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1 Introduction
For the set of real numbers R, the set of integers Z, and the set of natural numbers N, let
us denote Z(a) = {a,a +1,...} and Z(a,b) = {a,a + 1,...,b} when a < b.

Consider the following Dirichlet boundary value problem:

Alp(k)gp(Aulk —1)] + Af (k,u(k)) =0, keZ(1,T),
u(0)=u(T +1) =0,

(1.1)

where T € N, A is the forward difference operator denoted by Au(k) = u(k + 1) — u(k),
A%u(k) = A(Au(k)), ¢, is the p-Laplacian operator, namely, ¢,(s) = Is|P2s, p> 1, f(k,-) €
C(R,R) for each k € Z(1, T).

Difference equations have been widely applied as mathematical models in biology,
physics, and other research fields [1-5]. For instance, the qualitative analysis of equations
with p-Laplacian-like operators has become an important research topic due to the fact
that these equations arise in a variety of real world problems such as in the study of non-
Newtonian fluid theory and the turbulent flow of a polytrophic gas in a porous medium;
see [6—8] for more details. Accordingly, the research of the difference equations has at-
tracted much attention in recent years. The upper and lower solution techniques, as well
as the fixed point methods [9, 10], are useful tools in researching the BVPs of difference
equations. In 2003, the second-order difference equation was first studied by Yu and Guo
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[11] via the critical point theory, and some results on the existence of periodic solutions
and subharmonic solutions were obtained. Since then, many researchers have explored
the difference equations by mainly using the critical point theory to show a lot of inter-
esting results on BVPs [12-19], periodic solutions [11, 20-22], and homoclinic solutions
[23-33].

In [21], Yu et al. studied the following second-order difference equation:

Alp@)Au(t - 1)] +q(O)u(t) =f(t, ut)), teZ. (1.2)

Based on the critical point theory, some sufficient conditions to prove the existence of
periodic solutions of (1.2) were derived. In [31], the variational method was also explored
to prove the existence of nontrivial homoclinic orbits for (1.2).

In [34], Ma studied the following homogeneous and linear difference equation:

Alp()Au(t - 1)] + q(t)u(t) =0, ¢ Z(1), (1.3)

and some results on recessive and dominant solutions were established. In [35], Long, Yu,
and Guo considered the disconjugacy and the C-disfocality of (1.3), and several sufficient
conditions were derived explicitly in terms of equation coefficients.

For p(k) =1 in (1.1), Jiang and Zhou [36] showed the existence of three solutions of
(1.1). The aim of this paper is to prove that the three solutions exist for (1.1) by using
different methods. Moreover, by using a new strong maximum principle established in
this paper, we prove that the three solutions are positive under suitable conditions. Even
in the special case p(k) = 1, the existence results of three nontrivial solutions for (1.1) are
new. However, as shown in the last Example 4.3, the conclusion about the three solutions
using [36, Theorem 3.1] cannot be acquired.

The rest of this paper is organized as follows. Some preliminaries are presented in Sect. 2.
Our main results are given in Sect. 3. Finally, we give three examples to confirm our find-
ings in Sect. 4.

2 Preliminaries
Let X denote a finite-dimensional real Banach space and let I, : X — R be a functional
satisfying the following structure hypothesis:
(H1) L(u) = ®(u) — AV (u) for u € X, where A >0, ®,¥ : X — R are two continuous
functions of class C! on X with @ is coercive, that is, lim,— . ®(u) = +00.
The following lemma comes from Corollary 3.1 of [37].

Lemma 2.1 Assume that (Hy) holds together with the following conditions:
(Hy) @ is convex and infy ® = ®(0) = ¥(0) = 0;
(Hs) Ifx1, x5 are local minima for the functional I, (u) = ®(u) — AV (u) such that W(x;) > 0
and V(x3) > 0, then

inf \Il(txl +(1- t)xz) >0.
te(0,1]

Further, assume that there are two positive constants p1, py and v € X, with p; < ®(v) < 2,
such that
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Then, for X € ( e , min{ S T LTy r— 1), the functional I, admits at

least three distinct critical points uy, uy, uz such that u, € ®~1(—o0, p1), uy € (o1, 02/2),

and uz € ®1(—00, p3).

Let us introduce another condition as follows:

(A) Let (X, ] - ||) be a real finite-dimensional Banach space, and let ®, ¥ : X — R be two
continuously Géteaux differentiable functionals, with ® being coercive and infy ® =
®(0) =¥ (0)=0.

Lemma 2.2 ([38, Theorem 4.1]) Assume that (A) holds and there exist r > 0 and x € X,

with r < ®(x), such that
(a1) SUPg(x)<r V(%) < (%)

v @’
(ap) Foreach A € A, := (%, W), the functional ® — MV is coercive.

Then, for each A € A,, the functional ® — AV has at least three distinct critical points in X.

Consider the T-dimensional Banach space

X:{M:Z(O,T+1)—>R:u(0):u(T+1)=O},

equipped with a norm || - || given by
1
T+1 ?
lu| = (Zym(k— 1)]") , ueX.
k=1

Define two functionals on X as follows:

(u) = 1% > opR)|duk -1, W)=Y F(kuk), ueX, (2.1)

k=1 k=1

where F(k, &) = fogf(k, s)ds for & € R. Obviously, ®, ¥ € C!(X,R).
Define

Li(u)= o) - AV (u), uelX. (2.2)

Through careful calculations, for each u,v € X, we see that

0 - i L9200

t
T+1 T
=) " pR)| Aulk - 1) Autk — DAk = 1)~ 2 f (k, ulo) v(k)
k=1 k=1

T
=Y PRy (Au(k — 1)) Avlk - 1) = p(T + 1) (Au(T))W(T)
k=1

Page 3 of 15
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T
=3 f (k u(k))v(k)
k=1

T
= PRIy (Dulk = 1))k = DI = >~ Alpk)gy (Dulk - 1)) ]v(k)

k=1

T
—p(T + D) (Au(T)WT) = 1Y f (k, u(k))v(k)

k=1

T T
= =1 Alplog,(Dutk = 1))] + 2. f (k u(k)) tv(k).
k=1 k=1

Thus

T
L(u)) = - Z{A[p(k)qbp(Au(k - 1)) ] + M (k, u(k)) }v(k) =0 (2.3)

k=1

is equivalent to

0 (2.4)

A[p(k)dy(Autk — 1)) ] + Af (k, u(k))

for any k € Z(1, T') with u(0) = u(T + 1) = 0. That is, each critical point of the functional
I, corresponds to a solution of (1.1). Therefore, we simplify the solution of (1.1) into the
problem of finding the critical points of I, on X.

Lemma 2.3 ([36]) For any u € X and p > 1, one has

(T +1)-Dp
max_|u(k)| < ————||u]. (2.5)
keZ(1,T) 2

Lemma 2.4 Assume that u € X is such that either

ulk)>0 or - A[p(k)(bp(Au(k - 1))] >0, (2.6)
fork e Z(1,T). Then, either u(k) >0 for all k € Z(1,T) or u=0.
Proof Letje Z(1,T) and

u(j) = min{u(k) ke N(1, T)}.
If u(j) > 0, then it is clear that u(k) > 0 for all k € Z(1, T). If u(j) < 0, then u(j) = min{u(k) :
ke N, T + 1)}, since Au(j —1) = u(f) —u(j — 1) < 0 and Au(j) = u(j + 1) — u(j) > 0. As
¢,(0) = 0 and ¢,(s) is increasing in s, we obtain

dp(Lu(j)) = 0> ¢, (Au(j - 1)). (2.7)

Owing to p(j + 1) > 0 and p(j) > 0, it holds that

PG+ D)o, (Lu(j)) = 0= p(i)d,(Lu( - 1)). (2.8)

Page 4 of 15
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On the other hand, by (2.6), we have

pi+ 1)¢p(Au(])) = P(j)¢p(Au(j - 1)) (2.9)

By combining (2.8) with (2.9), we have p(j + 1)@, (Au())) = 0 = p()@,(Au(j — 1)).

Thus, u(j + 1) = u(j — 1) = u(j). If j + 1 = T + 1, then we can get u(j) = 0. Otherwise,
j+1eN(1,T). Replacing j by j + 1, we can get u(j + 2) = u(j + 1). Continuing this process
T +1 —j times, we have u(j) = u(j + 1) = u(j + 2) = --- = u(T + 1) = 0. Similarly, we have
u(f) =u(j—1) =u(j—2) =--- =u(0) =0. Thus, # = 0 and the proof is completed. O

3 Main results
For two positive constants ¢ and g, we denote

_ X Flko) (Y ~ _
)= =52, Fl= ;F(k, 9. min {p()} =m>0.

Theorem 3.1 Suppose that for k € Z(1,T), f(k, u) is a continuous function with respect to
u, and ci, ¢p, and d are positive constants, with

1 1
2c1mP 2¢omP
<d<

(T+1)7 (p(1) + p(T + 1)) (T+1)'7 Q) + p(T+ )7

(3.1)

such that
-1
(e1) max{I'(c1),2I (c2)} < mr(ﬂg-
Then, for each

i e (2(19(1) +p(T +1)) m2? )
pr(d) "p((T + 1)P~Y) max({I(c1), 2T (c2)}

2 e

problem (1.1) has at least three solutions u' (i = 1,2,3), with u' € ®(-o0, p1), u
m(2c1 )P _ mQ2c)
T Ty P27 Ty Ty

O L(p1, p2/2), and u® € =1 (-00, ps), where p; = T

Proof Our idea is to use Lemma 2.1 to confirm our conclusion. First, we prove the coer-
civity of ®. Since

T+1

() = ; S o) St = 1)

k=1

T+1

zlmZ’Au(k—l)’p (3.2)
L

m
= —lull?,

we see that @ is coercive.
Next, we prove that ® is convex. Consider y = x” for x > 0. By taking the derivative of y
with respect to x, we have

y=p, Y =pp-1x7>0.
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2

So, y = #” is convex on [0, +00). That is, > (252)P. From

Ui +u 1< 2
o4 2) -z p(k)‘Ai

lip(k)(|Aul(k)| + | Aus(k )|)”

) 2
T

;2: ww?AuﬂMWEIAuxMW) (3.3)
k=1

Il
N =
P RS

T T
}9 > pli) A (0 + ; S pld) Aus ) yp)
k=1

k=1

N

(@(1) + P(u2)),
we know that @ is convex. From the definitions of ® and ¥, we have
inf & = ®(0) = W(0) = 0.

Therefore, ® and W satisfy hypotheses (H;) and (H;) of Lemma 2.1. Now, let x; and x;
be two local minima for [;. Then, x; and x, are two critical points of ;. In this case, x;
and x; are two solutions of (1.1). By Lemma 2.4, we have x; > 0 and x, > 0. Consequently,
we obtain tx; + (1 — £)xy > 0 for ¢ € [0, 1]. It follows that W (£x; + (1 — £)xy) > 0 and (H3) is
verified.

1
When [|u|| < (221)7, by Lemma 2.3, we have

=Ci.

1
T +1)-Vip b
keZ(1,T) 2 m

Similarly, it holds that

max |u(k)| (T%sz) =cy

keZ(1,T) m

1
for u € X with ||u|| < (222)7. Taken together, we have

SUPueo-1(-oo,p) W (H) _ U ey ke F(k, (k)
P1 - o1
" (3.4)
_p(T+1y7) &
S ZF(k c1)

p(T + 1Y)

I'(c1),
-y (c1)
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and

F(k, u(k
Supued)*l(foo,pz)‘l’(bl) - SllpHu” 19/)2 1 Zk ( I/l( ))
P2 - 02
- i Flke)
” (3.5)
p—1
_p(T+1) )ZFkCQ)

m(2¢y)?

(T 1Y
N m2P

F(Cz).

By (3.4) and (3.5), we verify assumptions (i) and (ii) of Lemma 2.1.
On the other hand, select v € X such that

d, ifkeZ(1,T),
0, ifk=0o0rk=T+1.

V=

Then we have ®(v) = % Hence, from (3.1), we obtain
1< P@) < %

Moreover, we have

20(v) _ 2(p(1) +p(T +1))

Ve @) (36)

1)+p(T+1)) 2P
By Lemma 2.1, for A € ( pd> p((T+l)p’l)IZle{F(cl),ZF(cz)})’ problem (1.1) has at least

three solutions #’ (i = 1,2, 3), and

1 3 m(2c,)?
u ed <—OO,W);

u2€q>1< m(2¢1)? m(2cy )’ )
p((T +1)P71) 2p((T + 1)71) )’

® m(2cy)?
“e (_°°’ (T + 1),,_1))-

Thus, the proof of Theorem 3.1 is completed. O

Let

Flou) = a(k)y(u), ifu=>0,
' 0, ifu<o,

forall (k,u) e Z(1,T) x R

Page 7 of 15
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Next, we consider the following discrete system:

Alp(k)pp(Aulk —1)] + ra(k)y(u(k)) =0, ke Z(1,T),
u(0)=u(T +1) =0,

(3.7)
where « : Z(1, T) — R is a continuous function and y : [0, +00) — R is a nonnegative con-
tinuous function with y(0) = 0.

Corollary 3.1 Suppose that ¢y, ¢z, and d are positive constants satisfying (3.1), and
{fo Ode 2% ye)ds ) m2r L [ yie) g

(e2) max

1 Cg (p(D+p(T+1))(T+1)P~1qp *
Then, for each
S— <2wu»+p0ﬂ+nn# m2 )
T d ’ <
Zk:l a(k) pfo y(g)dé}‘ p((T + I)P‘l)max{Joly dé 2] Lpé)dé}
1 2
problem (3.7) has at least two positive solutions.
Next, let us give another theorem as follows:
Theorem 3.2 Suppose that ¢ and d are positive constants such that
1 1P (p(1) + p(T +1)) > m2oP (3.8)
p TP p(T + 1 '
and satisfying
(i) f(k,&)>0foreachk € Z(1,T) and & € [-c,d];
(ii) pE? S Fp(T+1)P1
|dIP (p(1)+p(T+1)) m2c) 7’
(i) limsupp|_, .o l(ék‘;f) <5
Then, for each ) € A, (‘d‘p(p pl_ff (D) V5 (;23 1), problem (1.1) has at least three non-
trivial solutions.

Proof Apparently, condition (A) in Lemma 2.2 is tenable. Theorem 3.2 can be established
after verifying (4;) and (a;) in Lemma 2.2.
Let
~ m(2c)?
p(T+ 1P

For u € X and ®(u) < r, according to (3.2) and due to |«| > 1, we have

nws(£¢w0”s(30”=—¥§;r
m m (T+1) 7

Using Lemma 2.3, we have ||u#|/» < c. Thus,

SUP<1>(u)5r‘I’(”) Supuuuooq Zk 1 F(k, u(k))
r r

- Z/<T=1 maxs<¢ F(k, s) _ Fep(T +1)P!
- r m(2c)?

Page 8 of 15
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d, ifkeZQ1,T),
0, ifk=0ork=T+1.

Clearly, iz € X. It follows from (3.8) that

_o 1 m(2c)?
— 2 7
®(ir) = » |d| (p(l) +p(T + 1)) > ATl r.
Moreover, one has
V@) pYiaFd) pF (3.10)
() |dP(pQ)+p(T +1) |dP(pQ) +p(T + 1))
Therefore, by (3.9) and (3.10), condition (a;) follows.
In order to verify the coercivity of the functional ® — AW, we first suppose that
k:
lim sup (k.) >
|E]—+00 |S |p
According to condition (iii), there exists ¢ such that limsup _, ., % <e< %. Thus,

there exists a positive constant /4, such that
F(k,§) <el§lP + he,

for each & € Rand k € Z(1, T). According to Lemma 2.3 and due to A < I__Ls)pl, one has

p(T+ 1P
T T
Ay Fkoutk) <) [e|u®)] +he]
k=1 k=1
AeT(T + 1)1
HTTAD e 4 2T, (811)
20
eTmcP m(2c)’ T
< el + ————he
Fep Fep(T + 1)1
for each u € X. Therefore, we have
1 T+1 T
D(u) - AW(u) = = Y p(k)|Auk - 1)) =1 " F(k, u(k))
p k=1 k=1
Tmc? 20T
e = ST~ T (3.12)
P Fep Fep(T + 1)1
[m  eTme ull? m2c)’ T
lp Fep Fep(T +1p-17°

for |lu|| > 1. This gives lim,— +00 P (%) — AW (1) = +00.
On the other hand, if

i F(k,€)
1m sup <
|E]—+00 |%~|p

Page 9 of 15
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there is a positive constant %, such that F(k, &) < k., and so arguing as before we have

T+1 T

B(u) = AW (1) = - > o pt)| dutk = 1) " =2 F(k, u(k))
p k=1 k=1 (3.13)
S P

Fep(T +1)p-1 ¢

for ||u|| = 1. Again, we obtain lim,) 40c P(#) — AW (1) = +00, and thereby condition (a;)
holds.

In summary, all the hypotheses in Lemma 2.2 have been demonstrated to be true. There-
fore, the functional ®(u) — AW (u) has at least three different critical points for each A € A,,
and the proof is completed. d

Now, let

§
P*(k,g):/o flktt)dt, (k&) eZ1,T) xR,

where t* = max{0,t} and I = ® — AW*. Here ® is defined by (2.1) and
T
W (u) = F*(k,ulk)).
k=1

Clearly, I € C'(X,R) and the critical points of I; provide the solutions to the following
problem:

Alp(k)gp(Auk —1))] + Af (k,u* (k) =0, keZ(1,T),
u(0)=u(T +1)=0.

(3.14)

We have the following

Corollary 3.2 Suppose that c and d are positive constants such that

m(2c)?

;Idlp(p(l) ep(T+1)>

and satisfying

(i) f(k,&)>0foreach k € Z(1,T) and & € [0,d];
pF? Fep(T+1)P1 |

1)+p(T+1)) mQ2c)P 7’

(ili) limsup;_, o F(Skf) < %.

Then, for each ) € A,, problem (1.1) has at least three positive solutions.

(if) ld1P (p(

Proof For any k € Z(1, T), (3.14) should be considered with

f(k’%_); if >0,
f(k,0), if§ <0,

f+(kr€:) =

Under Theorem 3.2, one has that (i) is tenable.
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Moreover, we have

F(k, . k,0 . k, 0 F¢
lim sup (k.£) = limsup 5/(k.0) =—lim supf( 1) =0< .
&E—-00 |§|p £—-00 |é:|p &E—-00 |%—|p7 flog

Consequently, all the requirements of Theorem 3.2 have been met. Besides, since u =0 is
not a solution to (3.14), it can be inferred that (3.14) has at least three nontrivial solutions.
Suppose that u = {u(k)} is a nontrivial solution. Then for any k € Z(1, T'), we have u(k) >0
or

-A[p(k) g, (Aulk - 1))] = Af (k, u* (k) = Af (k,0) > 0

Therefore, according to Lemma 2.4, we may refer to u(k) > 0 for k € Z(1, T). This u denotes
a positive solution. In addition, once u« has been verified as a positive solution to (3.14),
it can be also considered as a positive solution of (1.1). Thus, Corollary 3.2 is demon-
strated. O

4 Examples

We show three examples to confirm our findings in this section.

Example 4.1 Let o : Z(1,2) — R be positive and let y : [0, +00) — R be a function defined

by
us, 0<ux<?2,
yu)= (4 -u)B, 2<u<3,
1, u>3.

Letp=3,c1=1,¢6,=8,d=2,T=2,m=38,p(1) =1, and p(3) = 2. Then

2c,mP 2x1x8%
- - = - ~ 1333, (4.1)
(T+1)7 (p(1)+p(T +1))7  (3)3(3)3
and
1 1
2comP 2x 8 x 83
= ~ 8.466. (4.2)

(T+1)7 Q1)+ p(T+1))7 ()32 x (1+2)3

Thus, (3.1) holds. Since

Jo &) ds 5) d& 2 [ y(€) dt

~0.111, & ~ 0.464,

and

8 x 2% [ y(&) d

3 5 23 ~ 8.428,
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we obtain

- { Jo &) dE 2 [7y(5)ds } (8 X2 fyy€)ds
B8 3 %28

Applying Corollary 3.1, for each A € (0.281B,5.109B), where B =1/ 212(:1 a(k), the follow-
ing problem:

Alp(k)¢s(Au(k —1))] + ree(k)y(u(k)) =0, k€ Z(1,2),
u(0) = u(3) =0,

(4.3)

has at least two positive solutions.
Next, let us discuss another example.

Example 4.2 Consider the boundary value problem (1.1) with
Sk §)=f(§) =3 +sin§ +&cosé, §€[0,1],

for k € Z(1, T). It follows that
F(k, &) =F(§) =§(3 +sin§).

Lettingc=1,d=2,p=2,p(1) =1, T =4, p(5) =2, and m = 8, one has

m(2c)?
=3.2.
por!

}7|d|f’(p(1> +p(5) =6>

Obviously, f(k,&) > 0 holds for each & € [0,1] and k € Z(1, T). Accordingly, condition (i)
in Corollary 3.2 can be obtained. Then, we have

Fp5™!  4(3 +sin1) x 10

- ~ 4.800, 4.4
m(2c)? 32 (44)
and
d .
PE _M6+2sin2) oo (4.5)
|1 (p(1) + p(5)) 6

Therefore, combining (4.4) and (4.5), condition (ii) in Corollary 3.2 is verified.

We can show condition (iii) in Corollary 3.2, as

. F(k,&) . 3+siné F¢
lim sup = limsup =0< .
E—+o0 %‘p £—+00 §p71 o

In summary, all the conditions in Corollary 3.2 have been checked. Therefore, for each

AEA, = (m, m), problem (1.1) has at least three positive solutions.

Finally, let us discuss one more example.
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Example 4.3 Consider the special case of (1.1) with p(k) =1 and
flk,u)=f(u) =5+sinu+ucosu, ucl[-1,2],

for k € Z(1, T). Therefore, we have
F(k,u) = F(u) = u(5 + sinu) — 5.

Lettingc=1,d=p=2,T =3, p(1) =p(4) =1, and m = 1, one has

m(2c)?
=0.5.
part

§|d|1’(p(1> +p@) =4>

We have f(k,u) > 0 for every u € [-1,2]. Thus, condition (i) in Theorem 3.2 is satisfied.
We also have

Fp4~!  3sinl x8

= ~ 5.046 4.6
m(2c)? 4 (4-6)
and
pF? 3(5 +2sin2)
= ~5.115. (4.7)
|d1P(p(1) + p(4)) 4

Therefore, according to (4.6) and (4.7), condition (ii) of Theorem 3.2 holds.

Noting that
. F(k,u) . u(5+sinu) -5 F¢
lim sup =limsup ——— = )
|u|—+00 |u|p || — +00 |M|p Ter

condition (iii) in Theorem 3.2 can be further verified.

In summary, all the conditions of Theorem 3.2 have been verified. Then, for each A €
A, = (m, 6;?), problem (1.1) has at least three nontrivial solutions.
We end this section by using the above hypothesis to compare our result with that of

[36, Theorem 3.1]. Through careful calculations, we obtain

max F(k,&)~0.841
(k,£)eZ(1,T)x [—c,c)

and
(2 2
F(k,d) ~ 0.758.
T[20) + 2(T + 1)P-1dr] ; ()
Then it holds that

(2¢) a
F(k, F(k,d). 4,
(66 Z0 T x [—cc] k.£)> T[(2c)? +2(T + 1)P-1dr] k;: o) )
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According to (4.8), it can be inferred that condition (A;) of [36, Theorem 3.1] is not sat-
isfied. This shows that the conclusion about the three solutions using [36, Theorem 3.1]
cannot be obtained.
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