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1 Introduction
Consider the following fractional differential system with the nonlocal coupled integral
boundary conditions:

—DP (¢,(~D*x(2))) = f (£, x(2), y(1), D*x(2), D*y(t)), ¢t € (0,1],
—DF (¢, (-Dy(t))) = g(t, y(t), x(t), D*¥(t)), D*x(t)), t € (0,1],
D*x(0) =0,
D¢, (~D*x(1))) = I° h(n, ¢p(~D"x(n))) + a1

= w57 Jo (1 =5)7 "' h(s, ¢, (~D*x(s))) ds + an,
x(0) =0, D x(1) = I°x(€) + d, = ﬁ foE (€ —8)*x(s)ds + d1,
Dy(0) =0,
D¢, (=D*y(1))) = I°k(n, ¢, (~=D*y(n))) + a2

= 757 Jo (1 =97 k(s, ¢p(=D"¥(s))) ds + a»,
y0)=0, DY) =1°y(E) +da = =[5 (€ =) y(s)ds + d,

(1.1)

where D* and D are the standard Riemann-Liouville fractional derivatives, I° and I®
are the Riemann-Liouville fractional integrals, and 1 < «,8 <2, 0,0 >1,0<n,§ <1,
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ay,axdy,dy €R, ay > ay, dy > dy, f,g € C([0,1] x R x R,R), &1,k € C([0,1] x R,R). The
p-Laplacian operator is defined as ¢,(t) = [t[P7¢, p > 1, and (¢,) " = ¢, i + ‘11 =1.

Fractional differential equations have recently gained much attention. In particular,
much effort has been made toward the study of the existence of solutions for fractional
differential equations with p-Laplacian operator [1-8]. The monotone iterative technique,
combined with the method of upper and lower solutions, is a powerful tool for proving
the existence of solutions of nonlinear differential equations; see [9, 10] and the references
therein. However, only a few papers considered the upper an lower solutions method and
the monotone iteration technique for p-Laplacian boundary value problems with frac-
tional coupled systems. The purpose of this paper is developing a monotone iterative
technique to show the existence of an extremal solution for the nonlinear system (1.1)
with nonlocal integral boundary conditions.

The paper is organized as follows. In Sect. 2, we give sufficient conditions guaranteeing
that (1.1) has an extremal solution and discuss some comparison results, which play a
key role in establishing the proposed work. In Sect. 3, we give the main result. Finally, we

present an example illustrating our results.

2 Preliminaries
In this section, we introduce definitions and some useful lemmas which play an important
role in obtaining the main results of this paper.

Denote
Col0,1] = {u:u € C[0,1],D*u(z) € C[0,1]}.

It is a Banach spaces with the norm ||u||, = |lu|| + |D%u||, where ||u|| = maxo<;<; |#(£)| and
1D ]| = maxozc<1 [D*u(z)!.

We need the following assumptions.

(H1) There exist xo, o € C, [0, 1] satisfying D? (¢,(~D*x0(2))), Df (¢,(—=D",(t))) € C[0,1],
x0(£) < yo(£), and D*yy(t) < D*x0(t) such that

~DF(¢,(=D*x0(2))) = f (&, %0(8), yo(£), D*x0(£), D*y0(2)), ¢ € (0,11,
D*x0(0) =0,  DF(¢,(-D*%0(1))) < I? h(n, §,(~D*x0(n))) + a1,
%(0)=0,  D*'xo(1) < I“x0(&) +dy,
~DP(¢,(=D*y0(2))) > g(t,30(2), %0(£), D*y0(£)), D*x0(2)), £ € (0,1],
D*y0(0)=0,  DFHgp(-D*yo(1))) = I°k(n, $p(—~D*y0(n))) + a2,
%0(0) =0, D yo(1) = I9y0(£) + da.

(H,) There exist two constants M, N € R, M > N, such that

£(&x(), y(8), D*x(2), D*y(0)) - f (£, %(2), y(2), D"x(£), D*(2))

< M[p(~D"x(t)) = p (~D"x(5)) ] + N[ (~D"y(1)) = ¢ (-D*y(1))]
(8, %(0), y(2), D*x(2), D*y(8)) — g (£, %(2), y(2), D*x(2), D°y(2))

< M[ ¢ (-D"x(t)) ~ ¢ (~=D*x(0)) ] + N[ (-D"y()) = 6 (-D"y(0)) ]
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where xo(£) < x(t) < x(£) < y0(£), %0(t) < y(£) < y(t) < yo(t), and

S (&, %(8), y(2), D*x(t), D y(8)) — (£ y(2), x(2), D*¥(t), D x(¢))

= M[% (—D"‘y(t)) & (—D"‘x(t))] + N[%(‘Da’c(t)) b (—D"‘y(t))]

for xo () < x(2) < y(t) < yo(t).
(H3) There exists a constant A > 0 such that

h(t, ¢ (=D*¥(0))) = h(t: 8, (-D"*(1))) = 1[$, (-D¥(D)) = & (-D"(1))]
k(6,8 (=D"y(0))) = k(£ (-D"x(0))) = A[ &, (-D"y(®)) = $,(-D**(1)) ],

where xo(2) < x(£) < y(t) < yo(£), D*yo(t) < D*y(t) < D*x(t) < D*x0(¢), t € [0,1], and
k(t' bp (—D"‘y(t))) - h(t' bp (—D"‘x(t))) z )‘[‘Pp (—D"‘y(t)) & (—D"‘x(t))]
for xo(£) < x(2) < y(t) < yo(t), D*yo(t) < D*y(t) < D*x(t) < D*x(¢), t € [0, 1].
(Hy) T(B +0)>Anfrot,

(Hs) 2T (B +0)(M + N) < T(B)[T(B + o) — ApPro-1].
(Hg) For any ¢ € (0, 1), we have

r'2-pB)An? < (o).

Lemma 2.1 ([11]) Let h € C[0,1], b € R, and T'(B + o) # AP*°~L. Then the fractional
boundary value problem

—DPw(t) = h(t), te]0,1],
w(0) =0, (2.1)
DAlw(1) = AI°w(n) + b = % Jo n = )" tw(s) ds + b,

has the following integral representation of the solution:

L (B +0)th !
(B)T(B +0) — Anprot)’

w(t) = /01 G(t,s)h(s)ds + T

where
[C(B+0) =il —s)Pro ]!
—[C(B+0) =P (-5, s<ts<p
G(t,s) = % T(B +0)tP1 = A(n —s)Pro-1¢P1, t<s<n,
LB +0)tF " —(t—s)f ]+ anfro e -s)f~!, n<s<t,
(B +o)th 1, s>ts>n,

and A =T (B)[T(B + o) — Anfro-l].
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Lemma 2.2 ([11]) Let M,b € R, h(t) € C[0,1], 2T'(8 + 0)|M| < T(B)[T'(B + o) — Aanf*o-1],
and (Hy) hold. Then

—DPw(t) + Mw(t) = h(t), te]0,1],
w(0) =0,
DAlw(1) = AI°w(n) + b,

has a unique solution w(t) € C[0,1].

Lemma 2.3 ([10, Lemma 2.4]) Let z(t) € C[0,1] and [ € R. Then the fractional value
boundary problem

(2.2)

-D*u(t) =z(t), O0<t<l,
u(0) =0, D u(1) =1,

is equivalent to

a-1

1
u(t) :/0 H(t,s)z(s)ds + %,

where

(-5l 0<s<t<
0

H(t,s) = { ot

Lemma 2.4 Assume that 1 < «, B <2, 01,05 € C[0,1], M, N are nonnegative constants
satisfying M > N, and (Hy) and (Hs) hold. Then the fractional differential system

—DF (¢ (-D*x(2))) = 01(£) — M(¢p(—~D*x(2))) — N(¢p,(-D*»(2))), t € (0,1],
—DF (¢,(~D*y(t))) = 02(t) — M(¢pp(~D*¥(1))) = N(¢p(—-D*x(t))), t € (0,1],
D"x(0)=0,  DPFY(¢,(~D*x(1))) = AI° ¢,(~D*x(n)) + b1,

x(0) =0, D* x(1) =,

D*y(0) =0, DF(¢,(-D*y(1))) = AI° ¢, (~D*y(n)) + by,

¥(0) =0, D ly(1) = by,

has a unique solution in Cy[0,T] x C,[0, T].
Proof Let

) _ u(t) + v(t)

) w0 -0
: _ ut) —v(o)

, Yte]lo,1].
5 [0,1]

op (—D"‘x(t) and ¢, (—D"‘ ()

Using (2.3), we have that

—DPu(t) = o1(£) + 02(t) = (M + N)u(2),
u(0) =0, (2.4)
DF1u(1) = AP u(n) + by + b,
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and

—DPy(t) = 01(t) — 02(£) — (M - N)(2),
u(0) =0, (2.5)
Dﬁ‘lv(l) = )\.IGV(T)) + by — b,.

Since M, N are nonnegative constants and M > N, by assumption (Hs) we see that
2M(B+0)M~-N) <2I'(B +0)(M +N) <T(B)[T(B + o) — Anf*1]. (2.6)

By (2.6) and Lemma 2.2 we know that (2.4) and (2.5) have a unique solution. In conse-
quence, ¢,(—-D*x(t)) and ¢,(—D*y(t))) are also unique, that is,

dp(-Dx(0)) = 1 ()) € C[0,1], ¢, (-D*¥(8)) = wa(t) € C[O, 1].
Then
—Dx(t) = ¢g(01(2)),  —=D*y(1)) = dy(a(2)).

In view of the boundary value condition (2.3), we obtain

—~D%x(t) = ¢g(n(2)),
=Dy(2)) = pq(wa(t)),
x(0) = 0, D*lx(1) = 14,
y0)=0,  D*'y(1) =l

(2.7)

Let

PO +a®) ) = p&)-q@®)

x(t) 5 5

Using (2.7), we have

_Dap(t) = ¢q(a)1(t)) + ¢q(a)2(t))7
p(0) =0, (2.8)
D 'p(1) =1 + by,

and

—D¥q(t) = pg(w1(t)) — Pg(wa(2)),
q(0) =0, (2.9)
Dq(1) =1 — by,

By Lemma 2.3 we know that both (2.8) and (2.9) have a unique solution. In consequence,
x and y are also unique. O
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Lemma 2.5 ([9, Lemma 2.6]) Let M be nonnegative constant, and let (Hg) hold. If w(t) €
C[0, 1] satisfies DPw(t) € C[0,1] and

—DPw(t) > -Mw(t), te][0,1],
w(0) =0,
DF1w(1) > M w(n),

then w(t) > 0 for all t € [0,1].
Lemma 2.6 ([10, Lemma 2.7]) Ifx(t) € C[0, 1] satisfies

-Dx(t) >0, O<t<l],
x(0) =0,
D 1x(1) > 0,

then x(t) > 0 for all t € [0,1].

Lemma 2.7 Let M, N be nonnegative constants and M > N. If u,v € C[0,1] satisfy
DAu(t), DPv(t) € C[0,1], and

—DPu(t) > —Mu(t) + Nv(t), tel0,T),
—DPy(t) > —Mv(t) + Nu(t), te[0,T),
u(0) =0, DF (1) = A% u(n),

v(0) =0, DP1y(1) = AI%v(n),

(2.10)

then u(t) > 0 and v(t) > 0 for all t € [0,1].

Proof Let p(t) = u(t) + v(t), t € [0,1]. Then by (2.10) we have

~DFfp(t) = (M - N)p(t), t€[0,1],
p(0) =0, (2.11)
DPF1p(1) > A p(n).

Thus by (2.11) and Lemma 2.5 we have that
p(t)>0, Veel0,1], ie., u(t)+v(t)>0, Vtel0,1]. (2.12)

Next, we show that (t) > 0 and v(£) > 0 for all £ € [0, 1]. Using (2.10) and (2.12), we find
that

—DPu(t) > —(M + N)u(t), tel0,1],
u(0) = 0, (2.13)
DPF1y(1) > A% u(n),

which, in view of (2.13) and Lemma 2.5, yield u(¢) > 0 for all £ € [0, 1]. In a similar way, we
can show that v(¢) > 0 for all £ € [0, 1]. O
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3 Main results

Theorem 3.1 Suppose that conditions (H,)—(Hg) hold. Then there is an extremal solution
(x*,9*) € [x0,y0] X [x0,Y0] of the nonlinear problem (1.1). Moreover, there exist monotone
iterative sequences {x,}, {yn} C [%0,y0] such that x, — x*, y, — y* (n — 00) uniformly for
t€(0,1] and

Ko <X < <xy <. <X <Y

IA
IA
=
=
IA
IA
=
A
=
o

Moreover, we have

- < D%x; < D%y,

IA
A
Q
<
*
A
>
53
8
*
IA
A
o)
53
8
=
IA

D%y < D%, <--- < D%,
where

(%0, y0] = {x € Co[0,1] : x0(£) < x(t) < yo(t), £ € [0,1]}.
Proof For any x,,_1,¥4-1 € C4[0,1], n > 1, we define

o) (t) = f(ts%0-1(8), Y1 (£), D*%u_1 (£), D*¥,u-1(£))
+ My (=D%x_1(2)) + Nop(~=D*y,-1(2)),
02(t) = g(t, Yu-1(£), %=1 (£), D* ¥ (£), D*%,1-1 ()
+ My (=D*y,_1(t)) + Npp(=D*x,,_1(2)).

Consider (2.3) as follows:

—DF (¢, (=D*x,(t))) = 0, (£) — M(¢pp(—=D*%,(£))) — N(bp(—=D*y,(£))),
—DP(¢(—=D*yu(t))) = 0,1(t) — M(¢pp (=D, (£))) — N(¢p(—D*x,(t))),
D%x,(0) =0,
DY (¢, (-D*x,,(1)))

=17{h(n, ¢p(=D*x,_1(n))) + A@p(=D*%,, (1)) — p(=D*x,,_1(M)]} + a1,
%,(0)=0,  D*lx,(1) = %, 1 (§) + dy,
D*y,(0) =0,
D¢, (-D*y,(1)))

= I7{k(1, $p(=D*yu-1(n))) + A[Pp(=D"y(1)) = Pp(=D"yn-1 ()]} + a2,
yu(0)=0,  D*ly,(1) = 1°y,1(€) + da.

(3.1)

In view of Lemma 2.4, problem (3.1) has a unique solution in C,[0, 1] x C,[0, 1].

Now we show that {x,(¢)} and {y,(¢)} satisfy the relations

X1 <Xy <Yy <Yu1 and D%, <D, <D, <D, n=12,.... (3.2)

Page 7 of 16
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Let (t) = ¢,(~D*x1(8)) — ¢p(—D%0(8)), V(£) = ¢,(~D*o(£)) — ¢,(~D*1(£)). By condition
(3.1) and (H;) we have
~DPu(t) = -DP(¢,(~D*x1(2))) + D? (¢ (~D"x0(2)))
> [ (t,%0(8), yo(£), D*x0(£), D"y0(£)) + Meby (=D"0(2)) + Ny (D" 50(1))
— My (~D"x1(8)) — Np(D*y1(8)) — £ (£ %0(£), yo(£), D*x0(2), Do (t))
= —Mu(t) + Nv(p).

Also, u(0) =0, and

DP7lu(1) = DP (¢, (-D"x1(1))) — D7} (¢, (~D"x0(1)))
= 17 {h(n, & (~=D"x0(n)) + X[ & (=D x1(n)) = ¢ (=D"x0(m)) ]} + s
—I°h(n, ¢p(-D*x0(n))) — a1
= A% u(n).

In a similar way, we can prove that
—DPu(t) > —Mv(¢) + Nu(t), v(0) =0, DF1y(1) > AL v(n).
So, from the above inequality we have

—DPu(t) > —Mu(t) + Nv(p),
—DPy(t) > —Mv(t) + Nu(t),
u#(0) =0, DF1u(1) > M u(n),
v(0) =0, DA-1y(1) > AI°v(n).

Thus, in view of Lemma 2.7, we get ¢,(—D%x1(£)) > ¢,(—D%xo(£)), ¢,(=Dy0(t)) >
¢p(-D*y1(2)) for all ¢ € [0,1]. Since ®,(x) is nondecreasing, we have D%x;(£) < D%xo(%)
and D%y (t) < D*y;(t) for all £ € [0, 1].

Let €(t) = x1(t) — x0(t), 6(¢) = yo(t) — y1(¢). From (3.1) and (H;) we have

-D%(t)>0, te(0,1],
€(0) =0, (3.3)
D*te(1) > I”x0(€) +dy — 1“%0(§) —dy = 0,

and

-D9@) >0, te(0,1],
6(0) =0, (3.4)
D*19(1) > 0.

By Lemma 2.6 we have x;(t) > xo(¢) and y0(£) > y1(¢) for all £ € [0, 1].
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Now we put w(t) = ¢,(-D*y1(£)) — ¢,(—~D“x1(£)). Applying (H,), (H3), and (3.1), we obtain

~DPw(t) = g(t,y0(0),%0(2), D*yo(t), D*x0(2)) + Mg, (—Dyo(2)) + N, (~D*x0(2))
- Mgy, (-D*y1()) = N, (—D*x1(2)) - f (£, %0(2), yo(£), D*x0(2), D*yo (£))
) = Nepp (—D%yo(t)) + M (—D*%1(2)) + N, (=D y1(2))
= =M[p(=D*y0(t)) = ¢ (~=D*x0(8)) ] = N[ (-D"%0(8)) = & (-D"y0(0))]
)
)-

(-
+ Mgy, (~D*yo(8)) + N, (~D*x0(t)) — Mg, (~D*y1(£)) = N, (=D*x:(2))
(- )

— Mg (—=D"x0(2)

— M, (~D*x0(t)) = Npp(~D*y0(t)) + Mp,(—D"x1(8)) + Np (~D»1(2))

= —(M = N)w(t).
Also, w(0) = ¢,(~D*y1(0)) — ¢,(~D"x1(0)) = 0, and

DFtw(1) = 17 {k(n, ¢ (=D"yo(m))) + 2[dp (-D"y1.(n)) = 6 (=D yo(m)) ]} + a2
=17 {h(n, ¢ (=D"x0(m))) + 2[$ (-D"x1(m) = & (-D*x0()) ]} -
> I7{A[dp(-Dy0(n)) — dp(-D*%0(m))] + X[ (~D*¥1 (1)) — ¢ (~D%y0(m))]
— M@y (-Dx1(n)) = $p(=Dx0(m)) ]} + (a2 — a1)
> M7w(n).

In view of Lemma 2.5, we have that w(¢) > 0 for all ¢ € [0,1]. Thus we have the rela-
tion ¢, (-D*x1(2)) < ¢,(-D*y1(t)), that is, D*x, () = D*y1(¢), since ®,(x) is nondecreasing.
Therefore D*yy(t) < D*y1(¢) < D*x1(t) < D*x(¢) for all t € [0, 1].

Let 8(£) = y1(¢) — %1 (2). It follows from (3.1) that

—D¥5(t) = =Dy, (t) + D*x,(t) = 0,
§(0) =0,
D*718(1) = 1”yo(§) + dy — I°x0(§) —dy > 0.

By Lemma 2.6 we obtain y;(£) > x1(¢) for all ¢ € [0, 1]. Hence we have the relation xy(¢) <

x1(£) < y1(2) < yo(8).
Now we assume that

X1 <Xk <y <yx-1 and D%y < D% < D% < D%y for some k > 1.

We will prove that (3.2) is also true for k + 1. Let

u(t) = ®p (_Daxkﬂ (t)) - (_Daxk(t))» w(t) = &p (—D“J’k(f)) - & (_Daykﬂ(t))y
w(t) = ¢p( D yk+1(t)) ( D* xk+l(t)) €(t) = xir1 () — 21 (2),

0@t) = yi(®) = yr1 (@), 8(8) = Yrar (8) — xxs1 (2).
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By (H>), (H3), and (3.1) we have that

—DPu(t) > —Mu(t) + Nv(p),
—DPy(t) > —Mv(t) + Nu(t),
u(0)=0,  DFu(l) = A%u(n),
v(0) =0, DF-1y(1) = AIv(n),

-D%¢(t) > 0,
€(0)=0,
D*1e(1) > 0,

-D*6(t) > 0,
6(0) =0,
D 19(1) > 0,

and

-DPw(t) > —(M — N)w(¢),
w(0) =0,
DFlw(1) > A w(n),

-D*5(t) > 0,
5(0) =0,
D*15(1) > 0.

In view of Lemmas 2.5-2.7, we obtain
Xk <Xkt <Ykr <k and D¥yx < D%ypyy < Dxpn < D%, VL€ [0,1].
From the above, by induction, it is not difficult to prove that xyg <x; <--- <x, <--- <
In < <y1=<yoand D*yy <D"y; <--- < D%, <--- < D%, <--- < D%x; < Dxy.
Since the solution space is C, [0, 1], the sequences {x,} and {y,} are uniformly bounded
and equicontinuous. The Arzela—Ascoli theorem guarantees that they are relatively com-
pact sets in the space C, [0, 1]. Therefore {x,} and {y,} converge to x*(¢) and y*(¢) uniformly
on [0, 1], respectively, that is,
lim x,(f) = x*(¢), lim y,(¢) =y*(t), Vtel0,1],
n— o0 n—0o0
and

lim D%x,(t) = D"x*(t),  lim D%y,(t) = D*y*(¢), Vte[0,1],
n— o0 n—oQ

uniformly in ¢ € [0, 1]. Moreover, from (3.1) and (3.2) we obtain that x*(¢) and y*(¢) are

solutions of problem (1.1).
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Finally, we show that (x*,y*) is an extremal solution of system (1.1). Let (x, y) € [x0, yo] X

[x0,¥0] be any solution of problem (1.1), that is,

—DFP(¢,(-D*x(2))) = £ (¢, x(t), y(t), D“x(t), D*y(2)), ¢t € (0,1],
—DFP(¢,(-D*y(t))) = g(t, y(£), x(t), D*¥(2)), D*x(t)), t e (0,1],
D*x(0) =0,
D"‘l(qbp(—D“x(l))) = I”h(n, ¢p(=Dx(n))) + a1

fo —s)° 1h(s,qbp( Dx(s))) ds + a1,

(3.5)
x(0) =0, D*1x(1 ) =1°x(§) + dy = ]"(w fo —8)*Lx(s) ds + d1,
D*y(0) =0,
Dﬁ’l(aﬁp(—D"‘y(l))) = 1"/<(n ép(—=D*y(n))) + az
fo —8) k(. s,q’)p( —D*y(s))) ds + ay,
¥(0)=0, Da_l}’(l) =1y(§) +d> = 1 JE(6 =) y(s) ds + db.
Applyll’lg (3'1)» (35)) (HZ); (HB)) Lemma 26, and Lemma 2.7, we have
Xn <% Y=<y  D'x<D"x,, D%, <D, n=12,... (3.6)

Taking the limit as # — oo in (3.6), we have x* <x, y < y*, that is, (x*,y*) is an extremal
solution of system (1.1) in [x0,¥o] X [%0,%0]. This completes the proof. O

4 Iteration procedure and a numerical example
In this section, we introduce a numerical procedure to obtain an appropriate solution of
(1.1). Define

1
Em) = 6) ~3a0)] = /yxn(t)—yn(t)\dt.

For the iteration Eq. (3.1), let ¢,(-D*x,(t)) = u,. Then —D%x,,(t) = ¢,(u,), and with
the boundary conditions x,(0) = 0 and D% lx,(1) = D%xn(l) =I°x,1(€) + d1 = 1, by

Lemma 2.3 we have

x,(t) = F /H(t s)qbq(u,,(s))ds, (4.1)

where [; = FL fo (&€ =) x,_1(s) ds + d; and

(-5, 0
H(t7 S) =
ta—l’ 0

We can also put ¢,(-D*y,(t)) = v,. Then —D*y,(£) = ¢4(v,). In a similar way, we can
prove that

1
a—1
yu(t) = —F( )t /OH(t,s)¢>q(V,,(s))ds, (4.2)
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where [, = ﬁw) fos (& — ) yu_1(s)ds + dy = 1.1284 [ (3 - s)%yn_l(s) ds + 0.004. Thus the
iteration Eq. (3.1) can be rewritten as

_Dﬂun = -Mu, — Nv, +f(t:xn71¢yn71r_(pq(unfl): —¢q(Vn—1)) +Muy_1 + Nv,_1,
~DPv, = —Mv,, — Ny, + g(t, V-1, %n-1, —Pq(Vu-1), —Pg (1)) + Mv,,_1 + Ntyy_1,

(4.3)
1,(0) = 0, DBy, (1) = M u,(n) + by,
v,(0) =0, DF 1y, (1) = AI°v,(n) + bs.
Applying Lemma 2.1 to (4.3), we obtain
_ bl (B+o) B-1

unt) = ST (o))

+ [y Gt ) [=Mit(5) = Nvu(5) + £ (5, %n-1(5), Y1 (5), —pg (tn1(5)),

— Og(vu-1(8))) + Mu,_1(s) + Nv,,_1(s)] ds, (4.4)

_ byl (B+0) B-1
V(D) = T ey ao T

+ fol G(t,8)[-Mv,,(s) — Nu,(s) + g(S, Yu-1(5) %1-1(5), =g (V-1(5)),
- ¢q(un71(s))) + Mv,,_1(s) + Nuy_1(s)] ds,

where by = I° h(n, u,-1(n)) — M°u,_1(n) + a1, by = I°k(n,v,-1(n)) — M v,_1(n) + a2, and

[C(B +0) = Al —s)Pro 1P
—[[(B +0) = Anfro](t - s)f, s<ts<n,
G(t,s) = % L(B +0)tP = a(n—s)Pro-1eP, I<s=m,
LB +0)[tF ! = (t—s)P 1+ anfrot(t-s)P7!, n<s<t,
(B +o0)th 1, s>ts>n,

A=T(B)IT(B+0)—rnf*].
Discretize the interval [0, 1] with the nodes ¢; = ik, h = 1<’ K e N. Let x,, ~ x,(t:), un
u,(t;), H(i r]) (tusj)! G(i’j) = G(thsj)r and

2 = (85 %n-1(87), Yn-1(8)s =B (1n-1(5))), =g (Vin-1(5)))) + Muy,_1(s7) + Nv,,_1(sp),
801 = 8057, In1(5), %0157, ~Bg (V1 5, ~ P (111 (59))) + M1 (5)) + Ntt_1(5))-

Using the trapezoidal quadrature rule to approximate the integrals in the right-hand sides
of (4.4), (4.2), and (4.1), we obtain the following linear systems of equations:

0 _ b1l (B+0) p-1_ K ()

U = th ~2 Zf:OMG("l)‘?)J”"

KNG, dv) + 1 YK Gl df,, ws)
Q) _ byl (B+0) p-1 h K c o g () ’
Vy = th j:OMG(l’])d/;V”
- % Zj:o NG(Z’J)dj”n + % Zj:o G(l'])djggfl’
and

xgql) — l(l td 1 Z] OH(l l)d ¢q(u}’l )y (4 6)

A = it B Y HG iy (),

Page 12 of 16
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for the unknown qu’, xg), 0 <i < K, where {d}} are the coefficients in the rule, dy = dx = 1,
andd;=2for1 <j<K-1

Setting G = 4" G(i,j)dj, Hy = % i H(i,j)dj, the matrix ® = (Gy), and B = (Hy)
with the identity matrix L. Systems (4.5) and (4.6) can be written as a system of matrix—

vector equations

—> — o _ -
U+ MOV U+ NPV = rringy s ST+ F o,
- — bl =2
U+ M)V, + NOU = bt S 4 G,
bR 1 1 - (4.7)
Xy= wla)sa— +B¢q( un)»
¥ b ca-1 Y
Yn = WS +B¢q( Vy,),
— — —
where X, = [x«0, ..., 2%, [yn ,yn yerir qu)], U, =[uul,.. uf, v, =

[ (0) (1) (K )]

—
Vit s Vi s eees Vit = [¢o, tl,...,tK] , and Fn_l, G ,,_1 are column vectors of their com-

ponents Fn’_l =4% % Gli,)df?,, G| = DI Gli,)dig? .
Example 4.1 Consider the following problem:

—Di(¢4((-D3x(2)))
= L3 (O[(-D3x(1)5 — 18— £5] —y(O[(-D3y(r) - 23], ¢ (0,1],
~Di(¢a(-D3 (1))
= Ly (O[(-D3y(1)} - 18— 13] - x(O[(-D3x(1)) - 23], e (0,1],
D3x(0) =0,
D (¢a(-D3x(1))) = I%h(i,m(—D%x(l))) +0.1
= % f (l—s) a(s+ 1)(ga(— DBx(s)))ds+01 (4-8)
x(0) = 0, D§x 3 fo ——S)Zx(s Yds + 0.3,
D3y(0) =0, Y
Di(¢a(-D3y(1))) = 14k(4,¢4< D3y(1)) +02
=55 Jol & =5 (e + 1(@a(-Diy(s)) ds + 0.2,

2 1 1
¥(0) =0, D3y(1) = %%) Jo2 (3 —9)2y(s)ds + 0.4,

where =2, a=3,0=2,0=3,n=1,¢6=1,4,=01,a,=02,d; =0.003, dy = 0.004,

p =4, and

f(&,2(2), y(2), D3 (), D3 y(®))

= L3 ()[(-D3x(1)3 - 18 - £5] - y(O)[(-D3y(8)) - 2¢3),
2(t,y(8),x(), D3 y(£), D3 x(t))

= Ly3(O)[(-D3y(6)3 - 18— £5] - (e)[(~D3 (1)) - 2¢3],
h(t, p4(~-D3%)) = (¢ + 1)(@a(-D3)),
k(t, pa(~D39)) = (¢! + 1)(@a(-D39)).
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2 ard)
Take xo(£) = 0 and yo(¢) = 33 - 14I‘(3%)

difficult to verify that (H;) holds.

Since the function &/x + «? is increasing for x € R, we obtain

t3. Then -1 < _t3 :D%yo(t) < D%xo(t) =0.Itis not

(620, 5@), D3(0), D3¥()) - f (1,(8), 9(2), D3 x(2), D3 y(2))
= 50 [(-Dx@) — 600 3] 5@ (-D(D) - 241

HO(-D3x() - 600t — 8]+ y(O[ (-Diy(0)) - 263,

|
|
S
W
—
o
w
T
o)
wl
x®
—
=
~
|
o
w
T
o)
wion
x
=
~
—_
=
\O
~

> ¢4(-D3y) - (¢a(-D3x)), (4.10)

where xo(¢) < x() < x(t) < yo(£), x0(£) < y(£) < y(t) < yo(t), and xo(£) < x(2) < y(£) < yo(t).
Thus (H,) and (H3) hold. From (4.9) and (4.10) we have M = éf/g, N =0,and A = 1. Then

IB+o)=T 7y r@a)=2>rpfol=1 1’ 0.0625
+o)=T(-+-)= =2> =1-1—-] =0. )
4 4 7 4

2 (B +0)(M + N)

=2-T(3)- ? ~0.9614 < T(B)[T(B + o) - Anf*o1]

(Do)
=r{=)|re-1-(= ~ 1.7808,
4 4

5
1 1\ 1 5
T2 - B)An° = F<Z) 1 <E) ~0.6410 <T'(0) = F(Z) ~ 0.9064,

which show that (H,), (H5), and (Hg) hold. Thus all conditions of Theorem 3.1 are sat-
isfied. In consequence, the nonlinear system (4.8) has an extremal solution (x*,y*) €
[x0(2), yo(£)] x [x0(£), yo(£)]. Moreover, for this example, we found that for § = 1071, which
took N = 16 iterations for E(N) < . The graphs of x,, and y,, for some values of n are shown
in Table 1 and Fig. 1.
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Table1 E(n)=3n+1,n=0,1,2,3,4,5

n 1 4 7 10 13 16
E(n) 0.6696 0.0096 2.6171e-04 2.3360e-07 1.5608e-8 1.3942e-11
(X,.Yo) (X.Y)
3 T 14 T
250 121
1 _— 1
2 _ -
- ///
08 /// 1
151
e 08 //
1 /’/ _
y 04 S
, ,/
/ /
05 / 02 /// _—
/
0 01 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 07 08 09 1
(55) (X:¥)
12 T 12 T
1 1
08 08
06 06
04t 04t
02 /// 02
/
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Figure 1 Graphs of X, and Y,
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