplicity, we rewrite the ABC-fractional SMA model (1.2) as follows:

AECDEQ(t) = Alt, O(1)),
O0)=0y>0, 0<t<T<oo,

(4.1)

where the vector O(f) = (G1, Gy, G3, G4, Gs) represents the state variables and A is a con-
tinuous vector function such that

G, 7?+ yIn?R - B20? AS - (k? + u?)S

G, BOoPAS — (5% + u?)E

A=]Gs] = a?8%E — (u? +€® + p?) A , (4.2)
Gy (1-a?)8E +e? A—(u? +n?)
Gs K?S+ 1 -y? MR -p?Q

with the initial conditions ®g = (So, &9, Ao, Ro, Qo). Applying the fractional integral of
ABC to both sides of (4.1), we get the integral equation:

1-¢ ¢ L e
AIB%(¢)A(t’®(t))+AB(¢)F(¢)/0 (t-9?"A(s,0(s)) ds,

where AB(¢) is defined as in Definition 2.1. Let us define a Banach space by using J =
[0, T] as W = C(J,R®) under the norm defined as ||O| = S| + €] + Al + |R] + |12l
where

@(t) = @0 +

sup{‘@(t)’} = sup{ |S(t)’} + sup{ ’5(t)|} + sup{|A(t)’} + sup{ |R(t)‘} + sup{}Q(t)H.
teJ teJ teJ teJ teJ teJ

4.1 Uniqueness result via Banach'’s fixed point theorem
The existence and uniqueness result of the ABC-fractional SMA system (1.2) will be in-

vestigated by using Banach’s fixed point theorem.
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Theorem 4.1 Assume that a quadratic vector function A : J x R® — R is continuous such
that:
(H4) there exists a positive constant L, > 0 such that

|A(£,01(2)) - A, ©2(8) | <La|©1(2) -

forany ®1, ®y € W and forallt e J.
If

1-¢ T
(AB(@ * AB((I))F(qb))LA <L (4.3)

then the ABC-fractional SMIA model (1.2) has a unique solution on J .

Proof Earlier, we converted the initial value problem (4.1) (which is equivalent to the
ABC-fractional SMAA model (1.2)) into a fixed point problem ® = 7 ©®. We consider an
operator 7 : VW — W that is defined by

(TO)) =0 + 1-¢ AL, O)) + t(t—s)¢’1A(s,®(s)) ds. (4.4)

TG
AB(¢) AB(o)T'(9) Jo

Clearly, the initial value problem (4.1) has a solution if and only if the operator 7 has fixed
points.

Suppose that KK, is a nonnegative constant such that sup,. 7 |A(t,0)| = K; < +00. Define
abounded, closed, and convex subset B,, of W, where B,, = {© € W: ||®| < r;}, where ry
is chosen such that

”@0” + (AB(K{;) + AB(Q} ¢))K1

Thax
(AIB(¢ + B )LA

ry =

The proof proceeds in two steps.
Step 1. We show that TB,, C B,,.
For any © € B,,, we have

(T <100l + — 2| A (1, 00)] + /(t 97| A (s, 00))| ds

AB(¢)F )

[|A(t (1)) - A, 0)| + |A£0)|]

AB(¢)

<10l + 35

+ m /Ot(t—s)¢l[|A(s,®(S)) - A(s,0)| + |A(S,0)|]ds

1-¢ ¢ t
< 1Ol + AB(p )DLA”_FKI]_FW/O(L‘

1_¢ Tt(ﬁax
= 1Ol + <A]B3(¢) + AB(¢)F(¢)>[LA71 + K] <7,

- s)‘z’_1 ds[Lar + K]

which implies that 7B, C B,,.
Step II. We show that 7 is a contraction.
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For each ®;, ©, € B,, and for any t € [J, we obtain

(TO() - (TO) )|

<1¢
— AB

|A(t ©1(2)) - At, (1))

+ m/ (t—5)¢—1’A(S,®1(S)) — A(s’ @2(5))’(15.

_ -9y
= AB(9)

< 1- ¢ T[qr&lax
< +
~ \AB(¢) AB(¢)I'(¢)

oLLp

|©1(2) - ©2(8)] + m

/ (- 91 ]©1(5) — ©s(5)| ds

)LAH@l—@zH,

which implies that

1-¢ Thax
AB(p) AB(¢)I'(¢)

170, -TO,| < < >LA”®1—®2”~

Since [(1 — ¢)/AB(¢) + T.‘fmx/(AIB%@)F((]b))] < 1, by the conclusion of Banach’s fixed point
theorem (Lemma 2.7), 7 is called a contraction. Hence, 7 has a unique fixed point that is
a unique solution of the ABC-fractional SMIA model (1.2) on 7. O

4.2 Existence result via Krasnoselskii's fixed point theorem
Theorem 4.2 Assume that (Hy) holds and
(H,) there exists positive constant My, Ny such that

|A(£,00)] <M4|O(0)] + Ny,

forany © e W and forallte J.
Then there exists at least one solution of the ABC-fractional SMA model (1.2), provided
that (1 — ¢)LA/AB(¢) < 1.

Proof Consider T : W — W defined by (7 0)(¢) = (T19)() + (T20)(¢), ® e W, t € J,

where
(TiO)(®) = 00 + ~—2 A(1,0() (4.5)
1 = 0 AB((I)) f] ) .
(T0)0) = —2— / (=9 A (5, 0(5)) s (4.6)
AB(9)T(¢) Jo

Let B,, ={® € W : || O] < r,} be a closed convex set with the radius

190l + (55 + m ECNDIAY

ry > (4.7)

1-¢
1= (zp + A]B r(¢ )MA

The proof is divided into the following four steps.
Step I. We show that 710, + 7,0, € B,, for all ®;, ©, € B,,.

Page 10 of 29
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By the operator (4.5), we get

(T101)(2) + (73(“)2)(t)|

‘A( ())’+ —s¢1’A(s,®2 )’ds

__¢
AB(¢>F(¢) /

/(f S)¢ ldS[MAI’2+NA]

< 1©ol + AB@)

1-
=160l + gy Pars + Bl + gty

<||<~>||+(1‘¢+ T )N +(1‘¢ i )
=T\ AB(g) T AB@T(#)) " \AB($)  AB($)(¢)

=1y,

which yields || 7101 + T,0;|| <r,. Then 710; + 7,0, € B,, for all ®, ®, € B,,.
Step II. We show that 77 is a contraction.
For any ®;, ®, € B,,, we have

1-¢
® - Q < —
(T1®) () - (T1®)(®)| < AB®)
- (1-¢)La

~  AB(¢)

|A(t,©:1(2) - A(t, ©:(2))

|©1(2) -

which implies that || 7;0; — T102()|| < [(1 — ¢)LA/(AB(¢))]||©1 — O||. Since (1 —
¢)LA/AB(¢) < 1, T is contraction.

Step I1I. We show that 75 is continuous and compact.

Let ©®, be a sequence such that ®, — © € W. Then, for any t € J, we have

L ' _ )91 _
(t)IEAB(qﬁ)F(@/O(t s) ’A(s,@,,(s)) A(s,@(s))’ds

Thax
< - "
= AB(@)T(¢)

(T20,)(t) -
[A(,©4()) - A OC)].

Since A is continuous, 75 is also continuous. Then we get || 7,0, — T2©| — 0, as n — 0.
Next, 7; is uniformly bounded on B,, (7; is relatively compact). Forany © € B,, and ¢ € J,
one has

Thax

2000 = g5y J, €9 A6 06 ds = g M+ )

This shows that 75 is uniformly bounded on B, .
Step IV. We show that 75 is equicontinuous.
Assume that 71,75 € J with 0 < 71 < 7o < T and ® € B,,. Then we have

(7:0)(12) - (T:0) (1)

. ?
~ AB(®)

2

(1 —8)* 1A (s, @(s)) ds — /Tl (r1 - 9)*7tA (s, @(s)) ds
0 0




Kongson et al. Advances in Difference Equations (2021) 2021:356 Page 12 of 29

- G[Mpry + Ny |
~ AB(9)'(9)

Mpry + N
< Mar A

~ AB(@)I(¢)

/TZ(‘L’Z —5)*tds + /Tl [(7:2 —5)? 1 (g - 5)4’—1] ds
0

1

2lr - ul?). (4.8)

Clearly, this being independent of ® € B,,, the right-hand side of (4.8) tends to zero as
7o — 71. Therefore, by the Arzela—Ascoli theorem, 7,B,, is relatively compact and 7; is
completely continuous. Hence, by Krasnoselskii’s fixed point theorem (Lemma 2.8), which
implies that the ABC-fractional SMIA model (1.2) has at least one solution on J. O

5 Ulam’s stability analysis of SMA transmission mathematical model
This section is discussing some sufficient conditions for the ABC-fractional SMA model
(1.2) that will correspond to the assumptions of the four types of Ulam’s stability as UH
stability, generalized UH stability, UHR stability, and generalized UHR stability.

Firstly, we will state Ulam’s stability theorem, which will be used in this section. Let ¢ > 0
be a positive real number and F, : J — R* be a continuous function. We consider

[PECDOE(t) - A(LEW®)| <, VEET, (5.1)
[FECDIE() - A(LEWX)| < 9Falt), VteJ, (5.2)
[PECDOE(r) - A(t,6(0)| < Fald), VEe d, (5.3)

where ¢ = max((pj)'JT forj=1,2,3,4,5.

Definition 5.1 (UH Stability) The ABC-fractional SMA model (1.2) is called UHR stable
if there exists a real number C, > 0 such that, for every ¢ > 0 and for each solution & € W
of (5.1), there exists a solution ® € W of the ABC-fractional SMA model (1.2) with

£(t)-O)| <Crp, teJ, (5.4)
where ¢ = max(<pj)T and C) = max(CA/)T forj=1,2,3,4,5.

Definition 5.2 (Generalized UH Stability) The ABC-fractional SMA model (1.2) is called
generalized UH stable if there exists a function F, € C(R*,R*) with F4(0) = 0 such that,
for each solution & € W of (5.2), there exists a solution ® € W of the ABC-fractional SMIA
model (1.2) such that

E(6)-0@)| < Fale), teJ, (5.5)
where ¢ = max(q)j)T and Fj = max(]-'Al.)T forj=1,2,3,4,5.

Definition 5.3 (UHR Stability) The ABC-fractional SMA model (1.2) is called UHR sta-
ble with respect to Fa € C(J,R*) if there exists a real number Kz, > 0 such that for each
¢ > 0 and for each solution & € W of (5.2) there exists a solution ® € W of the ABC-
fractional SMIA model (1.2) with

£() - O@)| <Kz, 0Falt), ted, (5.6)

where ¢ = max((pj)T, KF, = max(K}-A]_)T, and F, = max(.}’-'Aj)T forj=1,2,3,4,5.
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Definition 5.4 (Generalized UHR Stability) The ABC-fractional SMA model (1.2) is
called generalized UHR stable with respect to 5 € C(J,R") if there exists a real number
K7, >0 such that, for each solution £ € W of (5.3), there exists a solution ® € W of the
ABC-fractional SMA model (1.2) with

6(0)- O] <Kz, Falt), ted, (5.7)
where Kz, = rnax(K].-A/)T and Fp = max(]—",\i)T forj=1,2,3,4,5.

Remark 5.5 Itis easy to see that (1) Def. 5.1 = Def. 5.2; (2) Def. 5.3 = Def. 5.4; (3) Def. 5.3
for FA(-) =1 = Def. 5.1.

Remark 5.6 A function & € W is a solution of (5.1) if and only if there exists a function w €
W (which depends on &) such that the following properties: (i) |w(t)| < ¢, w = max(w/)T,
Vee J. (i) ABCDLE(t) = AL E(8)) + wlt), Ve € T.

Remark 5.7 A function & € W is a solution of (5.2) if and only if there exists a function
v € W (which depends on &) such that we have the following properties: (i) |v(£)| < ¢ Fa(£),
v=max(v)T, ¥t € J. (ii) LECDIE () = A(t,£(t) + v(t), Ve € J.

5.1 The UH stability and generalized UH stability results
Lemma 5.8 Let ¢ € (0,1]. If¢ € W isa solution of (5.1), then & is a solution of the following

inequality:

_ d-1
1an Relt) AM@F@L/u 9P 1A(5,£(s)) ds

< ( 1 _¢ + Trqr&lax >§0; (58)
AB(¢)  AB()T(¢)

where Re(t) = & + AIB(ab LA E®)).

Proof Let & be a solution of (5.1). In view of Remark 5.6 (2), we have

AECDIE(r) = AL, E(0) +w(t), teJ
£(0) =& > 0.

Then the approximate solution of (5.9) can be written

_ 1-¢ ¢-1
0 = b0+ 3 A(1E0) 4 AM¢F@)/(tS) A(s,E(5)) ds
1-¢ e
+AIB(¢)W(t)+AIB%(¢)F(¢ /(t $)? " w(s) ds.
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By using Remark 5.6(i),
€0-Re- s [ -9 asew)ds
o-1
= 15 M1+ g | -9 ol
( 1- ¢ TI?R).X >
< + .
AB(¢)  AB(P)I(4)

Therefore, the inequality (5.8) is obtained. O

Theorem 5.9 Assume that A : J x R — R is continuous for every ® e W. If (H;) and
(4.3) are fulfilled, then the ABC-fractional SMIA model (1.2) is UH stable on J .

Proof Suppose that ¢ > 0 and let & € WV be any solution of (5.1). Let ® € W be the unique
solution of the model (4.1),

AECDPO(1) = Alt, O), teJ,
®(0) = O,

where

Ot) = O+ — 1-¢ AL, 0() +

AB(@) /(t )P A (s, O(s)) ds.

AIB(¢ I'(¢)

By using Lemma 5.8 with (H;), we have

&) -0@)| <

S _q)¢-1
AM@N¢/XtQ Al O) ds

s‘ﬂﬂ—Rﬂﬂ—Kﬁé%@gl(bﬂW*Acfunﬁ

/(t—s)¢ 1|A(s,§(s))ds— (s,@(s)|ds

+_3f@
1-¢ Tr?lax o1
S(Aﬁw)+ABwnwm) AB@]X¢L/(tS) HORCIOIEL
1 - ¢ Tﬁax ) Tmax]LA
—_oO)|.
(5 mB0T@)** T 000
This implies that |£(£) — ©(£)| < Cpe, where
Cy = w.
1- Tl?‘laXLA
AB(¢)I(¢)
Hence, the ABC-fractional SMIA model (1.2) is UH stable. 0

Corollary 5.10 In Theorem 5.9, if we set F (@) = Cpq such that Fx(0) = 0, then the ABC-
fractional SMA model (1.2) is generalized UH stable.
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5.2 The UHR stability and generalized UHR stability results
Before proving, we give the following assumption:
(H3) There exists an increasing function 4 € W and there exists Az, > 0, such that, for
any t € J, we have the following integral inequality:

AETY Fa(t) < hry Fald). (5.10)

Lemma 5.11 Let ¢ € (0,1]. If € € W is a solution of (5.2), then & is a solution of the fol-
lowing inequality:

s)"’_lA(s,E(s)) ds| < pir, Falt), (5.11)

¢ t
’g(” ~Rel) - BT @) /o (¢

where Re(t) = & + ﬁA(t,E(t))~

Proof Let & be a solution of (5.2). In view of Remark 5.7(ii), we have

ABCgy® _
‘t DYEW) = AL EW) + W), ted, (5.12)

£(0) =& > 0.
Then the solution of (5.12) can be written

1-¢ p
250 O Bore)
+ 1-¢

AB(9)

E(t) =& +

/.t(t —s)* 1A (s, é(s)) ds
0

v(t) + Y~ Ly(s) ds.

¢ t
AB@OT(®) /o ¢-s

By using Remark 5.7(i), we have

0 - Rel) - st [ (-9 A () ds
0

~ AB(#)I(¢

1_¢ ¢ ¢ P—1
< 35501+ TEr /0 (6= 9 |w(s) | ds

=< (p)\']'—A FA (t)'
Hence, the inequality (5.8) is obtained. O

Theorem 5.12 Assume that A : J x R — R is continuous for every ©® e W. If (H1), (H3)
and (4.3) are fulfilled, then the ABC-fractional SMA model (1.2) is UHR stable on 7.

Proof Let ¢ >0 and & € W be the solution of (5.3). Let ® € W be the unique solution of
the model (4.1). By using Lemma 5.11, (H;), and (H3), we have

£0-000)] = |t -Ra) - = 2 [0 A 00) ds

=

- S)¢_1A(S, S(s)) ds

¢ t
AB@)T (@) /o ¢

£(t) - Re(t) -
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/(t—s)"’ 1|A(s,§(s))a’s— (s,@(s)|ds

¢mm
5%&ﬂw+%w @f(>“@ o(s)| ds
s
swkafﬂn+§%%ﬁ%km—®mL

This yields the inequality |£(t) — ©(t)| < Kr, ¢ Fa(t), where

A
Kz, = ];A .
1-— TraxLa
AB(¢)I"(¢)
Therefore, the ABC-fractional SMIA model (1.2) is UHR stable. O

Corollary 5.13 In Theorem 5.12, if we set ¢ = 1 into |£(¢) — O(t)| < Kr, @ Fa, then the
ABC-fractional SMA model (1.2) is generalized UHR stable.

6 Numberical results
In this section, we introduce a numerical solution scheme for the ABC-fractional SMIA
model (1.2) and apply it to obtain a numerical simulation.

6.1 Numerical method

The SMA model under consideration via ABC-fractional derivative is numerically sim-
ulated by using the novel numerical method as proposed in [42]. For this purpose, we
look again at the SMA model in the form of (4.1) and (4.2). Employing the AB-fractional
integral operator on both sides of (4.1), we get

SO =S+ 2

AB(9) Gi1(t,S,E,A,R, Q)

I R LV
+MMW@A“S)G“@&AR®@

o, 10
E)=E + A]B%((b)GZ(t S,EAR,Q)

t
¢ el
+ AIB%(d))F(qb)/(; (t—5)?"1Gy(s, S, &, AR, Q)ds,

_ 1-¢
AR = Ao+ = (¢) Gs(4,S,E, AR, Q)

#-1
AB(¢)F(¢) / (t-5)°"Gs(s,S,E, AR, Q)ds,

¢ G

1-
R
RO =Ro+ 150 @

Gu(t, S, E, AR, Q)

#-1
7AB(¢)F(¢) / (t-5)°"Guls, S, &, AR, Q)ds,

¢
()= Qo + AB(¢)G5(t S,E,AR,Q)

R (e
+MWW@A“S)GW@&AR@m
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Adapting the Adams type predictor—corrector tool represented by [42] to obtain the
numerical approximation of the right-hand side of the system. The first step of the algo-
rithm, under the assumption that the solution is in the closed interval [0, T, this inter-
val addressed by setting & = T/N, & = hk (k=0,1,2,...,N). Consequently, the corrector
schemes of variable order integral form of ABC-fractional derivative are given as follows:

(1-)h?
Sie1 =80 + AB@T(¢+2) " G (tke1s Spo1r Eparr Al Ria1r Q)
¢>h¢ o
A BOT G r6+2) Z Eix1G1(, S), &, Aj Ry Qp),
j=0
1-¢)h?
gk+1 50 ( ¢) (tk+1, S;:+1’6/€+1’Ak+1’7€i+1! Q£+1)

T ABG)T (@ +2)

ho ‘
¢) ¢+2 ZElk+lG2 t/’S &;A],R}) Q})
j=0

T AB@) (6 +2)
Aks1 = Ao + W%GB(%DSQV Ep o Al R Q)
+ A@B(cij)lil:@ IZ:: Sik1G3(t, S, Ep Aj Ry Q)
R = Ro + n 0 Got10].1sEfo AR 10 o)
N ﬁipm ]ZO 5 Caltn S, €0 AR, Q)
Quit= Qu s Ot Sl AL R )
oh?

k
+ W ]Z; 8ik+1Gs(8, S, &, Ajy Ry Q))s

where

kot — (k= ¢)(k +1)?, ifj=0,
(k—j+2)%*1 4 (k- j)**! —2(k—j+ 1)**1, if1<j<k.

1]

jk+1 =

. p p .
Further, the predictor terms Sk+1, Eirr Ak+1’ k+1’ Qin are described as

1
S]€+1 = S AB(;) l(tk) Sk,gk: Ak) R Qk)

k
¢
" TR 2 G156 AR, O)

1-
511:+1 = 50 + W(;b)GZ(tki Sk: gkv A/(; Rk’ Qk)

k
0]
" BB & G 56 AR, O)
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P 1-¢
Al = Ao+ N Gs(tx> Sk € Ak Rier Qi)

k
¢
" BB & G 56 AR, O)

1-
R = Ro+ —¢G4(tkr8k,€k>AkrRk, Qi)

AB(¢)
o k
t = U)')k.;.leL(t',S‘, 5’; .A',R‘, Q)y
AE(¢)F2(¢) ; 7 =) 7 ]
1-¢
Qﬁ#—l = QO + WG5(tk7 Sk’ gkv A/(; Rk’ Qk)
¢ k
> w165, S, & Aj Ry, Q)),
AB(‘b)Fz(d’) ; J it i} ) =]
where
h?
w1 = —((k+1-)? = (k=/)?), 0<j<k

¢

6.2 Numerical simulations

In this subsection, we demonstrate numerical simulations for the ABC-fractional SMA
model (1.2) by using the Adam type predictor—corrector rule for the ABC-fractional op-
erator [42] as said in the earlier subsection. We use nonnegative parameters to obtain these
numerical results as shown in Table 1.

If we set B = 0.30 and ¢ = 0.998, then R, = 0.3836 < 1 is obtained and the transmission of
the addiction to cease stops, which is the result of the numerical simulation of the ABC-
fractional SMA model (1.2) as shown in Fig. 1 with N = 2000, and (Sy, £, Ao, Ro, Qo) =
(100,1,5,0,10). The disease-free equilibrium point &, = (8.2906,0,0,0,1.6635) in this
case. We notice that the number of exposed and addicted populations rapidly increases
and decreases to zero over time, since when exposed and addicted populations recover,
the number of recovering populations increases, and when the addict’s transmission is
stopped, the number of recovered populations decreases to zero. Moreover, the number
of people who permanently do not use and quit using social media population rapidly

increases and decreases to zero over time, because when susceptible and recovered pop-

Table 1 The description of parameters of the SMIA model (1.2)

Parameter Description of the parameter Value Source
T Recruitment rate of susceptible individuals 0.5 Assumed
I Natural death rate 0.05 [48]

B Transmission rate of addiction to the susceptible individuals 0.1-0.8 [48]

o Contact rate of susceptible individuals with addicted individuals 0.2 [48]

o Proportion of exposed individuals that join addicted class 0.7 [48]

o Induce death rate 0.01 Assumed
$ Individuals that leave exposed class 0.25 [48]

€ Addicted individuals that join recovered class due to the treatment 0.7 [49]

K Susceptible individuals that don't use and/or quit from using SM 0.01 Assumed
y Proportion of recovered individuals susceptible to SMIA 0.35 [50]

n Individuals that leave recoverd class 04 [49]




Kongson et al. Advances in Difference Equations (2021) 2021:356 Page 19 of 29

=]
3

T T
——S(t) - Susceptible Group
——E(t) - Exposed Group
A(t) - Addicted Group
——Ri(t) - Recovered Group
——Q(t) - Don't use and quit using SM Group

©
S
T

N @
S 3
1 1

@
3
1

IS
S
T
1

S(t), E(t), A, R(t), Q1) groups with B < 1
8 g
T T
I I

20 -

! 1 1 1 L I I I I
0
0 20 40 60 80 100 120 140 160 180 200

t (days)

Figure 1 Plots of the result of the model (1.2) for ¢ = 0.998 in the case Ry < 1
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Figure 2 Plots of the result of the model (1.2) for ¢ = 0.998 in the case Ry > 1

ulations with the decrease in the number of addicts again increased the number of people
who permanently do not use and quit using social media population is balanced stable at
1.6635. On the other hand, the susceptible population with the addiction decreased, which
with the decrease in the number of people who are exposed and permanently do not use
and quit using social media populations again increased the number of the good-quality
population and is balanced stable at 8.2906.

Furthermore, if we set 8 = 0.80 and ¢ = 0.998, then Ry = 1.0209 > 1. The endemic equi-
librium point is &* = (8.1212,0.0450,0.0104,0.0236,1.7517). The numerical results of the
ABC-fractional SMIA model (1.2) in this case are shown in Fig. 2. This figure shows that
when Ry > 1 the number of the exposed and addicted populations primarily increase rad-
ically after passing the highest point of the addiction with the transmission of the ad-

diction continues to stabilize at 0.0450 and 0.0104, respectively. Moreover, as the num-
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ber of exposed and addicted populations decreases, the number of the recovered pop-
ulation increases, then decreases and stabilizes at 0.0236. With the recovery of exposed
and addicted populations, the number of people who permanently do not use and quit
using social media population also increases and eventually decreases tend to a stable
point of 1.7517. On the other hand, as the number of the people who are exposed and
permanently do not use and quit using social media populations increases, the num-
ber of the susceptible population decreases and then stabilizes with a little increase at
8.1212.

6.3 The effect of fractional derivative orders
In this subsection, we consider the effect of fractional derivative orders on the results of
the ABC-fractional SMA model (1.2). For this simulation, we apply the numerical scheme
stated in Sect. 6.1 Numerical Method and the parameters as given in Table 1 with 8 =
0.80. The numerical simulations of the system (1.2) are shown in Fig. 3—Fig. 7 for different
fractional orders ¢ = {0.94,0.96,0.98,0.998,1.00}.

Aswe can see from Fig. 3 the susceptible population decreases with various fractional or-
ders ¢ increasing and approaching 1 and then it becomes stable for all fractional orders at
S* =8.1212. Fig. 4-Fig. 5 show that the exposed and addicted populations rapidly increase
and decrease to £* = 0.0450 and A* = 0.0104 with various fractional orders ¢ decreasing
and approaching 1. Fig. 6-Fig. 7 show that the number of people who are recovered and
permanently do not use and quit using SM population rapidly increases and decreases
to R* = 0.0236 and Q* = 1.7517 with various fractional orders ¢ increases approaching 1.
The main point of this manuscript is that tiny changes in the fractional derivative order do
not affect the overall behavior of the resultant functions; only the numerical simulations
are affected. In addition, the absolute errors of the numerical results of the population in
five groups for all fractional orders comparing with ¢ = 1 in the case of 8 = 0.30 are shown
in Table 2—Table 6 and in the case of 8 = 0.80 are shown in Table 7—Table 11.
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Figure 3 The quantity of S(t) via ¢ = 0.94,0.96,0.98,0.998, 1.00
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Figure 5 The quantity of A(t) via ¢ = 0.94,0.96,0.98,0.998, 1.00
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Don't use and quit using SM Group : Q(t)

0 20 40 60 80 100 120 140 160 180 200
t (days)

Figure 7 The quantity of Q(t) with ¢ =0.94,0.96,0.98,0.998, 1.00

Table 2 The values of |S1 - Sy | for ¢ = {0.94,0.96,0.98,0.998}

nx100 ¢ |S1=So0al 181 -Sossl 181 -Sogsl ST~ Sogsl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.7861 0.5441 0.2809 0.0287
2 20 0.7332 0.5485 0.3071 0.0339
3 30 0.8142 0.6232 0.3560 0.0399
4 40 0.8049 06112 0.3452 0.0383
5 50 0.7067 0.5238 0.2879 0.0311
6 60 0.5638 0.4032 0.2132 0.0222
7 70 0.4087 0.2778 0.1387 0.0136
8 80 0.2593 0.1614 0.0719 0.0061
9 90 0.1236 0.0591 0.0150 0.0000
10 100 0.0041 0.0287 0.0326 0.0051
11 110 0.0999 0.1033 0.0722 0.0092
12 120 0.1898 0.1666 0.1051 0.0126
13 130 0.2675 0.2205 0.1327 0.0154
14 140 0.3350 0.2666 0.1560 0.0177
15 150 0.3939 0.3063 0.1759 0.0197
16 160 0.4454 0.3408 0.1930 0.0214
17 170 0.4909 0.3709 0.2079 0.0228
18 180 0.5313 0.3975 0.2209 0.0241
19 190 0.5673 04211 0.2323 0.0252
20 200 0.5996 04421 0.2425 0.0262

7 Conclusion

In this manuscript, we considered a fractional-order SMIA model in the ABC-derivative
sense. The equilibrium points and the system’s basic reproduction number (1.2) have been
determined, and the necessary circumstances for the system’s stability at the equilibrium
points have been examined. The existence results of the solutions for the proposed model
(1.2) were investigated by applying Banach’s and Krasnoselskii’s fixed point theorems. The
stability of the solutions was established by employing the various versions of Ulam’s sta-
bility, such as UH stability, generalized UH stability, UHR stability, and generalized UHR
stability. The novel numerical method, especially the Adams-type predictor—corrector
technique, illustrates the approximate solutions for the different fractional order ¢. A nu-
merical simulation for transmission of addiction in the cases Ry < 1 and R, > 1 is demon-
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Table 3 The values of |£; — £ | for ¢ = {0.94,0.96,0.98,0.998}

nx100 t |E1 = Eogal  |1E1=Eoosl  1E1-Eogsl  1E1 = Engosl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.7769 04692 0.2087 0.0184
2 20 1.8557 1.2096 0.5902 0.0576
3 30 1.1562 0.7214 0.3354 0.0312
4 40 0.6322 0.3730 0.1632 0.0143
5 50 0.3540 0.1990 0.0828 0.0070
6 60 0.2137 0.1166 0.0473 0.0039
7 70 0.1406 0.0759 0.0307 0.0025
8 80 0.0999 0.0541 0.0221 0.0019
9 90 0.0755 0.0411 0.0170 0.0014
10 100 0.0597 0.0328 0.0137 0.0012
11 110 0.0489 0.0271 00114 0.0010
12 120 0.0411 0.0230 0.0097 0.0008
13 130 0.0353 0.0198 0.0085 0.0007
14 140 0.0309 00174 0.0075 0.0007
15 150 0.0273 0.0155 0.0067 0.0006
16 160 0.0245 0.0139 0.0060 0.0005
17 170 0.0221 0.0126 0.0055 0.0005
18 180 0.0201 0.0115 0.0050 0.0004
19 190 0.0185 0.0106 0.0046 0.0004
20 200 0.0171 0.0098 0.0043 0.0004

Table 4 The values of | Ay - Ag| for ¢ = {0.94,0.96,0.98,0.998}

nx100 t | A1 = Agoal A1 - Aogsl A1 —Aoossl A1 - Aogesl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.4406 0.2808 0.1338 0.0128
2 20 06111 0.3939 0.1900 0.0184
3 30 0.3656 0.2257 0.1039 0.0096
4 40 0.1999 0.1171 0.0509 0.0044
5 50 0.1139 0.0638 0.0265 0.0022
6 60 0.0706 0.0386 0.0157 0.0013
7 70 0.0479 0.0260 0.0106 0.0009
8 80 0.0351 0.0191 0.0079 0.0007
9 90 0.0273 0.0150 0.0062 0.0005
10 100 0.0222 0.0123 0.0051 0.0004
11 110 0.0186 0.0104 0.0044 0.0004
12 120 0.0160 0.0090 0.0038 0.0003
13 130 0.0140 0.0079 0.0034 0.0003
14 140 00124 0.0070 0.0030 0.0003
15 150 0.0112 0.0063 0.0027 0.0002
16 160 0.0101 0.0058 0.0025 0.0002
17 170 0.0093 0.0053 0.0023 0.0002
18 180 0.0086 0.0049 0.0021 0.0002
19 190 0.0079 0.0045 0.0020 0.0002
20 200 0.0074 0.0042 0.0018 0.0002

strated and the results display that in two cases the system is stable at its equilibrium
points. We analyzed the dynamic behavior of the SMA system with ¢ approaching 1. Fi-
nally, the system responses were predicted for various fractional derivative orders, demon-
strating that a few changes in the fractional derivative order did not affect the overall be-
havior of the function, just the numerical simulations that occur.

This study would be a new way to explore the mathematical model of SMA with ABC-
fractional derivative. For extension of this work, the researcher may develop and apply this
SMA model with the other types of fractional-order derivative operators.
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Table 5 The values of [Rq - Rg| for ¢ = {0.94,0.96,0.98,0.998}

nx100 t R1-TRooal |R1-Rogsl IR1-Rossl [R1-Rogssl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.3700 0.2530 0.1293 0.0131
2 20 1.2369 0.8260 04129 0.0412
3 30 0.9083 0.5816 0.2778 0.0265
4 40 0.5125 0.3109 0.1399 0.0126
5 50 0.2899 0.1675 0.0717 0.0062
6 60 0.1759 0.0986 0.0411 0.0035
7 70 0.1164 0.0644 0.0267 0.0023
8 80 0.0832 0.0460 0.0192 0.0016
9 90 0.0632 0.0352 0.0148 0.0013
10 100 0.0504 0.0282 0.0120 0.0010
1 110 0.0415 0.0235 0.0100 0.0009
12 120 0.0352 0.0200 0.0086 0.0008
13 130 0.0304 0.0174 0.0075 0.0007
14 140 0.0267 0.0153 0.0066 0.0006
15 150 0.0238 0.0137 0.0059 0.0005
16 160 0.0214 0.0123 0.0054 0.0005
17 170 0.0194 0.0112 0.0049 0.0004
18 180 0.0178 0.0103 0.0045 0.0004
19 190 0.0164 0.0095 0.0042 0.0004
20 200 0.0152 0.0088 0.0039 0.0003

Table 6 The values of [Q1 — Q| for ¢ = {0.94,0.96,0.98,0.998}

nx100 ¢ Q1 - Qoo4l  1Q1-Qoosl 1Q1-CQoosl Q1 - Qoossl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 2.9460 1.9437 0.9588 0.0944
2 20 3.8530 26189 1.3357 0.1360
3 30 1.3208 0.8887 0.4509 0.0459
4 40 04132 0.2819 0.1407 0.0137
5 50 1.2436 0.8329 04154 0.0412
6 60 1.5414 1.0256 0.5100 0.0506
7 70 1.5670 1.0373 05142 0.0510
8 80 1.4662 0.9655 0.4768 0.0472
9 90 13159 0.8615 0.4231 0.0417
10 100 1.1551 0.7511 0.3665 0.0359
11 110 1.0025 0.6471 0.3134 0.0305
12 120 0.8661 0.5547 0.2663 0.0257
13 130 0.7480 04751 0.2261 0.0216
14 140 0.6476 04079 0.1924 0.0182
15 150 0.5630 0.3517 0.1644 0.0154
16 160 0.4921 0.3049 0.1412 0.0131
17 170 04326 0.2659 0.1221 0.0113
18 180 0.3825 0.2334 0.1063 0.0097
19 190 0.3402 0.2060 0.0931 0.0085
20 200 0.3042 0.1830 0.0820 0.0074
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Table 7 The values of | Sy - S| for ¢ = {0.94,0.96,0.98,0.998}

nx100 t |S1-So04l 181 -Sogsl 181 ~Sogsl ST~ Sogsl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.3407 0.2299 0.1164 0.0118
2 20 0.1893 0.1422 0.0813 0.0093
3 30 0.1010 0.0570 0.0198 0.0008
4 40 0.4687 0.3241 0.1652 0.0164
5 50 0.7818 0.5588 0.2982 0.0313
6 60 1.0055 0.7317 0.4008 0.0435
7 70 1.1503 0.8474 04738 0.0529
8 80 1.2366 0.9190 0.5227 0.0601
9 90 1.2832 0.9595 0.5535 0.0654
10 100 1.3043 0.9790 05712 0.0693
1 110 1.3099 0.9851 0.5795 0.0721
12 120 1.3064 0.9828 0.5814 0.0740
13 130 1.2981 0.9759 0.5792 0.0753
14 140 1.2874 0.9664 05743 0.0759
15 150 1.2758 0.9558 0.5679 0.0761
16 160 1.2643 0.9449 0.5607 0.0760
17 170 1.2532 0.9342 0.5532 0.0757
18 180 1.2427 0.9241 0.5457 0.0752
19 190 1.2330 0.9145 0.5384 0.0745
20 200 1.2240 0.9056 05313 0.0738
Table 8 The values of |1 - £ | for ¢ = {0.94,0.96,0.98,0.998}
nx100 t |E1 ~Eogal  |1E1-Eogsl  1E1-Eossl 1€~ Engosl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 2.3330 1.5683 0.7911 0.0798
2 20 2.3304 1.5394 0.7615 0.0753
3 30 1.6432 1.0617 05124 0.0494
4 40 1.1764 0.7514 0.3586 0.0342
5 50 0.9012 0.5763 0.2766 0.0266
6 60 0.7311 04719 0.2306 0.0228
7 70 0.6169 04034 0.2019 0.0207
8 80 0.5343 0.3540 0.1818 0.0194
9 90 04711 03159 0.1663 0.0186
10 100 04206 0.2850 0.1533 0.0179
1 110 0.3792 0.2591 0.1421 0.0174
12 120 0.3446 0.2370 0.1320 0.0168
13 130 0.3153 0.2180 0.1230 0.0163
14 140 0.2900 0.2014 0.1149 0.0157
15 150 0.2681 0.1869 0.1076 0.0152
16 160 0.2490 0.1740 0.1009 0.0147
17 170 0.2321 0.1626 0.0949 0.0142
18 180 0.2170 0.1524 0.0894 0.0136
19 190 0.2036 0.1433 0.0844 0.0132
20 200 0.1915 0.1350 0.0798 0.0127
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Table 9 The values of | Ay — Ag| for ¢ = {0.94,0.96,0.98,0.998}

nx100 t A1~ Aol A1 - Aogsl A1 - Aogsl A1~ Aogosl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.8805 0.5864 0.2929 0.0293
2 20 0.7437 0.4835 0.2354 0.0229
3 30 04924 0.3122 0.1479 0.0140
4 40 0.3401 0.2125 0.0991 0.0093
5 50 0.2546 0.1587 0.0742 0.0070
6 60 0.2034 0.1277 0.0606 0.0058
7 70 0.1700 0.1080 0.0523 0.0052
8 80 0.1463 0.0941 0.0467 0.0048
9 90 0.1285 0.0836 0.0425 0.0046
10 100 0.1144 0.0751 0.0390 0.0044
11 110 0.1030 0.0682 0.0360 0.0042
12 120 0.0935 0.0623 0.0334 0.0041
13 130 0.0855 0.0572 0.0311 0.0039
14 140 0.0786 0.0529 0.0290 0.0038
15 150 0.0727 0.0490 0.0272 0.0037
16 160 0.0675 0.0457 0.0255 0.0035
17 170 0.0629 0.0427 0.0240 0.0034
18 180 0.0589 0.0400 0.0226 0.0033
19 190 0.0553 0.0376 0.0213 0.0032
20 200 0.0521 0.0355 0.0202 0.0031
Table 10 The values of [Ry - Ry| for ¢ = {0.94,0.96,0.98,0.998}
nx100 t R1-TRooal |R1-Rogsl IR1-Rossl [R1-Rogssl
0 0 0.0000 0.0000 0.0000 0.0000
1 10 0.2888 02104 0.1142 0.0122
2 20 1.5940 1.0751 0.5428 0.0547
3 30 1.1569 0.7549 0.3678 0.0357
4 40 0.7942 0.5076 0.2421 0.0230
5 50 0.5826 0.3703 0.1761 0.0168
6 60 04574 0.2922 0.1407 0.0137
7 70 0.3772 0.2435 0.1197 0.0120
8 80 0.3215 0.2102 0.1059 0.0110
9 90 0.2802 0.1854 0.0957 0.0104
10 100 0.2481 0.1659 0.0875 0.0100
1 110 0.2223 0.1499 0.0806 0.0096
12 120 0.2010 0.1365 0.0746 0.0092
13 130 0.1831 0.1250 0.0693 0.0089
14 140 0.1679 0.1152 0.0646 0.0086
15 150 0.1548 0.1066 0.0603 0.0083
16 160 0.1434 0.0990 0.0565 0.0080
17 170 0.1334 0.0924 0.0530 0.0077
18 180 0.1245 0.0864 0.0499 0.0074
19 190 0.1166 0.0811 0.0470 0.0072
20 200 0.1096 0.0764 0.0444 0.0069
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Table 11 The values of |Q1 — Q| for ¢ = {0.94,0.96,0.98,0.998}

nx100 t [Q1-Qooal Q1 -Qossl 1Q1-CQossl Q1 - Qogesl

0 0  0.0000 0.0000 0.0000 0.0000
1 10 5.1605 3.5009 1.7808 0.1808
2 20 42916 2.8933 14625 0.1477
3 30 1.2904 0.8236 0.3936 0.0378
4 40 06949 0.5294 0.2967 0.0323
5 50 1.7232 1.2216 0.6462 0.0676
6 60  2.1497 1.5028 0.7865 0.0817
7 70 22375 1.5545 08111 0.0844
8 80  2.1499 1.4882 0.7768 0.0813
9 90 1.9822 1.3688 0.7163 0.0758
10 100 1.7875 1.2322 0.6476 0.0696
1 110 1.5938 1.0972 0.5798 0.0636
12 120 14144 0.9727 0.5172 0.0581
13 130 1.2545 0.8621 04615 0.0532
14 140 1.1150 0.7658 04127 0.0490
15 150  0.9946 0.6828 0.3706 0.0453
16 160 08912 06118 0.3342 0.0421
17 170 0.8025 0.5509 0.3029 0.0393
18 180  0.7262 0.4986 0.2759 0.0368
19 190 0.6603 04535 0.2524 0.0346
20 200 0.6030 04144 0.2319 0.0326
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