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1 Introduction

Nonlocal boundary value problems have been extensively studied by many researchers.
One can witness the theoretical development and applications of this class of problems
in the related literature. The idea of nonlocal conditions dates back to the work of Hilb
[1]. However, Bitsadze and Samarskii [2] presented the systematic investigation of spatial
nonlocal problems. For motivation of nonlocal conditions, see [3, 4].

Fractional calculus, regarded as a generalization of classical calculus, deals with the
differential and integral operators of noninteger order. One can find a detailed account
of fractional-order differential equations in the monographs [5-9] and the references
therein. On the other hand, several interesting results on Hadamard-type fractional dif-
ferential equations, inclusions, and inequalities can be found in [10]. In [11], a monotone
iterative method was applied to study the existence of positive solutions for Hadamard
fractional differential equations complemented with nonlocal multi-point discrete and
Hadamard integral boundary conditions. For application of Hadamard fractional differ-
ential equations, we refer the reader to the papers [12, 13].

Boundary value problems involving systems of fractional differential equations have also
been studied by many researchers in view of their applications in the real world problems.
It prompted many investigators to explore the theoretical aspects of fractional differential
systems. For some recent results on Hadamard fractional differential systems, for instance,
see [14—19].
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Recently, in [20], the authors derived existence results for a Hadamard-type fractional
differential equation equipped with nonlocal initial condition given by

HDay(t) = f(t,x(t)), 1<t<T,0<q<1,

m (1)
x(1) + Zj:l gjx(tj) =0,
where D7 denotes the Hadamard fractional derivative of order aof: LTI xR—=>R,¢,

j=1,2,...,mare given points with 1 <#; < ... <, < T and {; are real numbers such that

1+ZC]'7/0.
j=1

The inclusions case of the problem (1) was also discussed in [20]. Problem (1) was stud-
ied for g = 1 in [21], for time scales setting in [22], and for Caputo fractional differential
equations in [23].

In the present paper, motivated by [20], we introduce and investigate the existence of
solutions for a coupled system of nonlinear Hadamard type fractional differential equa-
tions

Hppy(t) = f(t,x(), (1), 1<t<T,

2)
Hpay(t) = g(t,x(t),y(t)), 1<t<T,0<p,q=<1,
subject to nonlocal coupled initial-multipoint conditions:
x(1) + Y7 () =0,
( ) Z]-l a}y( /) (3)

Y1)+ 70 Bal) =0,

where 7D?, HD? denote the Hadamard fractional derivatives of orders p and g, respec-
tively, f,g : [1, T] x R* — R are Carathéodory functions, ¢ are given points with 1 < # <
-+ <ty < T, and aj, p; are real numbers such that 1 - 37", o 377, B; #0.

Existence results for the system (2)—(3) are proved by applying fixed point theorems.
In Sect. 3, we discuss an existence result using the idea employed in [21-23], where the
growth condition is split into two subintervals: one containing the points involved in the
nonlocal condition, while the second deals with the rest of the interval. In Sect. 4, we
present two more results for the system (2)—(3): an existence and uniqueness result is
obtained by using Banach’s fixed point theorem, while Leray—Schauder alternative is em-
ployed to obtain an existence result by assuming a growth condition on f and g on the
whole interval.

2 Preliminaries

In this section, we introduce notation and definitions which are used throughout this
paper. Let X = {x(t) : x(¢) € C([1,T],R)} be endowed with the norm |x| = ||x|l;1,77 =
maxyeq, 7] |%(£)|. Obviously (X, || - ||) is a Banach space. Also Y = {y(t) : y(¢) € C([1, T],R)}
endowed with the norm ||y|| = ||y|lp,71 = maxceq1, 7 |y(£)| is a Banach space. Then the prod-
uct space (X x Y, ||(x,9)]) is also a Banach space equipped with the norm ||(x,y)| =
llxll + 11y1l.
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We denote by L!([1, T],R) the Banach space of measurable functions x : [1,7] — R,
which are Lebesgue integrable, and normed by

T
||x||L1=/ |x(t)|dt forallxeLl([l,T],R).
1

Let us recall some basic definitions on fractional calculus.

Definition 1 The Hadamard derivative of fractional order q for a function g: [1,00) - R

1 d\" [, t\""gls)
— 1 - — ) _1 ) = 1)
F(n—q)(tdt> /1 <0gs) . ds, n-l<qg<mn=|[q]+

where [g] denotes the integer part of the real number g and log(-) = log,(-).

is defined as

"Dg(r) =

Definition 2 The Hadamard fractional integral of order g for a function g is defined as

1 [t £\ 7 g(s)
qu(t) = Tq) ‘/1 (log ;) T dS, q> O,

provided the integral exists.

In order to define the solution of problem (2)—(3), we consider the following lemma,
concerning a linear variant of problem (2)—(3).

Lemmal Let ke C([1,T],R) and Q:=1- Z]’Zl o Z]”il B; # 0. Then the solution for the
linear system of fractional differential equations

Hpox(t) =y (t), 1<t<T,

(4)
HDay(t) = hy(t), 1<t<T,0<p,q<1,

supplemented with nonlocal coupled initial-multipoint conditions in (3) is equivalent to
the integral equations

f PlinGs) o L[§h, 1[0 t")ql’%)
- Yy W2 — 7y 2y
LR TACH Q[,:Zl“’r(q)/l CHIE

i“fiﬁfma)/ ( _)p s d} ¥

j=1 j=1

and

1 [f Ty (s) h(s)
CETACHES [Zﬂw)/ (e ) ERa

S T y(s)
>3 [ (oe) ] ©

j=1 j=1

Page 3 of 16
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Proof For some constant xp,yo € R, we have

t 1
x(t) = F(p / (log—>p th(S)ds—xo,

£\ () 7
28
y“‘F()/( E) T ke
Then, we obtain
p1h1(5)
" Fw)f( > s (8)

-1y
j )/ ( _) &ds Yo-

Using (7) and (8) in the initial conditions (3), we obtain a system of equations in the un-
known constants x, and y, given by

m
X0 + Zj:l Oljy() =A1,

m ©)
21 Bixo + 3o = A,
where
S 5\ hals)
A = a'—/ (lo —’) ds,
1 ,Z Tl 5] 7
(10)

w- gy (o) 22

Solving the system (9) for xy and yy, we find that

1 “ 1 "
_|:A1—ZO[]'A2:|, y(): —|:A2—Z/31A1:|
Q Jj=1 Q j=1

Substituting the values of xy and ¥y in (7), together with the notations (10), leads to the
solution (5) and (6). The converse can be proved by direct computation. The proofis com-
pleted. O

For convenience, we set

m m

1

B=1+n| E loyj] E 1B, C=nl| E leil, D =n| § 1B, n= o
j=1 j=1 j=1

B(log T)? C(logT)? B(log T)1 D(log Ty

Tp+1)’ 2T+ M"T Ty T Te+n

B (T T\’ ky(s) c [T T\ ky(s)

11 = F_(p)/ <10g ?> TdS, 12: Tq)/l‘ (log ?> TdS,
L Iy (s) D r Pk (s)

b r<q>/ ( _> I l“‘r<p>/1 <l°gs> e

mi = (11)



Ahmad et al. Advances in Difference Equations (2021) 2021:33 Page 5 of 16

3 Existence result with mixed growth condition
We assume that f,g : [1, T] x R* — R are Carathéodory functions and prove an existence

result with mixed growth condition.

Definition 3 We say that f,g: [1, T] x R? — R are L!-Carathéodory if
(i) t+—> f(t,x,9), t —> g(t,x,y) are measurable for each (x,y) € R%;
(i) (x,9) — f(t,x,9), (x,5) —> g(t, x,) are continuous for almost all £ € [1, T;
(iii) For each u >0, there exist 0,0, € L*([1, T],R*) such that |f(¢,%,9)| < o, for
almost all £ € [1, T] and for all x,y € R* such that ||x|| < w, |||l < 1, and
lg(t,x,9)| <o, for almost all £ € [1, T] and for all x,y € R* such that |lx| < pu,

llyll < .

In view of Lemma 1, we define an operator 7 : X x ¥ — X x Y by

Fx,0)(t) := (F1(x,2)(@), Falx,)(2)), (12)
where
p-1
f(s,x(s),9(s))
fl(x,ym)-m / ( ) 162906 g

5\ g(s,x(s),5(s)) y6) o
[ ’F()f ( ) s

m m p-1
S (s,%(s), 5(s)) y(S))
> aszzlﬂ,r(p)/( ) - } telLT], (13)

J

and

PO = s / ( ) '8(6x(),06)

S

- P (s, %(5), (s)) ) o
| S [ ()

N w 5\ 1g(s,x(s) y(s))
a,ZﬂF(q)/< —) ; ] tell,T]. (14)

j=1 j=1

Note that the operators F; and JF; given by (13) and (14) appear as sums of two integral
operators: one of Fredholm type, whose values depend only on the restrictions of functions

to [1, ¢,] and which is given by

7 Ji (log Ly~ 2020) g
_ U[Zjﬂaiﬁq) fl (log %)qflg(s,x(z),y(s» ds
~Xhe S i <logi>p-lf—“’x<z)’y“” dsl, ift <ty
i (log tm -1 [EX0XD g
-0ty S g %)q“—”‘?’y“” ds
= 0 Y By Ji (log Ty XD ), it 2 1,

Fr (%, 9)(t) =
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and the other of Volterra type, defined by

0
Fvi (x,9)(t) =

i i, (log £)p1 [0 g,

if t < ty,,
ift > ¢,

depending on the restriction of function to [¢,,, T].

Similarly, 7, = Fr, + Fv,, where

]:Fz (x!y)(t) =

@ Ji tog?)

- Y B J <1og”>q 18620 g,
F(q)f

Z} 1“/21 1/31r fl (IOg[})q lgsxs dS]

£)g-1 230D g

tj
[Z] lﬂiW (]Og l)p lf(S:x(S):J’(S)) ds

(log )1~ IL ds

=1 By S (tog L)1 Lexte) “”ds

and the Volterra type operator is defined by

0
Fup(x,9)(t) =

if t <,

1t £\q—1 g(s,x(s),y(s)) .
o) J,, (og H)THEEREE s, if t > ¢,

ift <t,,

ift > t,,

This allows us to split the growth condition on the nonlinear terms f(¢,, y) and g(¢,x,)

into two parts, namely, for t € [1,¢,] and ¢ € [¢,,, T].

Theorem 1 Assume that

(Hy) f,g:[1,T] x R? — R are L}-Carathéodory functions;
(Ha) There exist continuous functions wy, wy, nondecreasing in their second argument,
k € L' [t,,, T], and nondecreasing functions W1, W, : R* — R* such that

lf(t¢x’y)| =

lg(t,x,9)| =

a)l(t’ |x|r |J’|):
k(@)W1 (%1, 1),

wy(t; x5 [y,
k()W (1«1 1y,

ift € [1,t,),
ift € [tw, T,

ift € [1,ty],
ift € [tm, T;

(H3) There exists Ry > 0 such that

p>Ry =

B+D lm tm p_1w1(57|,01|;|:02|)
log — ————ds
L) /i s S

B+C bm [ 71 6()2(5,',01',|pz|)
+ log 2 —————ds<p;
I'(q) /1 S S

(15)

(16)

Page 6 of 16
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(Hs) limsupy_, o ﬁ > 1, where

B+D [im £\? " wi(s, Ry, R
Ay = + (1 ¢ ) wl(S 0 0) ds
I'(p) /i

s s
1 [T T\ k(s)
+ ‘Ijl(R,R)F—(p) /t‘m (log ;) T dS, (17)
B+C [im ( t>q_1 (8, Ro, Ro)
9= log - = ds
I'(q) /1 s s
1 [T -1
£ Uy(R, R)—— <log f) kS 4. (18)
I'(q) Js, s s

Then, problem (2)—(3) has at least one solution on [1,T].

Proof We show that the solutions of (2)—(3) are a priori bounded. Let (x,y) be a solution.
Then, for ¢t € [1,£,,], we have

|x(8)] = [AF1(x,2)(0)]

1 [t NP f(s,x(5), y(s))
r—@fl(k’gs) &

m 1 4 t q_lg(s,x(s),y(s))
R T CHEE

=A

N N

L[ 5\ sl
e () e

N S

< | (e ’fﬂ)pliws’x(s)’y O g
1

S

< tm A\ 21
oSty [ (a0,

N

m m 1 tm £\ [f (s, %(5), y(s))|
Ffng ot s,

N
<ns [ (10 Lm)“ o1l XL S
1

N N

Lo 6\ T wals, ()], [y (s)])
+C@/; <10g ?) —_— ds1

N

which, on taking the supremum for ¢ € [1, ¢,,], yields

N

c [ b \ T 35, ,
. (log—) @205 1% 10 W11 19)
I'(q) /1 s s

B [m tw \ r(s, 1% ,
ol < / log @18, 1% 01600 D 10601)
I'(p) )i S

Page 7 of 16
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Similarly,
B [ b\ 025 1% ) 19 11t0)
1 _n m wm d
Il < F(q)/ <0g . ) ; s
D tm t p-1 : ,
. log @18, %) D101 5 (20)
I'(p) /1 S S

Let o1 = |®llf,e,05 £2 = 1¥l[1,6,1- Then from (19) and (20), we deduce

01 5 FL(;;) f (log tm )17 1w ds + q) tm (log M)Q*lw ds
02 < % f (log m)q- 1 was, m £2) Jo + 2 (log tm yp-1 eLlso1.02) Sﬂl 02) e
Then
P =p1+ 02
B+D [ t,\" " wils|pil,
B+ log w1 (s, |p1] |'02|)ds
I'(p) s
B+C tm tm q_la)2(sy|p1|¢|102|)
+ log — ——————"ds
T'(g) s s
Then, assumption (Hs3) guarantees that
P =< Ry. (21)

Next, we let ¢ € [t,,, T]. Then

|%(8)] = [AF1(x,2)(0)]

F(lp /t (log ),, IJM
DRI (logg)‘“ﬂs,xgﬂ 1l
o

J

j p-l
+Z|O"|Z|’3’ F(p/( t}) @1(5,Ro, Ro) ]

S

1 [t NP k(s) Wy (Jx(s)], 1y(s)])
i ] (1) s 0

Page 8 of 16
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B bm t p_la)l(S,Ro,R()) = a)Z(S:ROrRO)
fr—(m/l <1°g§> s r(q)/ ( ) s

<10g )p Lk ()W (|x(s)], |J’(S)|)
F(P)

N

B bm t p-l w1 (S, Ro, Ro) C tim t -1 CL)2(S, ROr RO)
- log - ds + log - ————ds
I'(p) )1 s s I'(q) )1 s s

T T\ k(s)
+ 0 (1l ||y||[tmn)r(p) / (k,g;) K 4

and consequently,

IA

1 .71

B [im £\ wy (s, Ro, R C [im £\ w,(s, Ro, R
S—/ <log—> w1 (s, Ro, Ro) dsa / <log—> Mds
C(p) Jx s s I'(q) Jx s s

"0 T\ K6
+ 0 (el 71 ||y||[tmn)r(p / (log:) P

Similarly,

ly(@®)|

B [ £\ wy(s, Ro, R D [in t\*"' w1 (s, Ro, R
B log ! w>(s, Ro, Ro) ds + / log - M ds
I'(q) /1 s S I'(p) S s

1
(el 19 en) £ 5 /( ) k) g

and

1711 6, 77

B [ £\ wy(s, Ro, R D [ t\*"' w1 (s, Ro, R
S—/ <10g—) (8, Ro, Ro) ds+ / (log—> Mu’s
T'(qg) J1 s s I'(p) i S s

1 [T £\ k(s)
+‘112(||x||[:,,,,n,||y||[tm,T])—F(q)/ <log;) S ds.
tm

Then we have

Il g, 1 + Y1 77

B+D [m £\ w1 (s, Ro, R B+C [m t\ 7 wy(s, Ro, R
< * log - @1(5.Ro O)ds+ b log - Mds
C'(p) s I'(q) s s

N
r- lk
+ 1 (11 gy, 715 190 0,71 F(p)/ ( ) (s)ds

a1
+\I’2(I|x||[tm Ayl T] T'q )/ ( ) S)

=A1+A2
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and

X +
11 + Whinr) _ g (22)
A1+A2

Now (Hy4) implies that there exists R* > 0 such that for all R > R*, we have

R
A1+A2

> 1. (23)
Comparing inequalities (22) and (23), we find that

190 6,71 + 1N, 77 < R”

Let y = max{Ro, R*}. We have |x|l1,7) < v and |lyl,7 < y. It follows from (H;) that
there exist 0,0, € L'([1, T],R*) such that |f(t,x,y)| < o, and |g(t,x,y)| < 0, for almost
allte[1,T].

The operator F : B, — C[1, T] is continuous and completely continuous. Indeed, F is
continuous in view of (H;), and for complete continuity, we remark that the operator is

uniformly bounded as

1 [t N (s, 2(5), y(5))
-F@ﬁ@%>——7_%
"1 (S 5\ (s x(s),5(5))
St [ ()00,
" " 1 4 5N (s, x(5), y(5))
XYt [ (wey) e

Similarly,

B T T q-1 D T T p-1
ool =5 [ (0e3) Faoggy [ (0e3) T

and it is equicontinuous since

| F1(x(12), y(12)) = Fi (x(v1), 5(v1)) |

BV V66 (6)
’r@) [( gF) (log?) ] .

Page 10 of 16
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L1 (1og vsz)p‘lf(s,x(s),y(s)) ds‘

I'(p) J, s
1 1
?m/ [l () Pz
+— (log2 ~ 1G—yds
F(p) v s s ’

Similarly,

|-7:2 (x(V:)),y(vz)) - ]:2(95(‘)1),)/(”1)) |

1 V1 vy q-1 v q-1 o,

_ log —= log — atd
fr@ﬁ (o) (o) [2a
./ V2 qilQ—yds

S

where 1 < v; < vy < T. Hence, by the Leray—Schauder alternative [24], we deduce that the

’

operator F has a fixed point in B,,, which is a solution of problem (2)—(3). The proof is
completed. O

4 Further existence and uniqueness results
In the next theorem, we prove the uniqueness of solutions for problem (2)—(3) via Banach’s
fixed point theorem.

Theorem 2 Let f,g: [1,T] x R?> — R be jointly continuous functions and satisfy the as-

sumption
(K1) There exist constants L1, Ly > 0 such that Vt € [1,T] and x¢,y. € R, € = 1,2,

[f (&, 21, 51) = f (6:%2,32)| < L1 (%1 = y1] + |2 = 32]),

|g(t,x1,y1) —g(t,xz,yz)| SL2(|9€1 =91l + |x2 —y2|)'
Then, problem (2)—(3) has a unique solution on [1,T] if A < 1, where
A= Ll(Vl’ll + 1’11) + Lz(l’}’lz + l’lz). (24)

Proof Let us define M;, M, as finite numbers given by

te(1,T]

and show that 7B, C B,, where B, = {(x,y) € C[1, T1?: ||(x, )|l < r} with

My (m1 + n3) + Ma(my + 1)
1-A '

r>
For any (x,y) € B,, t € [1, T], using (K37 ), we get

V(trxry)| = V(f,x:J/) _f(tv 0’0) +f(1f,0, 0)|

Page 11 0of 16
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< |f(t,x.9) - £(£,0,0)] + |f(£,0,0)|
< Li(|x(®)] + [y(®)]) + My < Ly (Il%ll + lIyll) + My < Lyr + M.

Similarly, we can establish that |g(¢,x,7)| < Lor + M,. Then

[ FiGen]

1 [t P £ (s, x(5), SO
“To / (l"g ) s

t q-1
+|77||:Z|0‘1 ) f(ogt]> w
p-1
+ZI%IZI@W)/( ) FloxOON }

S%M(Mggp—_+|n|]21:|a,|2|ﬂ,|f( )plds]

(Lr+M) -1 gg
T {'"'Z'“"/ (k’g ) 7}

(Lyr + M) “ “
<o D [(log TY + |nl(log T)P; || ]le Iﬂ;l}

(Lz(?’+1\i[)2) |:| \(log T)? Z|“1:|

= (Limy + Loms)r + miMq + myM,.
Similarly, we can find that
||]-'2(x,y) || < (Lyny + Lyny)r + myMy + nyM,.
Consequently, in view of (24), we get
|Fee)|| < Ar+ My(my + 1) + My(my + my) <,

which shows that 7B, C B,.
Now, for any (xy, y1), (x2,y2) € C[1, T]? and for each ¢ € [1, T], we obtain

”-7:1(?61,)/1) - fl(xz,yz)”

. t AN ds
=To /1 (IOg;) [f (5,219, 319)) = f (5,22(5),2(8)) |

m tj A\ 41 d
+ Il [ZI%’I%@ / <log %) 18(5,%1(),21(5)) - g (5, %2(5), y2(5)) f
j=1 !

“ ’” 1[4 5\ ds
+ Z loy| Z |,3;’|1.,—(p) /; (log ;) lf(S,xl(S);yl(S)) —f(S,xz(S),yz(S)) i S
j=1 j=1
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< Li(ll%1 = %2l + lly1 = y21l)

x F—(p)|:/ <log5> 7 —+|77|Z|%|Z|,31|/ <1°g ) %}
+ Lo (llx1 =2l + lly1 = 92l) T ['”'Z'“I'/ (log )q 1?}

< Ly (Il = a1l + s —y2||)1.,(p 5 [(log I < lnlo TV Yl Y15 }

j=1 j=1
# Lol =2l + s =2l )[|n|(logT)"Zla/}

< [Limy + Lymo] (Ilxy — %2l + lly1 = 3211)-

Similarly, we find that

| F2(1,51) = Falwa, 32) | < [Limy + Loma] (Il61 = %l + lly1 = p2ll).

Consequently, we get

| F 1, 91) = Fxa92) | < Al =20l + llys = 2211),

which, by condition (24), implies that the operator F is a contraction. Hence the con-
clusion of Banach fixed point theorem applies, and consequently there exists a unique
solution for the problem (2)—(3). The proof is complete. O

In the following result, we make use of the Leray—Schauder nonlinear alternative.

Theorem 3 Assume that
(01) f,g:11,T] x R? — R are jointly continuous functions;
(Oy) There exist functions ki,ky € LY([1, T],R*) and nondecreasing functions Q, 2,
Dy, ®y : RY — R* such that |f(t,x,y)] < k(@) [Q1(x]) + 1(lyID], lgt,x,9)]| <
K (O1R:(1xl) + Po(lyID]. for all (¢,%,9) € [1, T] x E2.
(O3) There exists a constant S > 0 such that

S
(I + 1)[21(S) + D1(S)] + (I + [3)[Q22(S) + D2(S)] >

where h;, i =1,2,3,4 are defined by (11).
Then problem (2)—(3) has at least one solution on [1, T].

Proof We show the boundedness of the set of all solutions to equations (x,y) = AF(x,y)
for A € [0,1]. For that, let (x,y) be a solution of (x,y) = AF(x,y) for A € [0,1]. Then, for
€ [1, T], we have

x(6)] = [AF1(x 0]

f(s,x(s), y(S))
TG
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. 5\ gl a(s),y)
[Z q)/ < ) s

1

DS 1 [ 5\ f(s,x(s), ¥(s))
L Zlﬁfr—@)/l C d]‘

/ ( >Plkl(s)[szl(nxn)+c1>1(||y||)1
=T s

1
+|n|[2'°‘1 )/ ( )q ka(5)[S2a(1%1) + (]

N

P () [0 (1) + ®1(IyD)
+Z|Ol}|2|/31 F(p)/ ( ) s

0 ds

< sl (1n1) + s ()] [ (10g T )
+Cla(1sl) + @2(1y)] / ( >,, ),
< B2 (1el) + @1 (Iy1)] + B[22 (11 + @2(151) |
Similarly, we have
6 = 5[ 1) + @2(11)] + 5[ (1el) + @1 (1)
For each ¢ € [1, T'], we obtain
el = 5[0 (11) + @1 (191)] + [ 22 1) + @2(101)]
and
Iyl = B[22 (1) + 2 1)) + {21 (11) + @1 (151 .

Hence we obtain

|Gy | = llxll + llyl
< (i + W[Qu(lxll) + @1 (llyl) ] + (o + B[22 (lxll) + P2(ly11)],

which implies that

[l )l
(o + L) [Q1 () + o (lyID] + (2 + 3)[L22(IIx]1) + <I>2(||y||)]

In view of (Os), there exists S such that (x,y) # S. Let us set
U= {(x,y) eXxY: ||(x,y)|| <S}.

As in the proof (last step) of Theorem 1, it can be shown that the operator 7 : U — X
is continuous and completely continuous. From the choice of U, there is no (x,y) € oU
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such that (x,y) = AF (x,y) for some X € (0, 1). Consequently, by the nonlinear alternative of
Leray—Schauder, we deduce that F has a fixed point (x,y) € U, which is a solution of the
problem (2)—(3). This completes the proof. a

Example 1 Consider the following Hadamard-type nonlocal problem:

Hp3x(£) = f(t,%(2),y(2)), 1<t<e,

(25)
MDAy (e) = gt %(2), y(0)),
subject to the initial conditions:
x(1) + Z;.L:l a;y(t) =0, 26)

y(1) + Z;‘L:l Bix(t) = 0.

Here, p=3/14,q=3/17, T =e,a1 = 1/3, 0y = 1/9, 3 = 1/27, s = 1/81, By = 2/3, Bo = 4/9,
B3 =8/27, B4 =16/81, t; =5/4, t, = 3/2, t3 = 7/4, and ¢4 = 2. With the given data, the values
of B, C, D, my, my, n1,and n, defined by (11) are found to be n = 6561/4691, B = 6561/4691,
C =3240/4691, D = 10530/4691, m; ~ 1.529394, m, ~ 0.746878, n; ~ 1.512428, and n, ~
2.454584. In order to illustrate Theorem 2, we take

1
Ha0190) = 15 (g o 0 s

g(t,x(t),y(t)) (x(t) +tan”! x(t)) + 1 < (@) +sin Zt).

1
7323+ 12 V676 +99 + 2 \ 1 + |y(t)]

Clearly, L; = 1/247 as |[f(t,x1,1) — f(£,x2,92)| < %(m —y1|+ y1 — 1) and Ly = 1/126
as |g(t,x1,91) — g(t,x2,92)| < 1—§6(|x1 — 1| + [y1 — ¥2|). Using the given data, we have A =~
0.037723 < 1. Obviously, the hypotheses of Theorem 2 are satisfied. Hence, by the conclu-
sion of Theorem 2, there is a unique solution for the problem (25)—(26) on [1, e].

5 Conclusions

We have investigated the existence of solutions for a coupled system of Hadamard frac-
tional differential equations with nonlocal coupled initial-multipoint conditions. The ex-
istence result is based on the idea of splitting the growth conditions into two subintervals,
respectively containing the points involved in the nonlocal condition, and the rest of the
interval. We apply Leray—Schauder alternative to prove this result. On the other hand,
the uniqueness of solutions for the given problem is established by means of the contrac-
tion mapping principle. Our results are new and contribute to the existing literature on
nonlocal nonlinear Hadamard-type boundary value problems.
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