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1 Introduction and the main results
We first recall some definitions and basic results on completely monotonic sequences and

minimal completely monotonic sequences.

Definition 1 ([20]) A sequence {u,}52, is called completely monotonic if

(-1)*Afp, >0, nkeNg:={0}UN, (1)
where
A, = 2
Mn = MUn (2)
and
AkHHW = Ak“«rﬁl - Ak:uw (3)

Here in Definition 1, and throughout the paper, N is the set of all positive integers and
Ny is the set of all nonnegative integers.

Widder [25] defined a sub-class of the class of completely monotonic sequences.
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Definition 2 A sequence {,}:°, is called minimal completely monotonic if it is com-
pletely monotonic and if it will not be completely monotonic when i is replaced by a

number less than .

Regarding the relationships between completely monotonic sequences and minimal
completely monotonic sequences, in [6] the author proved that if the sequence {1,}5°,
is completely monotonic, then:

(1) for any m € N, the sequence {1, }52,, is minimal completely monotonic, and

(2) there exists one (then only one) number uf; such that the sequence

{MS: M1, K2, }

is minimal completely monotonic.

o0

Please note that the complete monotonicity of the sequence {j,};°; cannot guarantee

that there exists a number p such that the sequence

{MS’MI’MZ»'”} (4)

is completely monotonic. In fact, if the sequence (4) is completely monotonic, then the
sequence {u,}5; should be minimal completely monotonic.

In [18] the authors showed that if the sequence {u,}5, is completely monotonic, then,
for any m € Ny, the series

[e¢]

Z(_l)jAj,u'erl

Jj=0

converges and

Mm = Z(_l)jAj,u'erl' (5)

j=0
We also recall the following definition.

Definition 3 ([4]) A function f is said to be completely monotonic on an interval 7, if
f € C(I), has derivatives of all orders on I° (the interior of I) and for all n € N

1) f"(x) >0, «xel (6)

Here in Definition 3 C(I) is the space of all continuous functions on the interval I. The
class of all completely monotonic functions on the interval I is denoted by CM(J).

There is rich literature on completely monotonic functions and sequences, and their
applications. For more recent works, see, for example, [1-3, 5-19, 21-24].

For sequences to be interpolated by completely monotonic functions, Widder [25]
proved that there exists a function

f € CMI0,00)
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such that

f(n)=p, neNy

if and only if the sequence {j,};°, is minimal completely monotonic. From this we see
that the condition of minimal complete monotonicity is critical for a sequence {1, }5, to
be interpolated by a completely monotonic function on the interval [0, 00).

In this article, we shall further investigate on minimal completely monotonic sequences.

The main results of this article are as follows.

Theorem 4 Suppose that the sequence {11,,}2, is completely monotonic and that the series

Y )N (7)

Jj=0

converges. Let

ny = Z(—l)jAijl. (8)

Jj=0

Then the sequence
{MS?I’LI’szl’Lgl"'} (9)

is minimal completely monotonic.

Remark 5 It should be noted that the condition: “the series

> YN (10)

Jj=0

converges” in Theorem 4 cannot be dropped since the complete monotonicity of the se-

quence {u,}52; cannot guarantee the convergence of the series

> YN,

j=0
For example, let
Wy = l, neN.
n
We can verify that the sequence {1, },°; is completely monotonic and that
(1)

Nug = )
s j+1
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Hence
oo o0 1
Z(—I)JAIMI = ﬁ,
j=0 j=0 J*

which is divergent.

Theorem 6 Suppose that the sequence {|1,}.° is minimal completely monotonic. Then the

series
oo
D (1N (11)
=0

J

converges and
Mo = Z(—l)jNML (12)

Theorem 7 A necessary and sufficient condition for the sequence {iu,};°, to be minimal
completely monotonic is that the sequence {11, )5, is completely monotonic, the series

Y (1N (13)

Jj=0

converges, and
Mo = Z(—l)/NML (14)

2 Proof of the main results
Now we are in a position to prove the main results.

Proof of Theorem 4 By Theorem 11 in [18], we see that the sequence
{ME‘;’I‘LI’M2’I’LS""} (15)
is completely monotonic. By Theorem 9 in [18], if a sequence

{o, 1y 2, s, ...} (16)

is completely monotonic, then

oo
o= ) (-1 Ny =y, (17)
j=0

Hence by the definition of minimal completely monotonic sequence, we know that the
sequence

(s s as s} (18)
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is minimal completely monotonic. The proof of Theorem 4 is completed. O
Proof of Theorem 6 Since the sequence
{ro, 1, 2, s, .} (19)

is completely monotonic, by Theorem 9 in [18], the series

DI VT (20)

j=0

converges and
oo
Ho > Z(_I)IAIML (21)
j=0
By Theorem 11 in [18], we see that the sequence

oo
Z(—l)jAj,lLl,Ml,Mz,,u/g,... (22)
j=0

is completely monotonic. Since the completely monotonic sequence
{10, w1; 25 3, .. .} (23)

is minimal, we have

oo
Mo < Z(—l)jN,ul- (24)
j=0
From (21) and (24), we get our conclusion. The proof of Theorem 6 is completed. d

Proof of Theorem 7 By the definition of completely monotonic sequence, Theorem 9 in
[18] and Theorem 6, we know that the condition is necessary. By Theorem 4, we see that
the condition is sufficient. The proof of Theorem 7 is thus completed. O

3 Conclusion

In this paper, we investigated properties of completely monotonic sequences. We have
proved a necessary condition for a sequence to be a minimal completely monotonic se-
quence. We also have presented a necessary and sufficient condition under which se-
quences are minimal completely monotonic.
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