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Abstract

In this paper, we study the eventual periodicity of the fuzzy max-type difference
equation x, = max{C, X;;fmm*k},n €{0,1,...}, where m and k are positive integers, C and
the initial values are positive fuzzy numbers. Let the support

supp C = {t: C(t) > 0} =[G4, G5] of C. We show that: (1) if C; > 1, then every positive
solution of this equation equals C eventually; (2) there exists a positive fuzzy number
C with G; =1 such that this equation has a positive solution which is not eventually
periodic; (3) if G, < 1, then this equation has a positive solution which is not
eventually periodic; (4) if C; < 1 < G, then every positive solution of the above
equation is not eventually periodic.

Keywords: Fuzzy max-type difference equation; Positive solution; Eventual
periodicity

1 Introduction

It is well known that difference equations and difference equation systems are often used
in the study of linear and nonlinear physical, physiological, and economical problems (for
instance, see [1, 2]). In the recent years, because the max operator has a great importance
in automatic control models (see [3, 4]), max-type difference equations and systems which
are a special type of difference equations and difference equation systems have attracted
the attention of many scholars (for instance, see [5-15]).

In [16], Mishev et al. proved that every solution of the difference equation

Xn-1

x
Xpsl = max{A, —n}, neNy={0,1,...},

is eventually periodic, where A € R, = (0, +00).
In [17], Fotiades and Papaschinopoulos studied the following max-type system of dif-

ference equations:

Yn-1
x, = max{A4, I3
Fn-2 ne N(),

yn = max{B, 21},
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with A, B € R, and showed that every positive solution of the above system is eventually
periodic.

Further, Su et al. [18] studied eventual periodicity of the following max-type system of
difference equations:

— Yn-1

%, = max{A,, Fo b 1 eN,
— Xn-1

9 = max{B,, 21},

where A,, B, € R, are periodic sequences with period 2 and the initial values x_3,y_5,
x_1,9-1 € R, and showed that every solution of the above system is eventually periodic.

Recently there has been a growing interest in the study of fuzzy difference equations (for
instance, see [19-31]) because many models in biology, ecology, physiology physics, en-
gineering, economics, probability theory, genetics, psychology and resource management
are represented by these equations naturally. For example, fuzzy difference equations are
suitable in finance problems. Chrysafis et al. [32] studied the fuzzy difference equation of
finance. Their research is in finance which is about the alternative methodology to study
the time value of money. In [33], Deeba and Korvin studied the second-order linear dif-
ference equation

Xp+1 =Xn —ABx,_1 +C, n € Ny,

where A, B, C and the initial values xg,x_; are fuzzy numbers. This fuzzy equation is a
linearized model of a nonlinear model which determines the carbon dioxide (CO,) level
in the blood.
In [34], Rahmana et al. studied the qualitative behavior of the following second-order
fuzzy rational difference equation:
Xn-1
Xpy1 = ———, n €Ny,
N Bx,_1x, 0
where A, B and the initial values xy,x_; are positive fuzzy numbers.
In [35], Stefanidou and Papaschinopoulos studied the periodicity of the following fuzzy

max-difference equation:

A A A
Zys1 = Maxy —, eers , né€ Ny,
Zy Zp-1 Zp—k
and
A B
Zp+1 = MAXy —, , neNy,
Zp Zp-1

where k e N={1,2,...}, A, B and the initial values z; (i € Z(-k, 0)) are positive fuzzy num-
bers (where Z(a, b) = {a,..., b} for any integers a, b with a < b).

Furthermore, Stefanidou and Papaschinopoulos [36] studied the periodicity of the fol-
lowing fuzzy max-difference equation:

A B
Z, = max , , neNy,
Zn—k Zn-m
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where A, B and the initial values z; (i € Z(-d,0)) with d = max{k,m} are positive fuzzy
numbers. In [37], the authors investigated the periodicity of the positive solutions of the
fuzzy max-difference equation

1 oy
X, = max , , n€ Ny,
Xn-m Xn-r

where k,m € N, «, is a periodic sequence of positive fuzzy numbers and x; (i € Z(-d,0))
with d = max{r, m} are positive fuzzy numbers, and showed that, if max(supp ;) < 1, then
every positive fuzzy number solution of the above equation is eventually periodic with
period 2m.

Motivated by the above-mentioned studies for ordinary difference equations and corre-
sponding fuzzy difference equations, this paper is to study the eventual periodicity of the
following fuzzy max-difference equation:

X = max{C, Xnomk }, n € N, (1.1)

xn—m

where m, k € N, C and the initial values x; (i € Z(—m — k, 1)) are positive fuzzy numbers.
The rest of this paper is organized as follows. We give some definitions and notations in
Sect. 2 and give the main results and their proofs of this paper in Sect. 3.

2 Preliminaries and definitions
For the convenience of the reader, we give the following definitions and notations.
(1) If A is a function from R = (—00, +00) into the interval [0, 1], then A is called a fuzzy
set.
(2) A fuzzy set A is said to be fuzzy convex if A(At; + (1 — X)t2) > min{A(t1), A(Z2)} for
any A € [0,1] and any £, € R
(3) A fuzzy set A is said to be normal if there exists some ¢ € R such that A(z) = 1.
(4) If A is a fuzzy set, then by a A-cut of A (for any A € [0, 1]) we mean the set
A; ={teR:A(t) > A}
It is well known that the A-cuts of A determine the fuzzy set A. For a subset set B of R
we denote by B the closure of B.

Definition 2.1 (see [38]) We say that a fuzzy set A is a fuzzy number if it satisfies the
following conditions (i)—(iv):

(i) A is normal;

(i) A is fuzzy convex;

(iii) A is upper semicontinuous;

(iv) The support of A, suppA = U,\e(o,l]Ak = {¢: A(¢) > 0} is compact.

It is clear that A; is a closed interval. A fuzzy number A is said to be positive if
min(suppA) > 0. Denote by F* the set of all positive fuzzy numbers. If B € R, then B is
a fuzzy number with B, = [B, B] for any X € [0, 1], which is said to be a trivial fuzzy num-
ber. By [38] we see that, for any A € (0, 1],

(2.1)

(] = max{ [, Promeid }

[xn—m]k
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Proposition 2.1 In (2.1), let [x;]5 = [¥i5,2i3] (( € {(m,n—m,n—m—k}) and [C];. = [Cy,, C, 5]
forany x € (0,1]. Then

Yy = max{Cyy,

Yn—m—k,)
—m,h },

ZZ” . (2.2)
Zny = max{Cy,, e}
Proof 1t follows from (2.1) that, for any A € (0, 1], we have
[_)/n— —k,hr Zn—m—k,k]
D’n,;\, Zn,A] = max{ [Cl,)u Cr,A]y =z .
b/n—m,)u Zn—m,k]
Let ay, @ € [Yn-m—ipr Znom—-ip)s Bas U5, € Ynemps Zu-mpls €15 €5 € [Cipy Cpal such that
aj. / ash
Yn, = Maxjy C, b_ ) Zy,, = Maxy ¢, b_/ .
A Py
Then we obtain
a —m—k,\
Vg = maX{cb —} > maX{Cz,x, Lo } > Yo
bA n—m,r
/
a Zy—m—
Zyp = max{c;, —f} < max{CM, nomk2 } <Znis
b)\ n—m,
from which it follows that
s, = max{Cy, 2 ),
Zyy = max{C,,, Zomkdy,
’ ’ Yn—m,
Proposition 2.1 is proven. O

Definition 2.2 A sequence of positive fuzzy numbers {x,}7_, . is said to be a positive
solution of Eq. (1.1) if it satisfies (1.1). {x,},>_,, ; is said to be eventually periodic with
period T if there exists M € N such that x,,,7 = x, for all n > M.

Proposition 2.2 Let x; € F* (i € Z(-m — k,—1)). Then there exists a unique positive solu-

tion {x,}°°_, . of (L.1) with initial values x; (i € Z(—m — k,—1)).

Proof The proof is similar to that of Proposition 3.1 of [39]. For any A € (0, 1], write
C.=[C Gyl and  [x: = g zin] (i € Z(-m—k,-1),1 € (0,1]), (2.3)

and {0, Zn) oo, (A € (0,1]) is the unique positive solution of the following system of

difference equations:

YVn—m—k,

(2.4)

Zyn—m—k,)
) Zn,)\. = max Cr,)u

Ynp = maX{ Cir
yn—m,A

Zn—m,)
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with initial values (y;,,z;,) (i € Z(—m — k,—1)). Since C,x; € F* (i € Z(-m — k,-1)), there
exist 0 < Py < Qo such that, for any A1, 1, € (0, 1] with 4; < A5, we have

Py < Cpyy < Cipy < Crpy < Crpy < Qo

Py < Yipy < Vips <Zipy <zip, <Qo (i € Z(-m—k,-1)).

It follows from (2.4) that, for any A1, 15 € (0, 1] with A1 < X,, we have

Py
0 < P; = max{ Py, —
Q

o
<yox, =maxiCp, yZ;/;?
< Yoy, =maxq Cj,, 3:"7*’;;\2
< 2z0,, =max{ C,,,, Z;”m%
LA
<zpy, =maxyC,,,, ZJ—/W!—k,M
—n,A

T
0

It is easy to see that ¥g,,2z0, are left continuous on A € (0,1] (see [40]) and
UAG(O,I] o 2z0,] C [P1, Q1] (ie., UAG(O,I] [%0,.,20,1] is compact). Hence [yo,,20,] deter-
mines a unique xo € F* such that [x0]; = [yo,1,20,.] for all A € (0, 1] (see [40]).

Moreover, by mathematical induction on #, it is easy to show that: (1) 0 < y,,5, <¥u, <
Znpy < Zupy (1 € No); (2) Y, 20, are left continuous for all n € Ny and A € (0, 1]; (3) For
any 1 € Ny, there exist 0 < P,,; < Q41 < +00 such that U,\e(o,l]b’n,bznvk] C [Pys1, Quetl
(i.e., U,\e(o,l] Y5, 2n] is compact). Hence by [40], Theorem 2.1, we see that [y,,;,2,,,] de-

termines a sequence {x,}5> of positive fuzzy numbers such that [x,], = [¥4,2u,] for

—-m—k

every n € Ng and A € (0,1], and by Proposition 2.1 we see that {x,}°°  , is the unique
positive solution of (1.1) with initial values x; (i € Z(—m — k, —1)). The proof is complete. [J

3 Main results
In the sequel, let {x,}7>_, . be a positive solution of (1.1) with initial values x; € F* (i €
Z(-m —k,-1)). Let supp C = [Cy, Cy]. For any A € (0, 1], write

CA = [Cl,)u Cr,)»]) [xn])» = [yn,)u Zn,)»]'

Then it follows from Proposition 2.2 that {(y,., zs,)} 00 _,,_« (A € (0, 1]) satisfies the follow-
ing system:

Yn—m—k,x

) (3.1)

Zp—m—k,\
) Zp,) = Max Cr,}u

Yn = Max { Cio
yn—m)»

H—1,A

with initial values (y;,,z;3) (i € Z(—-m — k,—1)). From (3.1) one has, for any n € N,

Y = Crs Znp = Crp. (3.2)
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Theorem 3.1 IfC; > 1, then x,, = C eventually.

Proof Write M = max{sup(suppx;) : j € Z(0,m + k — 1)}. From (3.1), (3.2) and a simple in-
ductive argument we obtain the result that, for any i € Z(0,m + k — 1) and n € N,

Crx < Yu(mk)+in = Max { Ci Yuhiomekyei } < max { Ci YouDiomekyei }
Zn(m+k)+i—m,k Cr,A

- max{cm,w} << max{cl,k,%;z}
C C

< C —_—
max )
= IS Ci,l

and

Z(n— i Z(y— i
Cr,k = Zu(m+k)+ip = max{ Cr,)n Dk vik } =< max{cr,)n LDk vik }
YVu(m+k)+i-m,x CI,A

Z(n-1 K)+i Zi
SHMX{CMJ11J&212_}5...5nmx{cm,l }

G cr
M
< Cisy—1.
—ma"{ ’ C;“}

Then there exists an N € N such that M/CY < 1 for any n > N, which implies y,(u+i)+in =
Ci and zy(mik)+ip = Cry forany n > N and A € (0,1] and i € Z(0,m + k — 1). Then x,, = C
eventually. The proof is complete. d

Theorem 3.2 There exists an C € F* with Cy = 1 such that (1.1) has a positive solution
which is not eventually periodic.

Proof Define C € F* by

0, t<1,
20-2, 1<t<3,

C(t) = (3.3)
4-2t, $<t=<2,
0, t>2.

Define x; € F* (i € Z(-m — k,—1)) by

0, t<1,
20-2, 1<t<3,

xl(t) = 3 (3.4‘)
1, ) < t < 26,
0, t>2e.

Then, forany n € N,

1 1 1
C%:P+5?2_5J’ [mgzuﬁﬁﬁ]zp+§;2% (i€ Z(-m-k,-1)).

Page 6 of 10
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Write r = s(m + k) + i,s € Ng (i € Z(0,m + k — 1)). Note Zimsk)
Then from (3.1) and a simple inductive argument we have

viem1 Z 1forany 0 <j<s.

Y i-m-k, %

1 _ 1 _
4o =9, =max{ls g, 05 mekyeiom L o (3.5)
zZ, 1 " .
1 _ 1 ik _ 1 2
2— m < Zr,% = max{2 e m} = max{2 o (1+ﬁ)s+l}'
Thus z, 1 = 2e/(1 + 5-)*" since (2 — 1/2n)(1 + 3)*! < (2 = 1/2n)(1 + )" < 2e, where

n = s1(m + k) + i. On the other hand, for any # € N, there exists an Nj(#) € N such that

Z,1=2~— i for every r > Ni(n) since lim,_, o, 2e/(1 + ﬁ *=0. Thus [x,]1 # [x,]1 for any

r > Ny(n), which implies {x,};._, . is not eventually periodic. The proof is complete. [

Theorem 3.3 If C, < 1, then there exists a positive solution {x,}>°_, . of (1.1) such that
every x,, > 1 is a trivial fuzzy number (n > —m — k) and lim,,_, o x,, = 1.

Proof We show that the following equation:

Wy = 2k e N (3.6)
Wh-m

has a decreasing solution which tends to 1. Indeed, we write

M = {(I/ll,...,um+k) UmskUksl = UL =00 = Uik = 1}
and
M2 = {(ulﬁ"'fum+k) PUmrkUk Z UL = 0 2 Uk = 1}
Then M; C M, since for any (u1,. .., Umek) € M1, we have Uy ilhis1 = U1 > - > Ui > 1
and Uy kUi > UpekUics1 > x1. Now we define T : My — My, for any (uy, ..., Upsk) € M, by
Uy
T(ulwu;um+k) = (Vlr»-anJrk) =\ U v Uk U . (37)
k+1

We show that T is well defined. Indeed, it follows from (3.7) and the definition of M;

that
Vi=uy1, forieZ(1,....m+k-1), (3.8)
U1 :
Vim+k = U1’
and
u
VinikVi = Upsl SUL Z U = V1 2 0o 2 Vi k] = Uik = = Visk = 1.

Uk+1 Uk+1

Thus (v1,..., Vimsk) € M.
Now we show that T is a bijection from M; to M;. Indeed, let u = (uy, ..., Uyk), vV =
(V1ye o Vimsk) € My with u # v. Then T(u) # T(v). On the other hand, for any v =
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(V1s+evs Vinsk) € Mo, we have

VinskVk Z V1 > -+ 2 Viek = 1. (3.9)
Write

U= (Ulyens Uppik) = Viiak Vi Vis o - o s Viake1)- (3.10)

By (3.9) and (3.10) we have
Uik Ukl = Vinsk=1Vk = VipakVk = U1 Z V1 = Uy = -+ > Uppak = Vinsk-1 > 1,

which implies # € M; and by (3.7) we have T'(«) = v.

Furthermore, since T~ (v1,..., Viuik) = (Viak Vis Vis - - - » Vimsk—1) is continuous, T is a home-
omorphism.

Noting that M; C M, and T is a homeomorphism from M; onto M,, we see T-1(M;) C
T-}(M,) = M. By induction, it follows that, for every n € N,

p=1,1,...,1) e T"(M;) C T (M,).

Because M; is a unbounded connected closed set, we see that T-"(M;) is a unbounded

connected closed set for every n € N. Write

Q=T (@n).

n=0

Then Q is also a unbounded connected set.
Let {w,}>°_._,, be a solution of (3.6) with the initial values (w_,,_¢,...,w_1) € Q — {p}.
Then, for every n € N,

Tn(w—k—m; cees W—l) = (Wn—k—m; cees Wn—l) €M, - {P},

which implies w,, > wy;,1 > 1 for any n > —k — m. Let lim,,_, .o w,, = a. Then by (3.6) we

have a = 1. It is easy to show that {(w,, w,)}2 is also a solution of (3.1) which is not

—k-m
eventually periodic. Thus x, = w, is a solution of (1.1) such that every x,, > 1 (n > —m — k)

is a trivial fuzzy number and lim,,_, -, x,, = 1. The proof is complete. O
Theorem 3.4 If C; < 1< Cy, then every positive solution {x,},°_, . of (1.1) is not eventu-

ally periodic.

Proof Since C; <1< Cy, wesee Cjy, <1< C,y, for some A; € (0,1]. For any A € (0,A1], we

have

0< Cl,)» < CMI <1< C,«,)\1 < Cr,k-
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Write M = max{sup(suppx;) : j € Z(0,m + k — 1)}. From (3.1), (3.2) and a simple inductive
argument we obtain, for any i € Z(0,m + k — 1) and s € Ng and A € (0,A1],

Cip < Ystm+k)+ip. = max{ Ci Yo Domek)+ih } < max{ Cips Y- Dmey+ir }
s(m+k)+i—m,\ Cr,)u

< maX{ Cy, T iz } << max{ Cupy 22 }
Cr,)\.l

i1

sm{ |
< max I e (-
o

Thus there exists an N € N such that y,; = C;; for any n > N and A € (0,,] since
limg_, oo M/C;,, =0.
By (3.1) and (3.2) we see that, for any n > m + N and 1 € (0, 14],

Znomkh } (3.11)

Zn) = max{ Cros
Ci

If 2,5 = Cpp. > 2ymi1/Ciy for some n € Z(m + N,m + N + m + k — 1), then by (3.11) we
obtain zy.,s(mii) = C,,A/Cf,)\ foranys € No.If z,5 = zy—m-k1/Ciy. > C,, forsome n € Z (m +
N,m + N +m + k — 1), then by (3.11) we obtain z,.;s¢u+k),, = zn_m_k,,\/Cf'Xl for any s € No.
Thus lim, . o Zs,. = +00. Furthermore, we see that {x,}72_, , is not eventually periodic.

The proof is complete. O
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