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1 Introduction
Nowadays impulsive differential systems are attracting a lot of attention. They appear in
several real world problems (see, for instance, [1-3]). In general, it is well known that
several natural phenomena are driven by differential equations. However, the description
of some real world problems requires studies on impulsive differential systems, a subject
very interesting from the mathematical point of view. Examples of the aforementioned
phenomena are related to theoretical physics, pharmacokinetics, population dynamics,
biotechnology processes, biological systems, mechanical systems, control theory, chem-
istry, engineering (we also stress that the modeling of these phenomena is suitably for-
mulated by evolutive partial differential equations and, moreover, moment problem ap-
proaches appear also as a natural instrument in control theory of neutral type systems;
see [4—6] and [7-9], respectively).

The literature related to impulsive differential equations is very wide. Here we mention
some recent developments in this field.
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In [10], Shen and Wang considered impulsive differential systems of the following

form:

V(E)+bi1(E)u(E - ) =0, &Fa,E >4,
v(e]) —vley) =Li(v(e), ieN,

oY)

where b € C(R,R) and I; € C(R,R) for i € N, and established some sufficient conditions
that ensure the oscillatory and asymptotic behavior of (1).

In [11], Graef et al. studied the impulsive system

&) =bE)E ~ W) +biE)V(E — ) sgnvE — 1) =0, & =&,

v(ef) =bu(e;), i€N,

()

assuming that b(§) € PC([&, o), R,) (that is, b(§) is piecewise continuous in [£y, 00)), es-
tablished some new sufficient conditions for the oscillation of (2).
In [12], the authors established some new oscillation criteria for first order impulsive

neutral delay differential systems of the form

(W(€) - bE)(E — ) +bi(E)v(E — 1) —ba(E)v(E —u2) =0, w1 >p2>0,
v(e]) =Li(v(e)), ieN,

®3)

li(w)

v

under the assumptions that (&) € PC([&y, 00), R, ) and b; <
Karpuz et al. in [13] extended the results contained in [12] by taking the non-

<1

homogeneous counterpart of system (3) with variable delays.
Oscillation and non-oscillation properties of second-order linear neutral differential
equations with impulses were studied by Tripathy and Santra in [14], where the authors

considered the problem

(&) -bu(E —w)" +bvE — 1) =0, &Fa,iel, @
A(@;) - bule; = ) +byv(e;— ) =0, €N,

where all coefficients and delays are constant. Other sufficient and necessary conditions
for the oscillatory or asymptotic behavior of second-order neutral delay differential equa-
tions with impulses were obtained in [15], where Tripathy and Santra studied systems of

the form

wE)WE) +bE)vE - 1)) +b1(E)gw(E - 1) =0, & FajieN,
Apla)(v(e;) + bla)ulo — w))') + bala)g(v(e; — 1)) =0, ieN.

(5)

In [15], in particular, the authors were interested in oscillating systems that, after a per-

turbation by instantaneous change of state, remain oscillating.
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In [16], Santra and Tripathy investigated the oscillatory or asymptotic behavior of the
solutions for first-order neutral delay differential system

(W(€)-bE)(E - ) +bi(E)gw(E —n1)=0, &Fa;,&>4&,
v(e]) =Li(v(e)), ieN, (6)

v(e — 1) = Li(v(e — 1), i€N,

for different values of the neutral coefficient b.

We also mention the paper [17] in which Santra and Dix, using the Lebesgue dominated
convergence theorem, obtained sufficient and necessary conditions for the oscillation of
the following second-order neutral differential equations with impulses:

@ W ENT) + 20 riE)g(v((§) =0, & >&0,& #aieN,
Ap(o)(H (@))?) + 2277 Filagi(v(it(a))) = 0,

where

HE) = v(E) +bEV(pE),  AvE) = lim vl = lim v(), 15 6(E) <0,
In line with the contents of [17], Tripathy and Santra in [18] examined oscillation and
non-oscillation properties for the solutions of the following forced nonlinear neutral im-
pulsive differential system:

(&) @(&) + bE)v(E — 1)) + r(E)g(u( — 1)) =f(§), &Faniel,

. (@)
Alp(ai)(vai) + blaivlo; — w))') + Fleg(v(ai — na)) = flew), €N,

for different values of b(£) and established sufficient conditions for the existence of positive
bounded solutions of system (8).

Finally we mention the recent work [19] in which Tripathy and Santra studied the char-
acterizations for the oscillation of second-order neutral delay impulsive differential system

PEHE)Y + X% biE)v((5) =0, £ =&,& #a ©)
Ap(o)(H (@))) + 37, bi(a) v (fij(e)) =0, ieN,
where (&) = v(§) + b(§)v(w(§)) and —1 < b(§) < 0.

For further details on neutral impulsive differential equations and for recent results re-
lated to the oscillation theory for delay differential equations, we refer the reader to the
papers [20—-53] and to the references therein. In particular, the study of oscillation of half-
linear/Emden—Fowler (neutral) differential equations with deviating arguments (delayed
or advanced arguments or mixed arguments) has numerous applications in physics and
engineering (e.g., half-linear/Emden—Fowler differential equations arise in a variety of real
world problems such as in the study of p-Laplace equations, chemotaxis models, and so
forth); see, e.g., the papers [4, 44—47, 49, 50, 52, 53] for more details. In particular, by
using different methods, the following papers were concerned with the oscillation of var-
ious classes of half-linear/Emden—Fowler differential equations and half-linear/Emden—
Fowler differential equations with different neutral coefficients (e.g., the paper [43] was
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concerned with neutral differential equations assuming that 0 < b(§) < 1 and b(§) > 1;
in [44] the authors studied neutral differential equations assuming that 0 < b(¢) < 1; in
[46], the authors considered neutral differential equations assuming that b(§) is nonpos-
itive; in [47, 51] the author considered neutral differential equations in the case where
b(§) > 1; the paper [50] was concerned with neutral differential equations assuming that
0 <b(&) <go<ooand b(&) > 1; in [52] the authors considered neutral differential equa-
tions in the case where 0 < b(§) < go < 00; in [53] the author studied neutral differential
equations in the case when 0 < b(§) = by # 1; whereas the paper [49] was concerned with
differential equations with a nonlinear neutral term assuming that 0 < b(§) < a < 1), which
is the same research topic as that of this paper.

Motivated by the aforementioned findings, in this paper we prove sufficient and neces-
sary conditions for oscillatory or asymptotic behavior of solutions to a first-order nonlin-

ear impulsive differential system in the form

(&) +bE)v(E - W) +b1(E)G(V(E — 1)) =f(§), & FapnieN,
Av(e) + blai)v(ei — 1)) + ba(ei)G(u(e; — ) =glai), i€,

where
(a) @ >0, wy >0 are real constants; by, b, € C(R,,R,), b € PC(R,,R);
(b) f,g € C(R,R), G € C(R,R) is nondecreasing with vG(v) > 0 for v # 0;
(¢) a; forie Nwith oy <oy <--- <a; <... and lim;_, o, ; = 00 are fixed moments of
impulsive effect;
(d) A is the difference operator defined by

Av(a) = llm v(n) — lim v(n);

n—a-

(e) there exists F € C(R,R) such that f(¢) = F'(§) and g(o;) = AF(w;), i € N.

Next, we are listing all the assumptions/conditions which we need to study the oscillation
and non-oscillation properties of the solution of system (E).

(A1) limg_, o F(§) =M, |M]| < 00.

(A2) F(&) changes sign with —oo < liminf; o F(§) < 0 < limsup;_, ., F(§) < 00.

(A3) F(&) changes sign with F*(£) = max{F(§),0}, F~(§) = max{-F(&),0}.
(A4) Gisoddwith G(uv) = G(u)G(v), and G(u) + G(v) > AG(u + V) for u,v,A > 0.
(A5) f Bi(§)G(F*(§ — 1)) d§ + Yoy Ba(o)) G(F* (ot — 1)) = 00, where ¢ >0, & > p,

Bi(§) = mln{bl(é), b1(§ — )} and By (o) = min{ba(a;), ba(ei — p)}-

(A6) [2° BuE)GIF (& — 1) dE + 5, Bale) G(F~ (et — jua)) = 00, where ¢ > 0.
(A7) [ bi(E)GE* (& = ) dE + X5, bale) G (@ - 1)) = 00, where g > 0.
(A8) [2°b1(E)G(F~(€ - ) dE + 5%, ba(@) G(F~(a; — 1)) = 00, where 5 > 0.
(A9) [Zbi(E)G(F* (€ + 1 — 1)) dE + 17 o) G(F* (@ + p = p1)) = 00, where ¢ > 0.

(A10) f; b1(E)G(F(E+ - pcl) d“g‘ + > 2 bae))G(F (o + 1 — 1)) = 00, where ¢ > 0.
(All) G is superlinear and &% z v_y foru>vandy > 1.
G(F*( by (0t;) G(F* (ot +u— _
Al12) fg WW E+Zf:1%—oo,where§>0and0<c§1.

b1(§)G(F~ (¢ by (@) GIE” (@j+i—p1)) _
(A13) JZ Wd§+2fﬂm%-oo,whereg>0and0<c§1.

A14~) fO bl S)ds +Zl lbg(a
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2 Sufficient conditions for oscillation
In this section, we establish sufficient conditions for the oscillation of the impulsive system

(E).

Theorem 2.1 Under the assumptions 0 < b(§) < a < oo for & € R, and (A2)—-(A6), every

solution of system (E) is oscillatory.

Proof Let u(£) be a solution of (E). For the sake of contradiction, let the solution be non-
oscillatory. So, there exists & > p = max{u, i1} such that v(¢) >0, v(§ — n) >0 and v(§ -
1) >0 for & > &. Setting

h()=v() +bE)v(E —p), &FaieN
h(o) = v(e) + bla)v(e — i), €N, (10)

and
H(&) = h(§) - F(§), H(oy) = h(e;) = F(e), (11)
it follows from (E) that

H'(§)=-b1(§)G(v(E — 1)) <0, & FHai€N, (12)
AH (o) = ~by ()G (v(et; — 1)) <0, €N, (13)

for & > & > &+ iu1. Consequently, H(§) is nonincreasing and monotonic on [§;, 00), where
& > &1. So, we have the following two possible cases.

Case (i). Let H(&) < 0 for & > &,. Since h(§) > 0, then F(§) > 0 for & > &, which is a
contradiction.

Case (ii). Let H(E) > 0 for & > &,. Ultimately, 4(§) > F(¢) and hence /(§) > max{0, F(§)} =
F* (&) for & > &,. Using (11), the first equation of system (E) becomes

0=H'(§) + b1(§)G(v(E — 1)) + G@)[H'(§ — ) + b1(§ — W)G(v(E — - 1)) (14)
for & > &,. Using (A4), (14) becomes

0= H'(§) + G@H'(§ - ) + Bi(§)[G(v(§ — 1) + Glav(s — = u1))]
> H'(§) + G@H'(§ - ) + AB1(§)G(h(E - 1)) (15)

for & > &3 > & + (1. Similarly, from the second equation of system (E), we get

0> AH (o) + G(a) AH(ov; — 1) + ABa(0t;) G (h(eti — 111)) (16)
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for i € N. Integrating (15) from &; to +00, we have

A / Bi(§)G(h(E — 1)) de
&

3

<-[H&+G@HE -] + Y A[H(@)+G@AH (- w)]

§3=aj<00

<-[HE)+G@HE -] 1 Y Baa)G(hle;— ).

£3<a;<00
Since limg_, o, H(£) exists, then the above inequality becomes
A /E T BUOGUHE - p))de i Y B@)Gllai — ) < oo,
3 £3<a;<00
Consequently,
)»[/EOOBl(S)G(P(S — 1)) dE + Z B (o)) G(F* (a; - #1))i| < 00,
3 £3<a;<00

which contradicts (A5).
If v(€) < 0 for & > &), then we set v (§) = —v(§) for & > & in (E), and we find

l(vl(é) +bE)I(E - ) +b1(E)GWIE - ) =F(§), &£ ppiel, ®

A (o) + blag)vr (o = ) + ba() G(ur (e — 1)) =glas), i€N,
wheref(g) = —f(&), g(o;) = —g(a;) because of (A4). Letting F(£) = —F(&), we have that

—00 < liminf?(é) <0< lim sup EF(£) < 00
=00 i—00

and F’ &) =]7($ ), AF (o;) = g(a;) hold. Hence, proceeding as in the positive solution, we
find a contradiction to (A6).
Thus, the theorem is proved. O

Theorem 2.2 Under the assumptions —1 < b(§) <0 for & € R,, (A2)-(A4), and (A7)-
(A10), every solution of (E) oscillates.

Proof To prove by contradiction, we follow the proof of Theorem 2.1 to get that H(§) is
monotonic on [&;, 00). So, we have the following two possible cases.
Case (i). Let H(E) < 0 for & > &,. Then, for £ > &,

—v(§ - ) = b(E)v(E — 1) < h(§) < F8),

we have v(§ — 1) > —F(§ + - 1), § > &3 > & and hence v(§ — 1) > F7(§ + pn — 1),
& > &3> &,. Thus (12) and (13) are reduced to

H' (&) +bi(§)G(F (6 + - 1)) <0, EHaieN,
AH(a;) + ba(a))G(F (i + = 11)) <0, €N, (17)
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for £ > &. Next, we are going to prove —o0o < limz_,.,H(§) < 0. If not, letting
limg_, oo H(§) = cofor§ > &,.For0 < € < A—y,where A > y > 0, there exists & > &, such that
F(&) <y + € when & > &s. Further, there is & > &5 such that & > &; implies that H(§) < —A,
thatis, v(§) <v(E—p)—A+y +€.For & > & +ju, wehave v(§) <& —ju +j(y + € — A).
In particular, v(& +ju) < v(&) + j(y + € — 1) < 0 for large &, a contradiction to the fact

v(§) > 0 for & > &. Hence —o0 < [ < 0. Integrating (17) from & to +00, we get

| @6 G nm )+ Y baG(E e - ) <o,

56 Eg<atj<00

which contradicts (A10).
Case (ii). Let H(&) > 0 for & > &,. We note that v(§) > k(&) > F(&) for & > &3 > &;. In this
case, limg_. o H(§) exists. Because it happens that v(§) > F*(§) for & > &5, then (12) and

(13) can be viewed as

H'(€) + bi(§)G(F*( — 1)) <0, & Ha;ieN,
AH (o) + by () G(F* (i — 1)) <0, ieN. (18)

Integrating (18) from &3 to +00, we have

[ n@6(EE-m)dsr X )6 @) <oc,

5] £3<aj<00

which is a contradiction to (A7).
The case v(§) < 0 for & > & is similar. Hence the details are omitted.

Thus, the theorem is proved. g

Theorem 2.3 Under the assumption —o00 < —b < b(&) < -1 for § € R, and b > 0, and all
the conditions of Theorem 2.2, every bounded solution of (E) oscillates.

Proof The proof of the theorem can be obtained from that of Theorem 2.2. Hence the
details are omitted. O

Remark 2.1 In Theorems 2.1-2.3, G could be linear, sublinear, or superlinear.

Remark 2.2 In Theorem 2.3, we are restricted on the solution of (E) to ensure the oscil-
lation of (E). If we do not want to restrict on the solution, then G should be superlinear.

Hence, we have the following result.

Theorem 2.4 Under the assumptions —o0o < —b < b(&) < -1for& e R,,b>0,and p > u;,
and (A2), (A3), (A4), (A7), (A8), (A11)—(A13), every solution of (E) oscillates.

Proof The proof of the theorem follows from the proof of Theorem 2.2 except for the case
when H(§) <0, h(&) <0 for & > &;. Since k(&) > b(§)v(€ — ), then

H(&) =h(€) - F(&) = b(§)v(§ —pn) - F(§) foré =&
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implies that H(§) — b(§)v(§ — u) > —F(&) for & > &;. Clearly, H(§) — b(§)v(§ — ) < O is not
possible due to (A3) and the fact that H(§) — b(§)v(§ — ) = v(§) — F(§) > —F(§) ifand only
if u(g) > 0 for & > &;. Ultimately, H(§) — b(§)v(§ — 1) > 0 and hence

H(§) - b(§)v(s — 1) = max{0,~F(§)} = F (%),
that is,

H(E) = bE)v(E — )+ F(§) = ~bu(§ — ) + F(§) > —bu(§ - ) (19)
for & > £, > &. Since H(£) is decreasing and 1 > 11, then it follows that

-H(§) = -H(& + pn— p1) <bv(€ — 1) for§ =&

Therefore,

G(v(€ - 1)) - G(v(& — 1))
[-H(E)]r  — bruY (€ - )

for & > &,. (20)
Consequently,
d _ _
—%(—H@))1 = —(-y)(-HE) 7 (-H'®))
=(y - 1)(-H(&)) "b1(5)G(v(& — m1))

G(v(€ - 1))

>(y - 1)b1(5)m

for& > &,

due to (12) and (20). We may note from (19) that 0 > H(§) > —-bu(§ — n) + F~(§) implies
that v(£ — uy) > b"'F~ (€ +  — pt1), and hence

GWF (5 +p—m)
bY[b7YF-(§ + pu — p1)l”

d _
—E(—H(é))l "> (y - 1)ba(®)

for & > &, due to (A11). Consequently,

§ G(b™'F~(s+ pu — p1))
_ b d
v l)fa 1 FG+u—p)l?

<[, + Y Al (@) (21)

§4=a;<&

Using the inequality
BT =01 <(1-y)b7 (B2-8) fordi<drandy>1,
it follows that

A[-H(@)]"" = [-H(@; +0)]"" = [-H(@; - 0)]"”

<(1-y)[-H(e:i +0)] " A[-H(ay)]
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= (1= y)ba(e)[-H(ei + 0)] 7 G(v(e — 1))

G(u(oy — 1)) [-H(ay)]”
[-H(e)]”  [-H(a; +0)]”

G F(a;+ - 1) [-H())”

= bl i CH G+ O >

=(1-y)by(a)

due to (13) and (20). From (13), it follows that AH(«;) = H(o; + 0) — H(; — 0) < 0, and
hence
[-H(a; -0)]  [-H(e)]

= [-H(; + 0)] [—H(oti +0)] <1, ieN,

that is, {fy} is a bounded sequence. Let ¢ = min;cn{qx}. Then (22) becomes

1-y G F (ot + 1 — 1))
Al-H(a)] " =@ =) ba(e) Fasp i)l (23)

Using (23) in (21), we obtain

G FGs s i) Gw4F1%+M—M0q
— b 4 by (o
¥ DLL Oy B 2 )

<[w (S)];,

that is,

G(F(s+p — 1)) G(F o+ (L — (1))
~-1G(b bi(§) ————ds+ ¢ E by (a;
(J/ 1) ( )I:_/&L 1( ) [F (S+ I/L_//Ll)]y e Ey<a;<E 2 a Ol, M Ml)] ]

<[w e,

due to (A4). Taking limit as £ — oo, we get a contradiction to (A13). This completes the
proof of the theorem. d

3 Sufficient and necessary conditions for oscillation
In this section, we are going to present the sufficient and necessary condition for oscilla-
tory or asymptotic behavior of system (E).

Lemma 3.1 ([4]) Considering b,&,h € C([0,00),R) such that h(§) = v(§) + b(§)v(§ — ),
E>pu>0,v()>0for&>& >p, liminfy oo v(£) = 0 and limg_, oo h(€) = L exist. If b(§)
satisfies one of the following conditions:
(i) 0<a1 <b¢)<a<],
(ii) 1<as <b(€) <ay< o0,
(iii) —oco<—as <b(&) <0,
wherea; >0,1<i<5,then =0.

Theorem 3.1 Under the assumptions 0 < a; < b(§) <ay <1 for &£ € R,, (Al), and G
is Lipschitzian on [c,d], where 0 < ¢ < d < 0o, every solution of (E) either oscillates or
limg_, oo V(&) = 0 if and only if (A14) holds.
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Proof To prove sufficiency, we assume that (A14) holds and v(§) is a solution of (E) on
[€,,00] where &, > 0. If v(£) is oscillatory, then there is nothing to prove. Let the solution
v(£) >0 for £ > &,. Then, proceeding as in Theorem 2.1, we have obtained (12) and (13)
for & > & > & + 1, where & > p > &,. Hence, H(&¢) is monotonic on [£;, 00), where &, > &;.
So, we have the following two possible cases.

Case (i). Let H(£) > 0 for £ > &. So, limg_, oo H(£) exists and lim,_, o H(;) exists. Now,
we are going to prove that v(§) is bounded. If not, there exists {7, } such that n, — oo as
n— 00, v(n,) — oo as n — oo and

v(n,) = max{u(s): & <5 < 1,}.
Therefore,

H(ny) = v(na) + ba)v(ny — ) = F(n) = (1 + ar)v(n,) — F(n,) — +00, asn— 00,
which is a contradiction. So, v(£) is bounded. The same contradiction holds when H(€) < 0
for & > &,. Consequently, H(£) is bounded and lim;_, o, H(£) exists. Our aim is to show that
limg . oo v(§) = 0. For this, we need to show that liminf; o, v(§) = 0 and limsup;_, ., v(§) =
0 for every £ and «;. First, we are going to prove liminf;_, ., v(£§) = 0. To prove this by

contradiction, letting liminf: o v(§) # 0, then for & > & and y > 0, we have v(§ — 1) >
y >0 for £ > &;. Ultimately,

&
/S b1 G(ulk - ) di + 3 ba(@) Gl - 1)

3 £3<a;<é
3
> G(y)[/ by (k) di + Z bz(ai)] — +00, asé — oo, (24)
5 E3=0y<

due to (A14). Again, if we integrate (12) from &; to &, we get

§
[H)];, + L bi(k)G(u(s— 1)) ds— Y AH() =0,

§3=<a;<é

and hence, using (13), it follows that

&
[ 06t - ) de+ 3 baa)Gvla - )

& E3<a;<E

= —[H(/c)]z3 <00, as& — oo. (25)

Using (24) and (25), we have a contradiction. So, liminfs_, ., v(§) = 0 for & > &;. Since
limg_, o H (&) exists, then limg_, o 4(§) exists due to (A1). Therefore, by Lemma 3.1, we
conclude that limg_, o, #(§) = 0. Consequently,

0= Elim h(§) =1lim sup (v(§) + b(E)v(E — w)) = lim sup v(§)
—>0o0 £—00

E—>o0
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implies that limsup;_, ., v(§) = 0. Ultimately, lim;_.o v(§) = 0 for § # o;, where i € N.
Note that {v(«; — 0)} and {v(e; + 0)} are sequences of real numbers and v is continu-
ous. So, we have lim;_, o, v(r; — 0) = 0 and lim;_, o v(e; + 0) = 0 due to liminfs ., v(§) =0
and limsup;_, , v(£) = O respectively. Hence, for all £ and «;, where i € N, we have
limg_, o v(§) = 0.

The similar procedure can be followed when v(§) < 0 for & > &, to show that
limg_, oo v(§) =0.

Next, to prove the necessary part, we assume that

| m@de+ Y bater<oo, 26)
0 i=1

and we must have to prove that the impulsive system (E) has a non-oscillatory solution
and limg_, o v(£) # 0. If possible, let there exist £ > 0 such that

o0 ad l-a
/EI by(ic) dic +;b2(ai) < 2

where L = max{L;,G(1)} and L; is the Lipschitz constant on [116’2,1]. By (A1), let

limg_, o F(§) = M. Then we can find & > & so that |[F(§) — M| < 1;82 for & > &,. For

& > max{&;, &}, we assume X = BC([&3,00), R), (that is, the space bounded continuous

real-valued functions on [&3, 00)). Therefore, X is a Banach space with respect to sup norm
defined by

]l = sup{|vi(&)] : & = &}.

Let us define

1—612

S={v€X: SU(S)Sngés}.

Clearly, S is a convex and closed subspace of X. Let : S — S be an operator defined by

(Qu)(&3 + p), & el&,85+p],
—b(§)v(E - p) + 52 + (F(€) - M)

+ [ bik)G(u ke — ) dic

+ Dy D2(@)G(U(0i — 1), E=E3+p.

(Qu)(§) =

Forevery & €S,

(QU)(E) < - IO”Z L1 +54“2 + G(l)[/S by () dic +53<Zw<s bz(ai)]

l-a, 1+44a, l-a, 1+a,
+ + =
10 5 5 2

<
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and

1+ 4a,

(Qu)(§) = -b(E)v(E — ) + 5 + (F(§) - M)

1+4a, 1-a, 1-a,
= —dy + - =
5 10 10

imply that (Qu) € S. Again, for vy, v, € S,
[(Qu1) (&) - (Qua)(&)
< [BE)| |16 - 1) - val& — )| +L1/s b |Vl = 1) - valc — )| die

’

+1; Z ba(eti)|vr (e — 1) — vale; — 1)

§3=<a;<§

that is,

[(Qu1) (&) - (Qua)(E)| < azllvr — vall + Lillvy — va| |:/E by (k) dic + Z bz(%’)]

&3<a;<é
1- ay
<|\®@t— lvr = vall,s

that is, 2 is a contraction mapping with the contraction (a; + 1‘5"2) = % < 1. Note that

Q is a contraction on S and S is complete. Then, by using the Banach fixed point theorem,

1-ay
10 ’

& has a unique fixed point on [ 1]. Hence Qu = v and

v(és + p), & € [&,83 + pl,
—b(§)v(§ — p) + 52 + (F(€) - M)

+ o bi()G (vl — 1) dic

+ Dty caree 2(@)G(i — 1)), E=E&+p,

v(§) =

is a non-oscillatory solution of system (E) on [1132 ,1] such that limg_, o, v(§) # 0.

Thus, the theorem is proved. g

Theorem 3.2 Under assumptions 1 <as <b(§) <as<oofor& eR,, a% > dg, (Al), and G
is Lipschitzian on [c,d], where 0 < ¢ < d < 00, every solution of system (E) either oscillates
orlimg_. v(§) = 0 if and only if (A14) holds.

Proof The proof of the sufficient part is the same as in the proof of Theorem 3.1.
To prove necessity, we assume that (26) holds. So, & > 0 we have

agl

[ nE)de + bt < 5

where L = max{Li,L,} and L, is the Lipschitz constant of G on [c, d], where L, = G(d) such
that

2c(as? — ag) — aglas + as> - 2) as—1l+c asas + as® - 2)
a= , b= c>—=_= =50

2a3%a, as 2(as? - ay)
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Also, we can find &, > 0 such that [F(§) - M| < %(dg —1) for & > & > &. Next, we define a
Banach space X as in the proof of Theorem 3.1 with respect to the sup norm

]l = sup{|vi(&)] : & = &}.
Define
S={veX:a<v()<bt=>6&}

Clearly, S is a convex and closed subspace of X. Let 2: S — S be an operator defined by

(Qu)(& + p), & el&, & +p],
_ v+ | FE+)-M P
(Qu)(€) = bE+p) b(E+u) bE+p)

+ 5 Uiy L1060 G (0K = 1)) dic
* 2525%<$w by(a))G(u(a; — 1)), &€=& +p.

Foreveryv €S,

(Qu)(§) < Gld) I:/OO by(k)dk + Z b2(ai)] + B 1 ¢
&

bE +10 Lo L 2b(E +10) " bE+ )
ey ],
as
and
(Qu)E) > v +p) FE+pn)-M c b as-1 ¢

“bE ) | bE+p) bE+w) az 2as a4

as—1+c as—-1 ¢ 2clas®—ay) —aslas -2 +as?)
+ — =

6132 2613 ag 26132114,

implies that Q2 € S. For v;, 1, € S,

(Qu)(E) - (Qua)(E)] < ﬁws 1) = vt + )|

b&+pun
+ %[/Em by (i) |1 (c — 1) = valk — 1) dic

Y bale)|viles - ) = vale — )

B <ai<k+u

I

that is,
[(Qu1) (&) - (Qua)(&)|

1 G o0
S—||U1—U2||+—( )||U1—U2||[ bi(k)dk + E bz(Oli)i|
as as

Een §x<aj<E+p
1 as — 1
<|—+ lvr = vall,
as 2&13
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that is, Q is a contraction mapping with the contraction (“L + “23’—_1) < 1. Hence, by the
3 a3

Banach fixed point theorem, 2 has a unique fixed point on [4, b] which is a non-oscillatory

(specially positive) solution of system (E).

Thus, the theorem is proved. d

Theorem 3.3 Under the assumptions —1 < —as < b(§) <0 for § e Ry, a5 > 0 and (A1),
every solution of system (E) either oscillates or limg_, o, v(€) = 0 if and only if (A14) holds.

Proof For the sufficient part, we follow the proof of Theorem 3.1 to show that v(§) is
bounded when H(§) > 0 for & > &,. Also, v(§) is bounded when H(£) < 0 for & > &,. Con-
sequently, limg_, oo H(&) exists and hence limg_,  #(§) exists. By Theorem 3.1, it is easy to

prove that liminf;_, o, v(£) = 0, and by Lemma 3.1, limg_, o /(£¢) = 0. So,

0= Jim h(6) =1lim sup ((€) + b(E)u(E -~ )

> lim sup v(£) + lim inf(—a5u(5 - M))

E—>o00 §—

=(1—as)lim sup v(§)

E—o00

implies that limsup;_, ., v(§) = 0. The rest of the sufficient part comes from the proof of
Theorem 3.1.
Next, we suppose that (26) holds. Then there exist &;, &, > 0 such that

o > 1—615
/& bl(s)d&;bz(amm for £ > &

and |F(§) - M| < 1;35 for & > &. Next, we define a Banach space X as in the proof of

Theorem 3.1 with respect to the sup norm

]l = sup{|va(€)] : & = &)

Let K ={x € X:v1(§) > 0,& > &}. Then X is a partially ordered Banach space (see, for
instance, [54], p. 30). For x,y € X, we define x <y ifand only if x — y € K. Let

1—6l5
20

S:{UGX: §u(é‘)§1,.§z§3}.

If vp(€) = %, then vp € S and vy = g.l.b S. Further, if ® C §* C S, then

1—ﬂ5

S*:{UGX:llsv(S)slz, 511,1251}'



Santra et al. Advances in Difference Equations (2021) 2021:283

Page 15 of 20

Let vo(&) =13, & > &, where I}, = sup{l;: 145 — ], <1}. Then vy € S and v = Lu.b S*. For

20
&4, =&+ p,define&:S— Sby

(Qu)(&a),

—b(E)(E - 1) + Tg* + (F(E) - M)
+ [ bi()G (vl = 1)) dic
+ gy <uiee 2()G(U(0s — 1)), & > Ea

§ € [83,84],

(Qu)(§) =

Foreveryv €S,

(QU)(E) < as + G(l)[ /g " ) di +

Ey4<a;<&
1+ Sﬂg
<
4
and

1—!15 1—615 1—615 1—615
Q = F -M — =
(Qu)E) = — 7= + (F(E) - M) — 20 20

3 bz(ozi):| .1 ;:5 ¥

1—ﬂ5

10

implies that Qu € S. Now, for vy, vy € S, itis easy to verify that v; < v, implies that (Qu;) <

(Quy). Hence, by the Knaster—Tarski fixed point theorem (see, e.g., [54], Theorem 1.7.3),

2 has a unique fixed point such that lims_, o, v(§) # 0.
This completes the proof of the theorem.

O

Theorem 3.4 Under the assumptions —00 < —as < b(§) < —ag¢ < -1 for § e Ry, as,a¢ > 0,

(Al), and G is Lipschitzian on the intervals of the form [c,d], where 0 < ¢ < d < 00, every
bounded solution of (E) either oscillates or limg_, o v(§) = 0 if and only if (A14) holds.

Proof The proof is totally the same as in the proof of Theorem 3.2, but, for the necessary

part, we provide the following settings:

/El bl(K)dK+i21:b2(Oél')<a62—zl and |F(§)—M| >%(a6—1),

where L = max{Li,L,} and L is the Lipschitz constant of G on [c, d], where L, = G(d) such

that

cas — as(as — 1)
a=————77,

asde

1 c
b=—+ ,
2 &ZG—].

as(ag — 1)
>—"">
de

O;
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and

(Qu)(& + p), & elé, &+ p]

_vE+p) | FE+uW)-M ¢
(Qu)(&) = b(E+p) b(E+1) b(§+)

* m [ftiou bi(s)G(v(s — p1)) ds
+ D gy <aieeep D2(@)GU( = 1)), E =6 +p.

This completes the proof of the theorem. O

Remark 3.1 In Theorems 3.1-3.4, we do not have any restriction on G (that is, G could be

linear, sublinear, or superlinear).

4 Conclusion
In [20], the author studied the oscillatory behavior of solutions of the impulsive system

(W) +bE)vE - w) +b1(5)G(E — 1)) =0,  EFaieN,

(E1)
Au(ay) + Bala)u(ey — ) + e G(uloy — 1)) =0, ieN,
under the sufficient condition
| mde + b - 27)
0 i-1

Because of Theorem 3.1 [20], (27) could be a sufficient and necessary condition for the
oscillatory and asymptotic behavior of solutions of system (E1) for different ranges of the
neutral coefficient b(§). We guess that (27) could be a sufficient and necessary condition for
the oscillation of a non-homogeneous counterpart of (E). In this work, we have obtained
sufficient conditions for the oscillation of (E), which is presented in Sect. 2, and in Sect. 3
we have established sufficient and necessary conditions for the oscillatory or asymptotic
behavior of (E).

It would be of interest to examine the oscillation of (E) with a different neutral coef-
ficient; see, e.g., the papers [43, 46, 47, 50-53] for more details. Furthermore, it is also
interesting to analyze the oscillation of (E) with a nonlinear neutral term; see, e.g., the
paper [49] for more details.

Remark 4.1 Theorems 3.1-3.4 hold true for M = 0.

Remark 4.2 Lemma 3.1 does not hold when b(§) = 1 for all & (see, e.g., [54]), and the
present study does not allow us when b(§) = -1 for all £&. Thus, in this paper, we have
obtained necessary and sufficient conditions for the oscillatory or asymptotic behavior
of (E) except b(&) = £1 for all &. Hence, it is clear that a different method is necessary
to study the oscillatory or asymptotic behavior of (E) when b(§) = 1. However, we have
established sufficient conditions for b(&) = £1 in Sect. 2.

5 Examples
In this section, we provide two examples to validate our main results.
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Example 5.1 Consider the impulsive system

WE) +20(E -1)) +4E -D*VYE-1)=-5, &>1,

A((e) + 20(e; = 1) + bala)v(e; — 1) = — 2,

(E1)

where by (o) = %, ;=24 ieN, and G(&) = &3, If we choose F(£) = SLZ’ then
F'(&§) = _E% and

AF(O[,‘) = F((X,‘ + h) —F(ai - h)
=F(2'+h)-F(2' - h)

4h2t )
Z—M =g(0[l'), ieN.

Clearly, (A14) holds. Since the conditions of Theorem 3.2 are true for (E;), then every
solution of (E;) either oscillates or tends to zero as & — oo. In particular, v(§) = E% isa

solution of the impulsive system (E;).

Example 5.2 Consider the impulsive system

@) +vE -m) +v(E - F)=cos6-7), §>7,
A(v(y) + v(a; — 1)) + bale)y(e; — ) = 2sin(h) cos(k — ),

(E2)

where b, («;) = #t(h), a;=i,i €N, G(§) =§&,f(§) = cos(§ - 7). Indeed, if we choose F(§) =
sin(§ — 7), then F'(§) = f(£) and
AF(o;) = F(a; + h) — F(a; — h)
=F(@i+h) -F(i-h)
= ZSin(h)(sin(i) + cos(i)) =gla;), ieN

Clearly,
i 5
F*(e) = sin(§ - %), 2nm+F <& <2nmw+ 7,
0, otherwise,
and
_Sin —l, 2nn+5_f[< <2n7T+9—”,
Fe= | Y <& <o+ 2
0, otherwise,
imply that
F*(g_Z): —cos(§), 2mm+Z <& <2nm+3,
4 0, otherwise,

Page 17 of 20
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and

F‘(g n) sin(&), 2nn+37”§$§2mr+57”,
-5 )=

0, otherwise.

Since

3

00 & 2nm+ 5
/1 F+(§_%)d$:2/ [—cos(f)]d&zoo,

T
n=0 Y 2nm+y

then, forn=0,1,2,..., we get

<, T ad 2 o, T\
/z; F (s_Z)d$+;<l+cot(h)>F ("Z)‘OO'

Clearly, (A2)—(A6) are satisfied. Hence, by Theorem 2.1, every solution of (E;) is oscilla-
tory. In particular, v; (§) = cos(§) is a solution of (E5).
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