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1 Introduction

Fractional partial differential equations (FPDEs) have a significant role to play in various
fields such as chemistry, physics, fluid dynamics and biology, therefore obtaining solutions
of such FPDEs is unavoidable [1, 2]. There are many numerical and theoretical methods
for solving fractional order differential equations [1-4].

The Lie symmetry technique is one of the most useful techniques to conclude to solu-
tions of nonlinear FPDEs, generally, Lie symmetries might be used to reduce the order of
the original equation (system of equations) as well as the number of independent variables
[5-11].

Lie symmetry analysis and conservation low have been applied to different type of frac-
tional PDEs such as the time-fractional Caudrey—Dodd—-Gibbon—Sawada—Kotera equa-
tion, time-fractional third-order evolution equation, the space-time-fractional nonlin-
ear evolution equations, the time-fractional modified Zakharov—Kuznetsov equation, the
time-fractional generalized Burgers—Huxley equation and the time-fractional dispersive
long-wave equation [12—17]. In [8] the new coupled KdV system

Up + Uyyy + Uty + 3WW, =0,
Vi + Vagx + 3VVs + 3w, = 0, (1)

Wi+ Wyxx + %(MW),C + %(Vw)x =0,

was derived and examined by the Lie symmetry method.
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Unlike the case of ordinary partial differential equations (PDEs) symmetries of FPDEs
have not considered comprehensively. The study of FPDEs through symmetries is remark-
able and interesting [18—22].

In this paper, we consider the new coupled KdV system (1) of fractional order given by

DYy + Uyyr + 3utsy + 3ww, = 0,
D2V + Vi + 30V, + 3w, = 0, (2)

DW + Wiy + %(uw)x + %(vw)x =0,

where a € (0, 2).

The article is organized as follows. In Sect. 2, some definitions and properties of Lie
group scheme to analysis of (2) are given. In Sect. 3, we find Lie point symmetries of sys-
tem(2) and reduced system of this system. The conservation laws of (2) are obtained in
Sect. 4. Discussion and conclusions are summarized in Sect. 5.

2 The symmetry group analysis of (2)
In this section, we briefly review some key definitions and properties of the fractional Lie
group scheme to obtain infinitesimal function of the FPDE system.

Definition 1 The Riemann-Liouville fractional derivative of order « [1, 2] is defined by

o Mulxd) -
Diu(x,t) = Fulrd) | e a=nel

ot 1 d" [t __uwr) .
(n-a) dt" fO (t—r)x+l-n dr; n-l<a<n.

For a fractional PDE system like (2) with two independent variables we have

aai;lt(f’t) = F(x, £, w,v, W, u01), V1), W), - - ),
9 —avt(;cvt) =G t,u,v,w, (1), V1), W), - - ), (3)
A% w(x,t)

T H(x,t,u,v,w, 1), V1), W(1)» - - ), O<a<2.

Throughout the article we use (¥, w) instead of (x,,u,v,w).

Assume that (3) is invariant under the one parameter Lie group of infinitesimal trans-
formations,
t*=t+et(xm)+0(e?),
x* =x +e£(x,0) + O(e?),
u = u+en'(%u) + O(e?),
v =v+en'(®u) + O(e?),
w' =w+en’(x,u) + O(ez),
D%u* = Dfu+en (%, ) + O(e?),
D%V = Dv +en (%, 1) + O(€?),

Diw* =D%w + env(x,u) + 0(62),
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Yu*  dJu .
_ MDurx 5 2
- = — +¢€ x,u) + O(e”),
axy 0w e ( )
Iv: v ,
- Wiz & 2
- = — +¢€ x,u) + O(e”),
axY 0w nE W) ( )
Iw*  Iw .
_ w7 & 2 P
- = —— +¢€ x,u) + O(e”), =12,..., 4
e = oy e Emw+O(€), @)

where £, T, n%, ¥, n* are infinitesimals and 7%, @Y, W HOU ROV HOW gre extended

infinitesimals. € is the group parameter.
According to Lie’s algorithm, the infinitesimal generator of (2) is given by

0 d 0 0
X = 5(50,1—1)5 + ‘L'(?_C;l_l)& + n“(a_c,ﬁ)a + TIV(J_C,I_I)E
(5)

d
+nV(xa)—.
ow

The coupled KdV system of fractional order has at most ath-order derivatives, therefore,

the a-prolongation of the generator should be considered in the form

d d d d
X@ = g@u)— + 1(®0)— + " ®% ) — + 0" (% 0) —
Elx u)ax+t(x u)at+n (x u)au +nV(x u)av

__, 0 1
+ nw(xr u)% + ﬂl( )ll(x, Lu,v,w, u(i)rv(i)yw(i)) Ju:
i

Dw,— —
E ™%, a, u(i),V(i)¢W(i))W oo

Wy s = 9
+1; 0 (%0, u(i);V(i),W(i))w +17
1 1

u - —
+ nl(l)ulk (x) W, W(1), V(1) W(1)5 -+ - » (k)5 V(k)» W(k)) Ju
1

k - —
+ n}l .).‘./,'k (x,u, W1), V(1) W()5 - - - » U(k)> V(k)» W(k))

.....

k -
+ 7751 )Vtk (x,u, W), V1), W()s«-+>» ll(k),V(k),W(k))

(@u = < d
+n, (%t ), )
ouy

_ 9
+ 0 M(® 0, Wy ) —— (6)

where

™ = D%, (") + ED%,(u,) — D%, (§u,) + D%, (D1e(v)u) — D% (zu) + tD% M,
" = D%,(1%) + EDS,(ve) — D2,(6vy) + D%, (Dar()v) — DY (xv) + TDE; L,

M = D2 (") + D%, (W) — DS, (Ewy) + D% (Dso(x)w) — DY (zw) + TD% w.

Dy, Dy, and D3, are the total derivative operators defined as

D ad a ) ad ad
= —+tW—+tUy— +tUyg— +Uy— +-,
1t 9t tau xtBUx ttaut Xt auxx
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D d 0 0 d 0
ot = — +Vi— +Vyy— + Vyp—— + Vyyy—— + - -
t Y t Iy xt v, tt v, xXxt Vo ’
D ad ad ad a ad
3= — Wi + Wyy—— + Wy —— + Wyyy——— + - -+
ot tow  owe  aw T wy

Definition 2 A vector X given by (5) is said to be a Lie point symmetry vector field for
system (2), if

X[D¥u+ s + 3um, + 3ww,]| =0,

X(“)[D‘;‘v + Vixx + 3VVy + 3wwx] =0,

3 3
X |:D‘;‘w + Wi + i(uw)x + E(vw)x:| =0.

3 Lie symmetries and similarity reductions for (2)
We apply the a-prolongation of X® to Eq. (2). It gives the following claim.

Theorem 1 Lie symmetry group of (2) is spanned by the following vector fields:

0 0 0 0 9 0
Xi1=—, Xo =ax— +3t— —2au— —2av— — 20w —. (7)
0x 0x ot ou av ow

Proof Let us consider the one parameter Lie group of infinitesimal transformation in x, ¢,

u, v, w given by

t— t+eEl(x,u),

x — x + e&¥(%, ),
v— v+en'(x,u),
u— u+en(x, ),
w— w+en¥(x, ),

now we find the coefficient functions &, 7, %, n*, n%.
By applying the X® to both sides of (2),we have

X(“)[D‘t"u + Wy + 3001, + 3WW, | =0,

XDV + Vi + 30V, + 3ww, | = 0,

3 3
X |:D‘;‘w + Wagr + E(uw)x + E(vw)x] =0. (8)

We obtain the Lie point symmetries by expanding (8), and solving the resulting system

using Maple as follows:

E(x, 1) = ¢c1 + crax, (X, ) = 3¢y,

n"(x,u) = —2cam, n'(x,a) = —2cav, vV (x,a) = —2caw,
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here ¢; and ¢, are arbitrary constants. Thus, the corresponding vector fields are

0 0 0 0 0 0
X1=—, Xo=ax— +3t— - 2o0u— - 200v— — 20w —. O
0x 0x ot ou ov ow

Here we want to obtain symmetry reductions of (2), then the system (2) transforms into
a system of fractional ODE.
In order to solve the following associated Lagrange equations:

dx_dt_du_dv_dw
Exu) tEu) npEw) rEa) vEa)’

We consider the following cases.
Sy, D

o Casel: X = ..
In this case the symmetry X gives rise to the group-invariant solution:

r=t, u=F(r), v=G(r), w = H(r), 9)

substituting (9) into (2) results in the fact that F(r), G(r) and H(r) fulfill the following

differential equations:

d*F(t) 0 a*G(t) 0 d*H(t)
dt dt® dt®

) =Y

By using a Laplace transformation we get

k1 k2

F(t) = —t*7}, Git)= ——t*',  H(t)= 1,
(®) ) (®) o) ) )
where ki, k> and k3 are constant; therefore
k k k
ulx, t) = —— %71, v(x, t) = —— %7, wix, t) = —— 7L,
['(a) ['(a) ['(a)
o« Case2: X, = axa{’—x + St% - 2au;—u - 2av% - 2aw%.
In this case, the group-invariant solution is
=3 -2 -2 -2
r=txv, u=F(r)x7, v=G(r)x7, w=H(rx™=, (10)

substituting (10) into (2) leads to the following fractional ODE system:

DF + kyF(r) + korF'(r) + ksr®E"(r) + kar> F® (r) + ks F2(r) + kerF(r)F'(r)
+k;H*(r) + ksrH(r)H'(r) = 0,

DG + K\ G(r) + kyrG'(r) + kir* G (r) + k> GON(r) + kLG (r) + krG(r) G (r)
+ K,H?(r) + kirH(r)H'(r) = 0,

DYH + K/H(r) + kjrH'(r) + kir*H" (r) + k{r*H®) (r) + k. F(r)H(r) + k{rF'(r)H(r)
+ Ky rF(r)H" (r) + kg G(r)H(r) + kyrG'(r)H(r) + k{,rG(r)H" (r) = 0,

where k; = Ii;(), k} = gi(@), (i=1,2,...,8) and k]f’ =m;(a), (j=1,2,...,10) are constants.
Note. For « = 1, the Lie point symmetries provide similar results to those obtained by
Adem and Khalique in [8].
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4 Conservation laws

Now, we construct conservation laws for system (2) by using the Lie point symmetry (7).
The vectors C; = (Cf, C¥), (i = 1,2, 3) are called conserved vectors for system (2), if they

satisfy the conservation equations,

Dt(Ci) + Dx(cf) |D‘t"u+u,;xx+3uux+3wwx=0 =0,
Dt(Cé) + Dx(C%C) |D?‘v+vxm+3wx+3wwx=0 =0,
Di(C%) + D (CY) ~0.

|D‘t"w+wxxx+ % (aw)x+ % (vw)x=0
For system (2), a formal Lagrangian can be introduced as
L=AYx 1) [D?‘u + Wy + 3UW, + 3wwx] + A%(x, ) [D‘;’v + Vigx + 3VV, + 3wwx]

3 3
+ A3(x, 8) |:D§‘w + Wi + E(uw)x + E(vw)x] =0, (11)

where Af(x,t),i=1,2,3, are new dependent variables.
The Euler—Lagrange operators are defined by

§ 9 (D) 3 0 . 0 0

— =+ — D, + - )
Su Ou t D% ou, ¥ Oty i) .
i=i+( "‘)*L—Di+D2 0 9

sv v PRaDYy TRV, 0V T Vi
i:i+(a)*L_ D 0
Sw o ow PRaDtw T Ow, T O0Wae OWi

here (Df)* is the adjoint operator of Df.
For the RL-fractional operators

(D7) = (-1)"17*(D7) = DF,

where

I7f(t, %) = ! )/T( f(z.) dr, n=[a]+1.

Fn-o T —t)lten
The adjoint equations to the system (2) are written as

SL oL oL
=0 E =0 =0

Fr=—"=0, *= =0, = =0.
L7 su 27 sy 37 sw

(12)
Replacing the formal Lagrangian (11) into (12), we have

. 3 3
Ff=(D¢)'A' = 3uA, - AL, + waA?’ - EwAi =0,

XXX

. 3 3
Fy= (DY) A*=3vAL - AL, + waA3 - 5wAf; =0,

. 3 3
Fy = (DY) A® - 3wA), - 3wA2 + i(ux +v A3 - 5(u +V)A3- A2 =0. (13)

XXX
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Since in the system(2), there are no fractional derivatives involved w.r.t. x, we have
X 4 Dyy(T)L + D1, (€)L = w,»% +DyN} + Di:N},
X 4 Dy, ()L + Doy ()L = w,»% + Do N& + Dy, N¥,
X 4 D3y(T)L + D3y (E)L = w; % + D3, N§ + D3N3,
where
W; = (n“ +nY + 17“’) —&me + v +wy) —Ti(wp +ve+wy), i=1,2,

are the Lie characteristic functions corresponding to the Lie symmetries X; and X;.
If we have the RL-time-fractional derivative in the system (2) then the operators N* are

given by
. n-1 P © d n 71 0
Nt - Ek:o:(_l) Dy WD, ey ~ 1T <M’D“m>'
t n-1 P p d n 7 0
N2 = kéo (—1) th (M)DZt (HD?V) - (_1) ]<M,D2t(aD—?V)>,

n-1
3 3
Nf:§ ~D)*DE R WDk, —— — (-1 W, DL, ——— ),
3 H( L *(9Dfw) 7 *(9Dfw)

where J is the integral

1 " x)g(px) ,
](f»g)—r(n_a)/(;/t (i o) dudt;

the operators N* are defined by

NEe W, oL DL(W) oL D2.(W) oL
=Wig— tPDnu\Wi)— + i ,
1 8ux ! 3uxx Lx auxxx
oL oL oL
N§ = W;— + Do, (W;) —— + D3 (W) ——,
2 vy 2(Wi) OViyx 2x( ) OVixx
oL oL oL
N} = Wi—— + D3, (W} D% (W; .
: ow, s )wax s )8wxxx

For any generator X of system (2), we have

(X@L + Dy(T)L + D12(E)L) | sy s 30y s300,-0 = O,
(X@L + Dy (T)L + Dou(€)L) Dt vivyp s 3vvy+3wmws—0 = 05
(X)L + Dyy(v)L + D3 (£)L) 0 =0.

|D‘z" WHWxxx+ % (uw)x+ % (vw)x=

These equalities yield the conservation laws

Dy;(N{L) + D1,(N7L) =0,
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Dy (N3L) + Dy, (N3L) =0,

Dgt(N L) + Dgx(N L) =0.

For the case, when « € (0,1), using N} and N? (i = 1,2,3), one can get the components of

the conserved vectors

oL oL
Ci=(—1)°Dﬁ‘;l(m)D?tm—( 1) ]<W D}taDa )=A1D?;1(M)+J(M,Ag),
t
oL oL o
Ch = (-1)°D5; (W;)D) 3Dy ‘(‘1)1]<W"’D5‘3D—;w> A*DSH (W) + (W3 A7),

3D ) = A*D5H (W) + (W3, AD),

Ct = (-1)°DEH(W;)D! Sfag{; (—1)1](W D!}

and

. L aL ., oL L dL
C1 = W Dlx +D +D1x(W) Dlx

8 (Lo oy b Wy OWyyex 8 Wyex Wy
9
D? (W) ——
+ ( )8uxxx
3
= M(SMAI + EWA3 + A}m> — D1 (W)AL + DI (W)A', (14)
oL oL oL oL oL
CG=W;|—-D D? Dy (W))| — - D
2 (avx e | OV ) + Dl )<avxx 2"avm)
+ D5 (W) ——
8 XXX
3
- w,»(BVAZ + EWAB + A§x> — Do (W) A2 + D3 (Wi)A?, (15)
oo oL b aL D oL DarlW) aL b oL
= P XN + X i - X
3 oWy oW OWea > War > OWae
+ D% (W) ——
3x( ) awxxx

3 3
= m(3wA1 +3wA? + EuA3 + §VA3 + Af;x) — D3 (W)A2 + DL (W)A3,  (16)
where i = 1,2 and the functions W; are

Wi =—(uy + vy +Wy),

Wy = 2au — 2av — 2aw — ax(u, + v, + wy) — 3t(u; + v, + Wy). (17)
Also, when « € (1,2), we get the components of the conserved vectors

Cl = ADI W) +J (Wi A) = A DI =T (Wi A
Cy = AD5H (W) + ] (Wi A7) = A;DE (W) =T (Wi, A),

CL= A3DE (W) + T(Wi, A2) - AZDE; (W) — T (Wi, A3),
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where i = 1,2 and the functions W; in the form (17); also the conserved vectors C§, C5, C§
coincide with (14), (15) and (16).

5 Conclusions

In this paper, Lie symmetries and conservation laws have been studied for fractional order
coupled KdV system (2). First, we obtained the fractional Lie point symmetries to the
KdV system (2) with Riemann—Liouville derivative and we have shown that system (2)
can be reduced to a nonlinear system of FDEs. Finally, conservation laws are constructed
for system (2), the calculated conserved vectors, might be used for creating the particular
solutions for the KdV system by the given method in [23, 24].
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