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1 Introduction
Apostol [1, 2] considered the generalized Dedekind sums given by

m—1
w— ((hu
Sy(h,m)=Y =B (-) (1)
P L m ?\

and showed that they satisfy a reciprocity relation. Here Ep(x) = B,(x — [x]) are the

Bernoulli functions with Bernoulli polynomials B, (x) given by

t L, - t
e’ = E B,(x)—.

t 2

el -1 o p!

We remark that the Dedekind sum S(k, m) = Sy (h, m) appears in the transformation behav-
ior of the logarithm of the Dedekind eta-function under substitutions from the modular

group, and a reciprocity law of that was demonstrated by Dedekind in 1892.
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As an extension of the sums in (1), the poly-Dedekind sums given by

m-1
hu
SOhm)=>" B ( - )

n=1

§|3:

were considered, and a reciprocity law for those sums was shown in [16, 19]. Here B;,k) (%)
are the type 2 poly-Bernoulli polynomials of index &, 1_3[(71() (x) = Bl(,k)(x — [x]) (see [16]), and
BY(x) = B,(x).

The Dedekind-type DC sums (see (8)) were first introduced and shown to satisfy a reci-
procity relation in [13]. The aim of this paper is introducing the poly-Dedekind-type DC
sums (see (2)), which are obtained from the Dedekind-type DC sums by replacing the Eu-
ler function by poly-Euler functions of arbitrary indices, and showing that those sums sat-
isfy, among other things, a reciprocity relation (see (3)). The motivation of this paper is to
explore our new sums in connection with modular forms, zeta functions, and trigonomet-
ric sums, just as in the cases of Apostol-Dedekind sums, their generalizations, and some
related sums. Indeed, Simsek [22] found trigonometric representations of the Dedekind-
type DC sums and their relations to the Clausen functions, polylogarithm function, Hur-
witz zeta function, generalized Lambert series (G-series), and Hardy—Berndt sums. In
addition, Bayad and Simsek [3] studied three new shifted sums of Apostol-Dedekind—
Rademacher type. These sums generalize the classical Dedekind—Rademacher sums and
can be expressed in terms of Jacobi modular forms or cotangent functions or special val-
ues of the Barnes multiple zeta functions. They found reciprocity laws for these sums and
demonstrated that some well-known reciprocity laws can be deduced from their results.
As applications of our results, we plan to carry out this line of research in a subsequent
paper.

In this paper, we consider the poly-Dedekind-type DC sums defined by

m-1

h
(11, m) = 22( )L (;") ©

where i1, m,p € N, and El(,k) are the poly-Euler functions of index k given by f;k) (%) = E;,k) (x—
[x]) (see (12), (17)). We show the following reciprocity relation for the poly-Dedekind-type
DC sums given by (see Theorem 9)

m? T (h,m) + WP T (m, h) 3)

h-1 p+1-1 (mh)l 1( )Sl(p—l+ 1,j)

p
=222 0 > -1+ L)1

x ((whym?™ + (vm)hP~ I)E1<h + ﬁ),

m

where m, h,p € Nwith m =1 (mod 2) and 4 =1 (mod 2), and k € Z.
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For k = 1, this reciprocity relation for the poly-Dedekind-type DC sums reduces to that
for the Dedekind-type DC sums given by (see Corollary 4)

m? Ty (h,m) + W T,(m, h)

m-1 h-1

"
= 2(mhy’™! 1M (uh E
(mh)P~ ;\}:0 (uh +vm) (h m)
where m, h,p € Nwith m =1 (mod 2) and =1 (mod 2).
For the rest of this section, we recall some necessary facts. It is well known that Euler

polynomials are defined by

o0 "
Z x)— (see [1-3, 5-7, 10-17, 19, 21, 22]). (4)
n=0

ef+1

When x = 0, E,, = E,,(0) are called the Euler numbers.
From (4), we note that

E@=Y (';)E,x“, (n>0), (see [1-3, 5-7, 10-17, 19-22]). (5)
1=0
The first few of Euler numbers are Eg =1, E; = —= Ez =0,E; = i, E,=0,E5= —%,..., and

Ex=0fork=1,2,....
From (4) we note that Eq = 1 and E,(1) + E, = 28¢,, (n > 0), where §,,4 is the Kronecker
symbol. The Euler functions E,(x) are defined by

E,(x) =E,(x - [x]) (n>0) (see [2,6,13,22]), (6)

where [x] denotes the greatest integer not exceeding x.
From (4) we can easily derive the following identity:

n-1
2) (1)K = (1) E(n) + B, (neN). (7)
k=0
It is known that Dedekind-type DC sums are given by
m-1 I
Ty(hm) =2 (~1)" ﬁfp(—“) (h,m € N) (see [13, 22]). 8)
s m m

Note that
m-1
Ty(hym) =2 (<1 ((ﬁ» ((h—“» (see [1, 2,6, 12, 14, 21]),
pors m m

where ((x)) is defined by

x—[x] -1 ifxisnotan integer,

((x)) = 2
0

if xis an integer.
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The Genocchi polynomials are defined by

2t Xt - tn
¢ =;Gn(x)ﬁ (see [7,11, 17]). &)

et

When x =0, G, = G,,(0) are called the Genocchi numbers.

Note that Gy =0,G1=1,Gy,=-1,G3=0,G4 =1, G5 =0, Gg = -3,..., and Gy, = 0 for
k=1,2,3,....

By (4) and (9) we get

G G
e (%) - E,(x), n+l —E, (n>0).
n+1 n+1

The degenerate Hardy polyexponential function of index k is defined by

Bin@ =3 2D (e 7) (see 15 10
lk,x(x)—;m (k € Z) (see [15]), (10)
where (x)o =1 and (%), =x(x - 1) ---(x — (m—1)A), (n > 1).

Recently, the degenerate poly-Genocchi polynomials of index k were defined in terms
of the degenerate Hardy polyexponential function of index k by

2Eix (log, (1 + £))

o0 tn
G T G0=)_GLwo (see17), a1

n=0

where

ex(t) = Z (x,);')\ t, ex(t)=ei(t), and log,(t) = %(tk -1)
n=0 :

is the compositional inverse to e, (t) satisfying e; (log, (£)) = log, (e, (¢)) = ¢. Taking A — 0
in (11), we get the poly-Genocchi polynomials of index k given by

2Ei;(log(1 +¢ = t"
Me"f - Z G(k)(x)— (see [7,17]), (12)
et+1 —~ "l

where Gi,k) (x) = limy ¢ G;k; (x) (mn>0), and

Eiyw) =Y nk(L (see [10, 15]) (13)

= n-1)!

is the polyexponential function of index k.
When x =0, Gg,k) = Gg,k)(O), (n > 0) are called the poly-Genocchi numbers of index k. By
(12) we easily get Gg() =0, ng) =1, G(Zk) =-2+217K ... Also, from (12) we note that

GO =Y (’Z) GO (1= 0). (14)

1=0
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Remark 1 The polyexponential functions were first considered by Hardy and are given

by
e(x,als) = Z m (Re(a) > O) (see [4, 8, 9]).
n=0

Komatsu [18], defined the polylogarithm factorial function Lif (x) by xLifi(x) = xe(x, 1|k) =
Eir(x). So the polylogarithm factorial functions are particular cases of Hardy’s polyexpo-
nential functions, but our polyexponential functions are not. In fact, a slight difference
between ours and Komatsu’s functions is crucial in defining, for example, the type 2 poly-
Bernoulli polynomials (see [10, 15]) and also in constructing poly-Dedekind sums as-
sociated with such polynomials (see [16, 19]). Here we recall from [10] that the type 2
poly-Bernoulli polynomials B (x) of index k are defined by

oo

M PG " (15)

We also recall that for any integer &, the poly-Bernoulli polynomials BY(x) of index k are
defined by

[o¢]

le(l —e t) Z (16)

— e—t

where the polylogarithm functions Li(x) are given by Lix(x) = Y o, Z—:

The reason why Eii(x) is needed and Lifi(x) is not in (15) is twofold. The first reason
is that Eix(x) has order 1, so that the composition Eix(log(1 + t)) still has order 1, which
is definitely required, whereas Lifi(x) has order 0, so that Lify(log(1 + £)) also has order
0. The second reason is that we want ﬁf,l)(x) to be the ordinary Bernoulli polynomials
when k = 1. Indeed, Ei;(x) = ¢* — 1, so that ﬁi,l)(x) are those polynomials with ﬂ{l)(x) =
x- 1

The construction of the type 2 poly-Bernoulli polynomials is in parallel with that of
the poly-Bernoulli polynomials. Note that Lit(x) has order 1, so that the composition
Lix(1 — e™) also has order 1. In addition, Li; (x) = —log(1 - x), so that B<1)(x) are the ordi-
nary Bernoulli polynomials with B(ll)(x) X+ = (see (16)). Thus we may say that Ei(x) is

a kind of a compositional inverse to Liy(x).
Now we define the poly-Euler polynomials of index k by

(k)
®)x) = ;j(l") (n>0). 17)

When x =0, Equ) = Eﬁ,k) (0) are called the poly-Euler numbers of index k. Note that Eﬁ,l)(x) =
E,(x) and G (%) = G, (x).
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From (14) we note that

n+l

1 1 n+1
(k) _ (k) _ (k) , n+1-1
ErX(x) = 1 G, (x) = 1 léo < / >Gz x (18)

n+l

1 n+1 (k) 1-1 1 n+1 k) n-l
= G xn+ = G xn
n+12( l ) ! n+lZ [+1) ™

=1

=zn: Vl %xnil:i Vl E(k)xnfl (n>0)
1)1+1 1) =

=0 1=0

Remark?2 From (8) and (2) we see that the poly-Dedekind type DC sums are obtained from
the Dedekind-type DC sums by replacing the Euler functions by poly-Euler functions of
arbitrary indices. Note that the key to this generalization is the construction of poly-Euler
polynomials defined in (17), which is done in an elaborate manner. First, we replace ¢ by
Eir(log(1 + t)) as in (12), so that we construct the poly-Genocchi polynomials G¥ (x) of
index k such that G,(ql)(x) = G,(x) are the usual Genocchi polynomials. Next, defining the
poly-Euler polynomials Ef,k)(x) as in (17), we have the desirable property EE,D(x) = E,(x).
Consequently, for k = 1, the poly-Dedekind-type DC sums Tlf,k)(h, m) in (2) reduce to the
Dedekind-type DC sums T,(h, m) in (8).

In Sect. 2, we derive various facts about the poly-Genocchi and poly-Euler polynomials
that will be needed in the next section. In Sect. 3, we define the poly-Dedekind-type DC
sums and demonstrate, among other things, a reciprocity relation for them.

2 Poly-Genocchi polynomials and poly-Euler polynomials
By (12) we have

2Eix(log(1 + £)) 2Ei;(log(1 + £))

. _ ¢
2E1k(10g(1 + t)) = i1 e+ o1 (19)
o0 t”
=Y (6P +GP)=.
n!
n=0
On the other hand, we also have
‘ ad 1 m
2E1k(10g(1 + t)) =2 ; m(log(l + t)) (20)
o0 n 1 t"
= Z <2 Z %51(1’1,7}’1) E,
n=1 m=1

where S (n, m) are the Stirling numbers of the first kind.
Therefore by (19) and (20) we get the following theorem.

Theorem 1 For n > 1, we have

"1
2)_ o Sitnm) =GP + GP.
m=1

Page 6 of 18
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Corollary 1 Forn> 1, we have
2 1
(k) (k)
- > —rSitnm) = B2 (1) + By
m=1
From (14) and (18) we see that

d _« d K
EG; ) () = (n+ 1)GP(x), EEﬁlk)(x) =nE® (x) (n>1).

Thus we note that

* 1
(k) _ c®
[) Gn (x) dx n+1 ( n+1(x) n+1)
X " 1
/ E® () dx = = (EP@) - EP)  (n=>1).
0 n
From (5) and (11) we have

2Eix(log(1 + ) ,, <= (log(l +£))" t
: et +1 ¢ Z mk(m —1)! IZ:El(x)l_! @1)
=0

o9 n j
n\ S1(j, m) t"
(B0 )
n=1 \ j=1 m=1 ]
On the other hand, we also have
2Ei(log(1 + 1)) > W L ) b

Therefore by (21) and (22) we obtain the following theorem.

Theorem 2 For n € N, we have

22( ) E o)

k-1
j=1 m=1 m

For m € N with m = 1 (mod 2), we have

2 Xt ] i it xt
e 10 T Tyem 2V 3
i=0

+7C
mm

Z(_ )lem‘ + 1

i=0

Page 7 of 18
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By (4) and (23) we get the distribution relation

m-1

E,(x)=m Z -1)'E, (x+z)

i=0

where m € N with m =1 (mod 2), and n > 0.

For x € N, we have

x—1
23 (~1)'e"Eiy (log(1 + 1)) 22( 1) Z Z(lo;g(ll +1;

i=0

i=0 m=1 j=1

x-1 Sl(

On the other hand, we also have

= it 2E (1 (1 t)) X Xt
2;( 1)'e Elk(log(1+t)) %(( 1)* e +1)

i (-1y*G® G("))ﬁ.
o " n!

Therefore by (25) and (26) we obtain the following theorem.

Theorem 3 For x,n € N, we have

n m x-1
G0 + 60 =23 3 S (- 1)”””( )Slj(kml/)
m=1 j=1 i=0

Note that, for k = 1, we have
x-1

)GV @) + G =21y (1)
i=0

Corollary 2 For x,n € N, we have

n m x-1
UEL @+ B = ZZZ( 1)’”m< )51](:11/)
ml;l i=0

Note that

-1
(-1)EY () + B =2 Z )" (nxeN).

it = S1(m,j) £
i Zzyk—”i’m.
(23 e () 2

(24)

(25)

(26)

Page 8 of 18
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For m € N with m = 1 (mod 2), we note that

Eix(log(1 + t))ext
el +1

- — Z(_ (S )mt

(27)

! 1 i (log(1 + )

S Fewo(t22) 15 e

oo m-1
. B S+x S1(3,
=y m Y (1) Gl<—m) ZZ = 2l -
=0 s=0 i=1 j=1
1 Sii+1,)j)¢
J A R

> e o (s+x\t >
:;ml 1;(_1) Gl<7)ﬁz

i=0 j=1

o) n-l+1 m-1

~ 1 s (s+x\ 1 Si(n-1+1,))
(S TS

Therefore by (27) we obtain the following theorem.

Theorem 4 Forn > 0 and m € N with m =1 (mod 2), we have

GO(x) = Z() “nilmi( 1)°G (“") kllsl(”‘i““).

1=0 j=1 =0 n—l+1

From Theorem 4 we have

n n—l+1 m—-1
1 1 s (5% 1 Si(n-1+1,))
(X eve ()
=1 j=1 s=0
124 wl ot s+x\ 1 Si(n-1))
1\E=4
St -1°G;, — - P
PUBNONITEAC e =

,_.

RS (n 1)m,”“”2 (G 1 Si(n-1,)
0 =0

1 _
- — - I+1 j n-1

n-1 n—l m-1 .
_ (n 1>ml “ 1)5E1<s+x> kllSl(n—l,])’
5 1 on-1

I= j=1 s=0

~.

where n,m € N with m =1 (mod 2). Thus we obtain the important corollary, which will
be used in deriving the reciprocity law in Theorem 9.

Corollary 3 For n,m € N with m =1 (mod 2), we have

n-1 n-I m-1

Fow =3 (") ST crn(S2) L A,

=0 j=1 =0

Page 9 of 18
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Note that

m-1
S+Xx
Efi)l(x) =m"! Z(—I)SE,,_I <7>,

s=0

where n,m € Nwith m =1 (mod 2).
For p,s € N with s < p, we have

ds
(V@) o1 - sz<’: )E;,k_)su) +sz<sf 1)15;@“1(1).

On the other hand, by (18) we get

d* E p—v+1\/(p
(k) - (k)
- (*Ep) (%)) [4=1 = ! § ( ) ) <U>Ev .

v=0

Therefore by (28) and (29) we obtain the following lemma.

Lemma 1 For p,s € N with s < p, we have

)4
()0 - o+ (2, )t
v=0

In particular, for k =1 and p,s € Nwithp=1 (mod 2) and s=0

2070 (0o

Note that
1
f O(x)dx = —15p+1( )- — / EY) (x) dx
0 0
1
(k) (k) (k)
T iy D B

On the other hand, from (18) we have
g (P o [ 1
_ —V+
/ xE, (x)dx = Z (U)E” / XV dx
0 o 0
p
Z ( ) —v+2

v=0

Therefore by (30) and (31) we obtain the following lemma.

Lemma 2 For p € N, we have

4 (k)
r\_E 1z 1 0
Y (P ) - S — N0
(u)p—v+2 p+1 p+1() p+1)(p+2) 1“2( )+

v=0

(28)

(29)

(mod 2), we have

(30)

(31)

1 £®

p+1)p+2) Epa:

Page 10 of 18
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In particular, for p € N with p =1 (mod 2) and k = 1, we get

P p E, _ 2 E
Z(u)p—u+2_ p+1)p+2) P2

v=0

3 Poly-Dedekind type DC sums
The Dedekind type DC sums are defined by

m-1
Ty m) =2 (-1 %Ep(%") (h,meN), (32)

n=1

where fp(x) is the pth Euler function (see [13, 22]).
For p € N with p =1 (mod 2) and relative prime positive integers m, i with m =
1 (mod 2) and % = 1 (mod 2), the reciprocity law of T,(/, m) is given by

m? Ty (h,m) + W Ty,(m, h)

_ 1w h T\
= 2%:<mh<E+ Z) +m<E+h— [;:D)
+(hE + mEY + (p + 2)E,,

where p runs over all integers satisfying 0 <y <m —1and p — [%4]1 =1 (mod 2), and

P
(hE-+mEY =Y (’; ) WEN m'E, .

=0

For the rest of our discussion, we assume that k is any integer. In light of (32), we define
the poly-Dedekind-type DC sums by

m-1
2z =) ((hp
T (h,m) = 2 Z(;> (-1)"E, (E) (33)
n=1
where h,m,p € N, and E;k) are the poly-Euler functions

E)(x) = EV (x - []).

By (32) and (33) we get

m—1
U= (M
Té”(h,m):zg(—n“(;) p<;) = Ty (h,m). (34)

Let us take / = 1. Then we have

m-1

p p-v
mn P\ [ 1
TO(1,m) = 2 ;0:(‘1)”(%> > (O)(L) (35)

v=0

Page 11 of 18
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p p m-1
- (k) =(p—v+1) _1\M,,p-v+l
_E:(U)Evm (22(1);;, )
v=0 #:1

Assume that m € N with m =1 (mod 2). Then, by (7) and (35) we get

14
TOM,m) =) (” >E§k>m-<1”+l-“> (Epr1v(m) + Epi1) (36)

Vv

Il
(=}

v

+1-v

P
+1-v .
<p>El(,k)m(p+1”)< E (p , )m”*l”’Ei +Ep+1—u>
v pn i
§% P p-v+1
K. —(p+1- - 1-v—i
<U>E‘(’)m (p+ v)§ :( . )mp+ voif,

p p-v p
(k) _ P\ p-v+l i P\ v -1
m T (1,m)_Z(V)EV Z( ; m El+22 o JE Epriom” (37)
Let us define Slf,k)(l, m) as
(P
mP Tz(ﬂk)(l’ m) —2 Z (U)Efjk)Epﬂvmv—l - S;k)(l, m), (38)
v=0

where p,m € N with m =1 (mod 2).
Therefore, by (37) and (38) we obtain the following theorem.

Theorem 5 For m,p € N with m =1 (mod 2), we have
" Ny ” M p-v+1 ,
SOWm=>" (V>Eg >y ( ; )Eimp‘. (39)
V=0 i=0
Now, we assume that p > 3 is an odd integer, so that E,_; = 0. Interchanging the order

of summation in (39), we have

EQEmP (40)

p p-i _
S;k)(l’m) = ZZ (5) (P 1: +1
=0 v=0

p-2 p-i P\ (p-v+1 ‘ P )
= ( ) ( i )E(vk)E,»mp" +(p+1)E, + Z < >E(vk)mp
- v l v

v=0
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p-2 p-i

M

1 .
< ) ( U >Ef)k)Eim1’“ +(p+1)E, + m”EI(,k)(l).
v

i=1 v=0
Therefore we obtain the following theorem.
Theorem 6 For m € N with m =1 (mod 2) and p =1 (mod 2) with p > 1, we have

p-2 p-i

-v+1 .
sOA,m=>" <U> ( >Eﬁk)Eimp“ +(p+ DE, + M"EX(1).

i=1 v=0

In other words, we have

m? T (1,m) (41)
p-2 p-i

3 ( ) ( U 1) EQEm? + (p + VE, + mPEP(1)
Vv
=0

i=1 v

)4
Z( )Ev p+l— UWI 1.
v=0

We observe that

P —v+1l iR |
20 ()0 ®
oy N v ey S v
p-s
PV (P gy (2 g
v v s—1 ‘p—s+1

From (42) and Lemma 1 we have

p-s
p—-v+1\/p ®
()0 @

V4
- 1
=2<P v+ )(p)El(;k)—( p )E;ak)su
s s v s—1

v

_(P\ 0 p (k) p 0
- (S)Ep—s(l) + (S— 1)Ep—s+l(1) - (S _ 1>Ep s+1°

By (43) we get

p-2 p-i
0 e

i=1 v

p-2 p-2
= (’j )E}Qi(l)&mp-l +> (l. i 1) (By i (1) = Epioa ) Ern”™.
i=1

i=1
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From (41) and (44) we note that

m? T (1,m) (45)
p-2 » p-2 »
_ K (1N i ®) B
- py <l‘>EP—i(1)Elmp L+ — <i— 1) (Ep—i+1(1) z+1)E m’” :
(P
k X e
+(p+ DE, + mPEP(1) +2 Z <v>E§ VEp_ym” .
It is easy to show that
Oty B 1. 46
By (45) and (46) we get
(47)

mP Tlgk)(l, m)

14

p
Z p i Z p —i
= <Z>El(7k)l(l)Elmp l+ (l— 1) P z+1(1) E l+1)mp lEi
i=1

i=0
(P
+2 Zs‘ (v)Eﬁk)Epﬂ_um“.

Therefore by (47) we obtain the following theorem.

Theorem 7 For m € N with m =1 (mod 2) and p =1 (mod 2) with p > 1, we have
mP Tlgk)(l, m)

p
P\ —i p
-2 (i)E;)i(l)Efm” l+ Z it (D= Byl ) E: (i - 1)

i=0
+ZZ<) o Epi1- oL

Now we employ the symbolic notations E,(x) = (E + x)", Eﬁ,k) (x) = (E® + x)" (n > 0).

Then we first observe that

m—-1 V4
hu
Sy (et (1) (- |

n=0 s=

:mpmi(—n“ h(E(k) ) (E+h—[%“])>p

n=0

m-1 h/,l, p
:m”Z(—l)“(hE +E+h+———+h,u,m —[—D
n=0 m
m-1 1 h V4
=m”Z(—1)”<hE +E+h+—+E1( M)) .
m
n=0
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Assume that /1, m are relatively prime positive integers. Then, as the index u ranges over
the values © =0,1,2,...,m—1, the product su does over a complete residue system mod-
ulo m, and due to the periodicity of E;(x), the term E(%) may be replaced by El(%)
without alternating the sum over p.

For m € N with m = 1 (mod 2), by (48) and (24) we get

m—-1

p
Eer ke (- [2)
m-1 © 1 _ m V4
— 123 K
_m”Z(—l) (hE +h+E+§+E1<Z))

=0

m-1 © P
— b _1)M o
=m E (-1) (h(E +1)+E+ )

n=0

m-1 p s
eI (’S’) <E . %) (B 4 1)

n=0 s=0

m-1 p
w3 B () (5
0

n=0 s=

p m-1
DNWES (m Z(—l)“ﬁ(%))hp“fé“sﬂ)

n=0

»
-3 (’Z ) (mhyEEL,(1).

Therefore by (48) and (49) we obtain the following theorem.

Theorem 8 For h,m,p € N with (h,m) =1 and m =1 (mod 2), we have

w3 s (e (5o (-[5])

n=0 s=0
Ny

=> < )(mh)P—SESE;“Su),
s=0 $

From Corollary 3 we note that

n rddmel g, s+x\Si(n+1-1))
£ =30 3 3 (e () R, 0

=0 j=1 s=0

where m € N with m =1 (mod 2), and n > 0.
For m,h € Nwith m =1 (mod 2) and 7 =1 (mod 2), by (50) we get

m? T (b, m) + WP T (m, h) (51)
m—-1

—w(h el _
—om? Y %(—1)“1-3;“ (ZM) +2m Y %(—1)“}5;“ <%)
v=0

n=0
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m-1 P h-1 p+1- .
B " ; v Sip+1-1))
=) ”mZ()h 1 ( >1’k‘1(p+1—l)

u=0 1=0 v=0 j=

h-1 P m—1p+1-1 .
Sip+1-1))

T (>ml (1)#5( )7
> (s e

n=0 j=1
h-1 p+1-1 ,
_ M 1 / v Sip l+1])
22( 1) IXO:mp (mh)( )X(;]XI:( 1)5( )7@ i

m—-1p-l+1 ;
Sip-1+1,))
Z th oty ()Z - ”ME’< )(1; [+ D!

n=0 [=0 v=0 j=1

m-1 p h-1p+l-I B
P2 D3 3w o o ()6 (o )R

p  h-1p+l-l I-1(p .
. ) B) S (p -1+ 1,)
=2 Z / (1" (p-1+ 1)jk—1

Therefore by (51) we obtain the following reciprocity relation.

Theorem 9 For m,h,p € Nwithm=1 (mod 2) and h =1 (mod 2) and k € Z, we have

m? Tlgk)(h, m) + T(k)(m, h)

p
=2 5 i > pilil(—l)uw ()™ (DSip-1+1,))
u=0 (=0 v=0 j=1 (p -1+ 1)1

x ((whym? + (vm)hp‘l)fl(g ¥ %)

In case of k = 1, we obtain the following reciprocity relation for the Dedekind type DC

sums.

Corollary 4 For m,h,p € Nwithm=1 (mod 2) and h =1 (mod 2), we have

m? Ty (h,m) + W T,(m, )

m-1 h-1
20 Y S s omEy 7+ ).
h m

n=0 v=0

P h-1p+l-l A (n N\SEolsl)
- 222 ) (-1)“*”(Mh><mh)lmp’(mh)l<l>1:"z(; * Z) P

(p—1+1)%1
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4 Conclusions

The generalized Dedekind sums considered by Apostol are given by

m-1 _ A
Sp(hm) =Y %Bp(;’L)

n=1

and satisfy a reciprocity relation (see [1, 2]), where Z_Sp(x) is the pth Bernoulli function.
Recently, the type 2 poly-Bernoulli polynomials of index k were defined in terms of the
polyexponential function of index k by

Eir(log(1 +1)) , ad @ t"
Tet:ZB” (?C); (kGZ).

n=0

As a further extension of the generalized Dedekind sums, the poly-Dedekind sums de-
fined by

m-1
(%) _ = [ hu
Sp (h,m) = ZB (—)

were considered and shown to satisfy a reciprocity relation in [16], where E;k) (%) = B;,k) (x—
[x]) are the type 2 poly-Bernoulli functions of index k, and S}(,l) (h,m) = Sp(h, m).
The Dedekind-type DC sums defined by

m-1 _ h
T, (h,m) = 22(-1)M%Ep<—“>

m
n=1

were introduced and shown to satisfy a reciprocity relation in [13], where E,(x) is the
pth Euler function. Simsek found trigonometric representations of the Dedekind-type DC
sums and their relations to Clausen functions, polylogarithm function, Hurwitz zeta func-
tion, generalized Lambert series (G-series), and Hardy—Berndt sums.

In this paper, as a further generalization of the Dedekind type DC sums,we considered
the poly-Dedekind-type DC sums

m-1
=) ((h
00 m) =2y (-1 j}(;)

n=1

and showed, among other things, that they satisfy a reciprocity relation in Theorem 9.
Finally, we defined the Dedekind sums and their generalizations in terms of Bernoulli
functions and their generalizations and the Dedekind-type DC sums and their generaliza-

tions in terms of Euler functions and their generalizations.
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