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1 Introduction
In this paper, we discuss the existence and uniqueness of the solutions for the #-point non-
linear boundary value problems for Hilfer—Hadamard-type fractional differential equa-

tions of the form

uD*Px(t) +f(t,x() =0, te]:=(1¢],

(1.1)
x1+€)=Y"2vx(c),  uDMx(e) = Y72 oy uDVa(Ly),

where yD*? is the Hilfer—-Hadamard fractional derivative of order 1 < & < 2 and type
B €[0,1], f: ] x R — R is a continuous function, 0 <€ < 1, {; € (1,¢), v;,0; € R for all

i=1,2,...,n1-2,4 <§2<--~<§n_2,andHD1’1=t%.

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03358-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03358-0&domain=pdf
http://orcid.org/0000-0001-8227-3093
http://orcid.org/0000-0001-8986-5243
mailto:ayousss83@gmail.com

Salamooni and Pawar Advances in Difference Equations (2021) 2021:198 Page 2 of 20

The fractional differential equations appear as more appropriate models for describ-
ing real world problems. Indeed, these problems cannot be described using the classical
integer-order differential equations. In the past years, the theory of fractional differential
equations has received much attention from the authors and has become an important
field of investigation due to existing applications in engineering, biology, chemistry, eco-
nomics, and numerous branches of physics [20, 27, 33, 40]. For example, the fractional
differential equations are applied to describe the abundant phenomena such as flow in
nonlinear electric circuits [15, 16, 20], properties of viscoelastic and dielectric materials
[20, 21, 32], nonlinear oscillations of an earthquake [28], mechanics [35], aerodynamics,
regular variations in thermodynamics [18], etc.

Fractional derivatives can be of several kinds, one of them is the Hadamard fractional
derivative innovated by Hadamard in 1892 [17]. It differs from the preceding Riemann—
Liouville- and Caputo-type fractional derivatives [33] in the sense that the kernel of the
integral contains the logarithmic function of an arbitrary exponent. The properties of
Hadamard fractional integral and derivative can be found in [26, 27]. Recently, scholars
have studied the Hadamard-, Caputo—Hadamard- and Hilfer—Hadamard-type fractional
derivatives by using the fixed point theorems with the boundary value problems and have
given results of the existence and uniqueness of solutions, see [1-13, 22-25, 30, 31, 34, 36—
39, 41, 43—45] and the references mentioned therein.

In this paper, we find a variety of results for the boundary value problem (1.1) by using
traditional fixed point theorems. The first result is Theorem 3.2, which depends on Banach
contraction mapping principle and presents the existence and uniqueness result for the
solution of problem (1.1). In Theorem 3.3, we prove the second result of the existence and
uniqueness through a fixed point theorem and for nonlinear contractions due to Boyd and
Wong. In Theorem 3.4, we prove the third existence result by using Krasnoselskii’s fixed
point theorem. By using Leray—Schauder type of nonlinear alternative for single-valued
maps, we prove the last result of existence, which is Theorem 3.5. Examples are included

to illustrative our main results.

2 Preliminaries
In this section, we introduce some notations and definitions of Hilfer—-Hadamard-type

fractional calculus.

Definition 2.1 (Riemann-Liouville fractional integral, [27, 40]) The Riemann-Liouville

fractional integral of order & > 0 of a function ¢ : [1,00) — R is defined by

(10 (0) = 1 ' o(r)dr

@ ) eoore

Here, I'(«) is the Euler’s Gamma function defined by

o0
1"(0():/ % e T dr.
0
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Definition 2.2 (Riemann-Liouville fractional derivative, [27, 40]) The Riemann-

Liouville fractional derivative of order « > 0 of a function ¢ : [1,00) — R is defined by

0 o0=(5) oo

1L d" [*_gp@de
" Tm-a)der ), (-1t (n=la]l+1;¢>1),
where [] is the integer part of «.

Definition 2.3 (Hadamard fractional integral, [27]) The Hadamard fractional integral of

order o € R* for a function ¢ : [1,00) — R is defined as

VNI DY L S Sl )
]—[1 gD(t)— m\/l\ (log ;) Td'f (t>1),

where log(-) = log,(-).

Definition 2.4 (Hadamard fractional derivative, [27]) The Hadamard fractional deriva-

tive of order « applied to the function ¢ : [1,00) — R is defined as
D% p(t) = 8" (u"¢(t)), n-l<a<nn=[a]+1,
where §” = (t%)” and [«] denotes the integer part of the real number «.

Definition 2.5 (Caputo—Hadamard fractional derivative, [17]) The Caputo—Hadamard

fractional derivative of order « applied to the function ¢ € AC{[a, b] is defined as
HcD*o(t) = (uI"“8"¢)(1), n=[a]+1,
where ¢ € AC}/[a, b] = {¢: [a,b] — C:5" Vg € AC[a,b],8 = t£}.

Definition 2.6 (Hilfer fractional derivative, [20, 22]) Let n —1<a<n, 0<B <1, ¢ €
LY(a, b). The Hilfer fractional derivative D*# of order a and type B of ¢ is defined as

(D*Fo)(t) = (1’3("‘“) (%)nﬂ”‘“)“‘ﬂ)w)(t)

- (Iﬁ(n—a) (%)n["—y(p)(t); y=a+np-af

- (]ﬁ(n—a)Dy(p) ),

where 1) and D" are the Riemann—Liouville fractional integral and derivative defined by

Definitions 2.1 and 2.2, respectively.
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In particular, if 0 < @ < 1, then

d
(Da’ﬂ(p)(t) - (Iﬁ(l—a) al(l—a)(l—ﬁ)¢> (¥)

= (Iﬂ“-”%ﬁw)(t); y=a+p-ap
= (IPD7 ) (8).

Proposition 2.7 ([22, 34]) Let0<a <1,0<B <1,y =a+ B —aB, and ¢ € L'(a,b). If
DY ¢ exists and is in L' (a, b), then

(277 ¢)(a)

-1
Ty)(t — Il)y .

I, (Dglo)(6) = I, (Dl 0) (6) = 9 (6) -

Definition 2.8 (Hilfer—Hadamard fractional derivative, [12,21]) Let0<a<1,0<8 <1,
¢ € L'(a, b). The Hilfer—Hadamard fractional derivative ;D% of order « and type 8 of ¢
is defined as

(1D 9)(t) = (11?8 yI" =0 Plg) (2)
(Hlﬂ(l“")a Hll_y¢)(t); y=a+p-af

= (WP D" ) (2),

where I®) and DV are the Hadamard fractional integral and derivative defined by Defi-
nitions 2.3 and 2.4, respectively.

Theorem 2.9 ([17,27]) Let R(a) >0, n = [R()] +1,and 0<a<b<oo.lfp € L' (a,b) and
(HI7%)(t) € ACY|a, b), then

n-1 _i_ . a—j-1
o« @IV (Ir o) @) [ £\
(ulg, uDs, @) (B = 9(B) =) F(‘; _j)‘” £ (log;) :

Jj=0

Theorem 2.10 ([17]) Let ¢(t) € AC{[a, b] or ¢(t) € C{[a,b], and o € C, then

o o L 81(90(61) t K
(H1a+HCDa+‘p)(t) = ¢(t) - 1; m (log ;) .

Definition 2.11 ([45]) Let E be a Banach space and let F : E — E be a mapping. Then F
is said to be a nonlinear contraction if there exists a continuous nondecreasing function
¥ :R* — R* such that ¥(0) = 0 and ¥ (¢) < ¢ for all ¢ > 0 with the property

IFx—Fyll <y (lx-yl), xy€E.

Lemma 2.12 ([14]) Let E be a Banach space and let F : E — E be a nonlinear contraction.
Then, F has a unique fixed point in E.

Theorem 2.13 (Krasnoselskii’s fixed point theorem, [29]) Let M be a closed, bounded,
convex, and nonempty subset of a Banach space X. Let A, B be the operators such that
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(a) Ax + By € M, whenever x,y € M;
(b) A is compact and continuous;
(c) B is a contraction mapping.
Then, there exists z € M such that z = Az + Bz.

Theorem 2.14 (Nonlinear alternative for single-valued maps, [19, 42]) Let E be a Banach
space, C a closed, convex subset of E, U an open subset of C, and 0 € U. Suppose that
F:U — C is a continuous, compact (i.e., F(U) is a relatively compact subset of C) map.
Then, either

(i) F has a fixed point in U or

(ii) there is a u € AU (the boundary of U in C) and A € (0,1) with u = AF (u).

Definition 2.15 (Hilfer—-Hadamard fractional derivative, [38]) Letn—1<a <n, 0<f <
1, ¢ € L'(a, b). The Hilfer—Hadamard fractional derivative yD*# of order « and type f of
¢ is defined as
(HDa’ﬁ(p)(t) — (Hlﬂ(n—a)((g)n Hl("_a)(l_ﬁ)(p) ()
= (PO " @)y =a+np-ap
= (Hlﬂ(n_a) 1D ) (),

where I® and ;DY are the Hadamard fractional integral and derivative defined by Defi-
nitions 2.3 and 2.4, respectively.

Lemma 2.16 ([38]) LetN(x)>0,0<B<l,y=a+nB-aBf,n-1<y <nn=[Ra)]+1,
and0<a<b<oo.If g € LY a,b) and (ulz," ¢)(t) € AC!a,b), then

ul, (wDL ) (0) = nly (nDl, ) (®)

n-1 i n— —j—-1

"I V(I ¢))(a) ( t>y 4

= () - , log — )
; Ty =) a

From this lemma, we notice that if 8 = 0 then the equation reduces to the equation in
Theorem 2.9, and if the 8 = 1 then the equation reduces to the equation in Theorem 2.10.

3 Main results
Lemma3.1 For1<a<2,0<B8<l,y=a+2B8-aB,y €(1,2],and ¢ € C([1,¢],R), the
problem

uD*Px(t) + o(t) =0, te],l<a<2,0<B<]1,

3.1)
x(1+€) = Y vix(cy), uD"x(e) = Y1 0 uD (&),

has a unique solution given by

N (v = Déi(logt)" > = (y = 2)8(logt)" !
A

x(t) = —ul®o(t)

n-2
X |:]—[Ia(/)(l +€)— Z Vi Hla¢(§i)j|

i=1
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log )’ ! — yu1 (log £) =2 2
pa(log)?* = py (log £) [ ) _ } ce),

- nl“oe) =Y oinl* o) |,

i=1

where

A=(y=Déipz = (y —=2)dapt1, with 70,

n-2
= (log +€))" ™ =Y vi(log(z))" ™,
i=1
) n-2 )
pa = (log(1+€)" ™ = wi(log(z)) ™,
i=1
n-2
=1~ ZG,-(]Og({,))V 2r
i=1
n-2
8y=1- oi(log(c))" ™
i=1

Proof In view of Lemma 2.16, the solution of the Hilfer—Hadamard differential equation

(3.1) can be written as
x(t) = —ul*¢(2) + co(log )" ™! + c1(log )" 2,
and
DM () = —al* " p(8) + (y = Deollog ) + (v - 2)er log £) >,

The boundary condition x(1 + €) = Z?j v;x(¢;) gives

i=1

1 n-2
“a= [Hl‘”w(l +e) = vinlo(&) - COM1:|;
2

where

n-2 n-2
= (log(1 + e Z V; 10g(§, , (log 1+ e) Z V; log(;
i=1 i=1

n-2

In view of the boundary condition yD"'x(e) = Y1} 0; uD"'%(¢;) and from equations (3.3)

and (3.4), we have

Co =

n-2
-5, |:—(V —2)c18y + ul* tple) - ZUL' H1a1¢(§i):|;

i=1

where

=1- Zot lOg é‘l ’ 82 =1- Zai(log(gi))y_s

Page 6 of 20
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By using (3.5) in equation (3.4), we have

n-2
€ = %|:(V -1)8 |:H1a§0(1 +€) - Z Vi Hlaw(gi)]

i-1
n-2

- |:H1a1¢(e) - Z o; H1a1¢(§i):|i|y
i-1

where
A= ()/ - 1)81#2 - (]/ - 2)52#1, with A 7-/0

By substituting the value of ¢; into (3.5), we have

n-2
o= % |:_(y —2)8, |:HI"‘<p(1 +€)— Z Vi H1a</’(§i):|

i=1

n-2
+ U2 |:H1a1§0(€) - Z o; Hfal(/’(fz’):| :|

i=1
Now, substituting the values of ¢y and ¢; in (3.2), we obtain the solution of problem (3.1). [J

Next, we present the existence and uniqueness of solutions for Hilfer—Hadamard-type
fractional differential equation (1.1). For that, suppose that

K =C([Le],R) (3.6)

is a Banach space of all continuous functions from [1, e] into R equipped with the norm
||l = sup,c; [x(£)|. From Lemma 3.1, we get an operator p : K — K defined as

(02)(8) = —ul*f (7, (7)) (¢)

. (J/ —1)8:(log t)V—Z _ (J/ —2)85(log t)y—l [Hlaf(ffx(f))(l +€)

A

n-2
- Z V; Hlaf(f;x(f)) ({z):|

i=1

N wa(log )™t — uy(logt)r 2
A

[Hlalf(f,x(t))(e)

n-2

_ Z o; HI“’lf(t,x(r))(gi)i|, with A #0. (3.7)

i=1

It must be noticed that problem (1.1) has a solution if and only if operator p has a fixed
point. The results of existence and uniqueness are based on the Banach contraction map-
ping principle.

Theorem 3.2 Letf :] x R — R be a continuous function satisfying the assumption

Page 7 of 20
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(Q1) there exists a constant C > 0 such that |[f(¢t,x) — f(¢,y)| < Clx —y| foreach t € ] and
x,y € R.If ® is such that C® < 1, where

_ 1 +(|7/—1|)|51I+(|V—2|)I52|
S|P+ AT (e + 1)

|:10g 1+e) Z|v, log(gl :|
|al + |pal
* T [ Zlm log(¢:)) “ (3.8)

then the boundary value problem (1.1) has a unique solution on J.

Proof We are using Banach contraction mapping principle to transform the boundary

value problem (1.1) into a fixed point problem x = px, where the operator p is defined by

(3.7). We will show that p has a fixed point, which is a unique solution of problem (1.1).
We put sup |[f(z,0)| = p < oo and choose

oP

r> 1o (3.9)

Now, assume that B, = {x € K : |x| < r}. We will show that pB, C B,.

For any x € B,, we have

—al*f (7, () (©)

loxll = SUP!

te

. (y = 1)éi1(log )’ = (y = 2)8>(log )~
A

|:Hlaf(r,x(1:))(1 +€)

n-2
- Z V; H["‘f(r,x(r))(fi)]

i=1

. uo(logt)? ™t — pui(log )2

- W (,2(0)) (@)

n-2
- ZUL‘ Hla_lf(f:x(f))(fi)] ' }

i=1

< su;):Hl"‘ [f(t,x(r)) |(t)

—2 -
. (v = 1)131(0g )" II|(|)/ ~2))I8|(log )" [Hny(z,x(,))m +e)

n-2
+ ) il ul®|f (z,%(7)) |(;,->]

i=1

+ |it2](log t)y_l|1||/$1 |(log £)Y > |:H]a1 If (z,%(1))] ()
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n-2
+ Y loilul*|f (v, %(r)) |(¢,-)} }

i=1
< HI"([f(t,x(r)) —f(T,0)| + [f(T,O)|)(€)

L {y =101+ (y = 2D18|
|A]

|:H1“([f(r,x(r)) —f(x,0)] +|f(x,0)])(1 +¢€)
n-2

- 3t (0 - £, 00 4 1 o>|><;,>}
i=1

+ W |:H1”"l(lf(f,x(t)) ~f(@,0)] + [f(z,0)[)(e)

n-2
3 ol N ([f (1.2(0)) ~f(,0)] + V(r,0)|)(;i)}
i=1

, (v = 10181 +(y — 2))1,|
F(a+1) AT (a + 1)

§(Cr+P){
|:10g(1+e) ZM log(¢:)) :|
lpal + |l
"M@ [ ZM losti) “

=(Cr+P)® <. (3.10)

Thus, we have shown that pB, C B,.
Now, for x,y € K and ¢ € ], we have

|(px)(2) = (o2)(2)|

= [-ul(f (t,2(0)) = f (7, 2(1))) (®)

. (¥ = Daullog 2y — (y ~ 93y(log 1) [

X ul® (f (v,%(v)) —f (1, 9(2))) (1 + €)

n-2
= vind*(f (z,x(1)) —f(f,y(f)))(;“i)]

o (log )Y ; pa(logt) =2 |:Hla_l(f(f,x(r)) ~f(z.5(0)))(e)

- 201' Hla_l(f(f,x(f)) —f(fi}’(f)))(é'i)]‘

<ul®|f(t,%(1)) - f(z,5(0)) |(2)

LIy - 1))1811(log )~ + (Iy = 21)18>(log )"~
2]
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x |:HI“ If (7, %(x)) —f (T, () |1 + €)

n-2
+ ) il ul®|f (1, 2(0)) = £ (,(2)) |<zi)}
i=1

-1 -2
, lnal(log)” |Z|Iu1|(10gf)y [H1“1V(T:x(r)) -f(z.3(0)](e)

n-2
+ Y Joilnl* 7 |f (r,2(1)) - £ (x, (7)) |<a)}
i=1

(Iy = 1D181] + (ly = 2D)82]
n
Mo +1) AT (o + 1)

SCIIx—yII{
|:10g1+e Z|v, log{, j|
lpa| + |1l

* T [ Zm log(£:))" “

= Cllx — y|| . (3.11)

Therefore, it has been shown that [|(ox)(¢) — (0¥)(#)|| < C®|lx — y|, where C® < 1. Hence,
p is a contraction. Thus, by Banach contraction mapping principle, problem (1.1) has a

unique solution. d

Theorem 3.3 Let f:] x R — R be a continuous function satisfying the assumption

(Q2) If(t,%) = f(&9)] < e@)(x = y/(P* + |x =), t €], %,y > 0, where ¢ : ] — R* is
continuous and a constant P* is defined by

—1))8 —2))18 e
P*=nl%p(e) + (=10 1I|;|(|y 1% |:H1a¢7(1 re)+y |Vi|H1a§0(§i)i|
i=1
ol + 1 =
+ % [Hla-lw(e) +Yloi Hla-%p(m}. (3.12)
i=1

Then, the boundary value problem (1.1) has a unique solution on J.

Proof We have the operator p : K — K defined by (3.7) and by applying Definition 2.11,
we can define a continuous nondecreasing function ¥ : R* — R* by

V(g) = pp—ip for ¢ >0, (3.13)

where the function W satisfies ¥(0) = 0 and W(¢) < ¢ for all ¢ > 0.
For any x,y € K and for each ¢ € /, we have

|(ox)(®) = (0)(D)]

= |—ul® (f (r,2(1)) = f (7, %(1))) (®)
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. (y = 1)é:1(log )’ > = (y = 2)8,(log )"~
A

|:HI°‘ (f(r,x(t)) —f(r,y(r)))(l +¢€)

n-2
- Z vind® (f (7, %(7)) —f(T,y(T)))(Ci)]
i1

-1 2
\ 1allog 0" - ilogty [Hﬂ1(f(r,x<f>)—f(r,y<r)))<e)

- im Hfafl(f(f,x(f)) —f(f’y(f)))(ii)]'

< yl® [f(t,x(r)) —f(r,y(r)) |(t)

. (ly = 1D)I8:11(1og8)" =% + (ly —2])182|(log ) !
[A|

X |:H1°‘ V(r,x(t)) —f(r,y(r))‘(l +€)

n-2
+ 3 il nl®|f (,2(1)) - £ (T, (1)) |(§i)i|
i=1

- )
+ | o] (logt)” 1|;|Iu1l(logt)7/ |:H[a—llf(z.,x(.[)) —f(t,y(r))|(e)

n-2
+ Z ol 1l |f (7, %(7)) —f(T;J’(T))|(§i):|
i=1

a lx(T) — y(7)|
=l (‘”(”P* + 1+(0) — () >(e)

(v =10l + Qy =20181 [ o I =5(0)
* 7 [Hl (015 ey )0+

- lx(t) — ()]
+ ; [vi| 1l (‘P(T)P—* ¥ %) — (D) )(Cz)j|
[l + 1l | oot [x(z) — y(7)]
MY [“1 (‘”(T)P* + x(0) —(0) >(e)
n-2

"2 lrlud (‘”(T)P* +(2) ~ ()] >(§’)}

(ly =1DI81] + (Iy = 282
2]

< YUy {Hlaw(eh

- P

n-2
x [Hl“go(l o)+ v Hfaw(ci)}

i=1

n-2
. Wﬂp\# |:H1“‘1g0(e) + loil Hlo“lw(gi):| }
i1

=¥ (lx-1), (3.14)
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which implies that || px— py|| < W(|lx—y||). Then, the operator p is a nonlinear contraction.
Thus, by Lemma 2.12 (Banach contraction mapping principle) the operator p has a unique
fixed point, which is the unique solution of problem (1.1). O

Next, we will give the existence result by using Theorem 2.13 (Krasnoselskii’s fixed point
theorem).

Theorem 3.4 Let f:] x R — R be a continuous function satisfying the assumption (Q).
In addition, assume that

(Q3) [f(t,x)| <g(®), for(t,x)e] xRandge C([1,¢],R").
If

Cl'la+1)<1, (3.15)
then the boundary value problem (1.1) has at least one solution on J.
Proof We put sup,.; |g(¢)| = |lg]l and choose a suitable constant 7 such that

r= gl P, (3.16)

where @ is defined by (3.8). Moreover, we consider the operators . and ¢ on B; = {x €
K :||x|| <7} defined as

(Fe) - (= Diallog - (v - 2)8,(log )" ~! [H () 1+ )
n-2
- Z Vi Hlaf(frx(f))(ii)i|
i=1
- -2
e nlost? |:H1°‘"lf(f,x(t))(e)
n-2
_Zai}—lla_lf(f’x(f))(gi)}: te];
(“Gx)(t) = —ul*f (r,x(0))(t), te]. (3.17)

For any x,y € B;, we have

. (ly = 1DI81] + (ly = 2])182]
IMNa+1) AT (e + 1)

7%+ Gl < IIgII(

n-2
X |:(log(1 + e))a + Z |Vi|(10g(§i))ai|

i=1

[a] + (1]
t T [ Zm log(¢) ])

Page 12 of 20



Salamooni and Pawar Advances in Difference Equations (2021) 2021:198

= |lgll® <7, (3.18)

which implies that .#x + Yx € B;. It follows from assumption (Q;), together with (3.15),
that ¢ is a contraction. Furthermore, it is easy to show that the operator .% is continuous.

Moreover,

(ly = 1DI81] + (1y = 2018
||ﬁ‘x||s||g||( WIF(MD 2[ g(l+e)” Zm 1og<;,}

n-2
+ % [1 > |ai|(1og(;i))°“l]>, (3.19)

i=1

Hence, .# is uniformly bounded on B;.
Next, we prove that the operator .% is compact. For that, we put sup(, )</ B; Ift,x)| =
p<0o0.

Consequently, for #;,t, € ], we get

(Z2)(t1) - (F2)(82)|

i ‘ I (v = Déi(log 1) % — (y = 28 (log 1)
A

|:H1“f(r,x(t))(1 +€)

n-2
- Z V; }—[Iaf(":;x(r))(;i)]

i=1

s pa(log 7)Yt — iy (log )7 =2

|:Hla_1f (t,%(1))(e)

A
n-2
- Z o; Hla‘lf(t,x(t))(éi)] }
i=1

B { (y = D81 (log )2 = (y = 2)8,(log )" !
A

|:H1“f(r,x(r))(1 +€)

n-2
— Z V; H]"‘f(r,x(f))(é’i)]

i=1

. pa(logty)? ™t =y (log t,)" =2

[HI‘Hf (z,2())(e)

A
n-2
— ZO’i Hla_lf(f;x(r))(é‘i)] }
i=1

_(ly = 1D1811I(log )Y 2 —log 1) 2| + (ly — 2])I82]I(log )7 — (log 1) |
AT (o + 1)

n-2
x |:(10g(1 + e))a + Z |Vi|(10g(§i))a:|

i=1

=p

_|mall(log &)~ —log 1) + |1/ (log £2)7 =% — (log £)Y 72|
+p
AT ()

Page 13 of 20
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n-2
x [1 +Y ol (log@i))“‘l},

i=1

which is independent of x and tends to zero as t; — 1. Thus, .7 is equicontinuous. Hence,
Z is relatively compact on B;. Therefore, by the Arzela—Ascoli theorem, .# is compact
on B;. Thus, by Theorem 2.13, the boundary value problem (1.1) has at least one solution
on]/. O

Now, the final existence result is based on Theorem 2.14 (nonlinear alternative for
single-valued maps).

Theorem 3.5 Letf:] x R — R be a continuous function, and assume that:

(Qa) there exists a continuous nondecreasing function v : R* — R*\{0} such that
[f(t,x)’ < q(t)ﬁ(|x|) foreach (t,x) €] xR, (3.20)

where q € C([1,e], R") is a function;
(Qs) there exists a constant L > 0 such that

L

(PTEITAr (3.21)

where ® is defined by (3.8). Then, the boundary value problem (1.1) has at least one
solution on J.

Proof We have the operator p defined by (3.7). Firstly, we will show that p maps bounded
sets (balls) into bounded sets in K. For that, let 7 be a positive number, and B; = {x € K :
llz|l <7} be a bounded ball in K, where K is defined by (3.6). For ¢ € ], we have

’,ox t)! ul® [f(r x(t))’ (e)

o Q=20+ Gy 20 [HI“V(frx(f))“l "o

n-2
+ Z [vil ul® V(T;x(f))‘(Ci)]

i=1

+ %ﬁml [Hl""l If (z,%(x))|(e)

n-2
+ Z loil ud“ |f (7, (1)) }(Ei)i|
i-1

< liglo (llll)

1
Mo +1)

— ) — )
+ I (o) =280+ Uy = 2D 2'[ o(1+6))* Zm log(£,)) }

NINCESY

+”q”l’(”"”)lﬁi“r(“?l[ Zw, (10g(2))" }
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(ly =1DI181] + (Jy = 2])182]
+
T +1) [AT (e + 1)

annﬂ(f){
[1og<1+e Zm |(log(2:)) }
[pal + |pal

¥ |;|F 1[ Zlm log(&)) ”

= Cl, (322)

which implies that || px|| < Ci.
Now, we will show that p maps bounded sets into equicontinuous sets of K. For that, let

SUD(;x)e/xB; [f(t,x)| = p* < 00, where wy,w, € ], with w1 < w, and x € B;. Hence, we have

|(px) (1) — (0x)(e2)|

(y = D)é1(logw1)" =% = (y —2)8,(log ;)" !
A

= ’ {—Hl"‘f(r,x(r))(a)l) +

n-2
X |:H1°‘f(r,x(t))(1 +e€)— Z V; HI“f(t,x(r))({,<)i|

i=1

pa(log )’ ! -y (log ;)=
A

n-2
— ZO’;’ Hlo‘lf(f’x(f))(fi)] }

i=1

2
[Hl‘“f (t,%(1))(e)

(¥ = 1)81(log @2)" % = (y — 2)8>(log )" !
A

- {—Hl“f(r,x(t))(wz) +

n-2
x |:H1af(1',x(f))(1 +€)— Zvi Hlaf(f»x(f))(Ci):|

i=1

. pa(logty)? ™! — puy(log £5)7 =2

. [Hlalf(f,x(t))(e)

Yo Hﬂ-lf(r,x(w)(m] } '

i=1
. |(logwy)* —logw;)*|
=P T(a+1)

Ly = 1DI81]1(log wy)? 7 —log @1)"*| + (Iy = 21)I82/|(log w,)" " — (log wy)? |
p
AT (¢ + 1)

|:10g1+e Zh}l log{, j|

|;L2||(loga)2)1’ L —logw)" ! + |u1]|(log w2)” 2 — (log ;) 72|
| AT (ex)

n-2
X |:1 + Z |o,~|(log(§,~))a_]:|.

i=1
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Clearly, as wy, — w, the right-hand side of the latter inequality tends to zero, which
happens independently of x € B;. Thus, by the Arzela—Ascoli theorem, it follows that
p : K — K is completely continuous.

Finally, let x be a solution. So, for ¢ € J, following similar computations as in the first

step, we have

1
Il < gl (1) =5

- ) - S
gl (1) l'l)'MlF'(;(lyl) 2D 2'[ (1+6) Zw, log(¢:) ]

-2
[a] + [
+ [lgl19 (1|l oil(log(¢:))
did )mr()[ Zl . ]
= llqll9 (Ilxl) @
Thus, we have

Il _
Il (e =

In view of (Qs), there exists L such that ||x|| # L. Let us set
V={xeK:|x| <L}

Note that the operator p : V — K is continuous and completely continuous. From the
choice of V, there is no x € 3V such that x = Apx for some A € (0,1). Thus, by Theo-
rem 2.14, the operator p has a fixed point in V, which is a solution of the boundary value
problem (1.1). O

4 Example
Example 4.1 Consider the following boundary value problem for Hilfer—-Hadamard-type
fractional differential equation:

HDS/ZYI/Zx(t) +f(t1x(t)) = 0’ t G] = (1,6],
x(1.3) = 3x(3/2) — 3x(7/4), (4.1)
HDMx(e) = 2 uD"1x(3/2) + 2 yDVx(7/4).

Here, « =3/2, B=1/2,y =7/4, vy = 1/2, vy = =3/4, 01 = 2/3, 05 = 4/3, {1 = 3/2, {, = 7/4,
€=03,1+¢=1.3,and

f(t,x(t)) _ (\/Z + log ) ( [x(2)] )

2et(3+ )2 \ 2+ |x(8)]

Clearly,

Fle) 6| = (15 -):
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Hence, (Qy) is satisfied with C = z-. We can show that
n-2
1 = (log(1 +¢€)) Zu, log(¢;)) ™ & 0.59779,

i=1
n-2

p2 = (log(1 +¢))” 2 vi(log(¢,))” 2~ 1.63780,

i=1

n-2
=1-) o,(log(¢;))" ~-1.37703,
i=1

n-2
8,=1-Y oi(log(s))’ " ~ -3.81518,

i=1

A= ()/ - 1)51M2 - (]/ . 2)52/.;01 ~ —-2.26164,

1, (|y—1|)|81|+(|y—2|)|82||: v }

(log(1+€))" + Z |vil (log(¢)”

“T(a+1) AT (@ +1) H
[al + |l
= |Gt 10 ;;
AT () Z ¢
~ 3.835201,

3
Co= 1o (3.835201) ~ 0.06613554378 < 1.
e

Therefore, by Theorem 3.2, the boundary value problem (4.1) has a unique solution on /.

Example 4.2 Consider the following boundary value problem for Hilfer—Hadamard-type
fractional differential equation:

uD¥*3x(t) + f(t,x(t)) =0, te]:=(1,el,
x(1.5) = 2x(4/3) — lx(2) + E96(9/7) (4.2)
nDVx(e) = —yDYx(4/3) + 3DYx(2) — & yDY1x(9/7).

Here, « =3/2, 8 =2/3, y =11/6, vi =2, v, = -1/2, v3 =5/3, 01 = -1, 09 = 3, 03 = —11/3,
£1=4/3,82=2,8,=9/7, =05,1+€ =1.5,and

f(tr x(t)) =

(1+1oge) [|x(t)] +1
(t+1) (3+|x(t)|>'

Clearly,

(1 +1log?) (|x()] +1
[f(t.0)] < (t+1)? <3+|x(t)|>‘

< ‘(1 +logt)<|x(tl)%>‘.
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We choose ¢(t) = 1 + log¢ and 9 (|x|) = (Jx(¢)| + 1)/12. Then, we can show that

n-2
11 = (log(1 +€))” Z vi(log(&:))” ™ ~ -0.395713,
i=1
n-2
= (log(1+€))" ™ =Y " vi(log(¢)” ™ ~ —2.865742,
i=1

81=1- oi(log(t)) ~3.65750,
i=1
n-2

8y=1-Y oi(log(z))" ™ ~ 19.04369,

A=(y —1)é1pa — (y — 2)8211 &~ —9.990516,

__ 1 (Iy = 1DId1] + (ly = 2])82 « "
T+l M + 1) (log(1 +¢€)) +;|Vi|(10g(§i))

[l + 1]
* AT Zwl |(log(¢))"

~ 3.414437455.
Now, by (Qs) we have

L
2)((L + 1)/12)(3.414437455) !

Hence, L > 1.320578171. Therefore, by Theorem 3.5, the boundary value problem (4.2)
has at least one solution on J.
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