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1 Introduction

The study of the discrete analogues in harmonic analysis became an active field of research
inrecent years. For example, the study of regularity and boundedness of discrete operators
on /” analogues for L”-regularity and higher summability of sequences has been consid-
ered by some authors, see for example [3-7, 24, 25, 28] and the references cited therein.
Whereas some results from Euclidean harmonic analysis admit an obvious variant in the
discrete setting, others do not. The main challenge in such studies is that there are no gen-
eral methods to study these questions and the discrete operators may behave differently
from their continuous counterparts as is exhibited by the discrete spherical maximal oper-
ator [19]. We confine ourselves in proving some basic properties of discrete Muckenhoupt
and discrete Gehring classes. For properties and the structure of classical Muckenhoupt
and Gehring classes (in integral forms), the relation between them and their applications in
mathematical analysis, we refer the reader to the papers [1, 2, 8—18, 20-23, 27, 29] and the
references cited therein. Throughout this paper, we assume that 1 < p < co and I stands
for a subset of Z, of the form I = {1,2,...,N}, where N is a fixed positive integer and n
be a positive integer in I. A discrete weight on Z, = {1,2,...} is a sequence u = {u(n)}3,
of positive real numbers. The discrete positive weight u is said to belong to the discrete
Muckenhoupt class A”(A) on the interval I, for p > 1 and A > 1 (independent of p), if, for
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everynel,

1 < 1 o\
=D ut <A(=> ur®))
k=1 k=1

For a given exponent p > 1, we define the A”-norm of the discrete weight u by the following

quantity:

n n pr-1
(] 4 := Sup(% > u(k)) (% > urt (k)) , )
k=1

nel k=1

where the supremum is taken over all # € . The discrete weight u is said to belong to the

discrete Muckenhoupt class A'(A) if, for every n €1,

1 E u(k) <A inf wu(k),
n
k=1

1<k<n

for A > 1, holds and we define the A!-norm by the following quantity:

1 1 -
= — — k).
[u] 41 s;ilﬂa p (inflgkgn ) Z u(())

k=1

The discrete weight u is said to belong to the discrete Muckenhoupt class A*(A) if, for

everynel,
1 — 1« 1
— Zu(k) exp — Zlog — | <A,
na= na— u(k)

for A > 1, and we define the A*-norm by the following quantity:

1« 1« 1
[u] goo := sup(; Z u(k)) (exp p kZﬂ:log m),

nel k=1

where the supremum is taken over all # € I. The discrete positive weight u is said to belong
to the discrete Gehring class G7(G) on the interval I C Z*, for g > 1 and G > 1 (independent
of g), if, for every n € I,

n

N

u(k). 2)
k=1

1 " 1/q
<— Zu‘«k)) <G
" k=1

For a given exponent g > 1, we define the G7-norm by the following quantity:

n -1 n
[u]ga = sup[(% Z u(k)) (% Z uq(k)>

nel k=1 k=1

q_

:| .
’

-
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where the supremum is taken over all # € I. The discrete weight u is said to belong to the
discrete Gehring class G*°(G) if for every n € [

sup u(k) < G- Z

1<k<n k 1

for G > 0. The discrete weight is said to belong to the discrete Gehring class G1(G) if, for
everyn el

u(k)
G)
exp( ;izkl u® ﬁzzlu(k)>5

where G > 1 and we define the G!-norm by the following quantity:

1 u(k) u(k)
1:= l ’
[ulg Snlg)|:exp( kz; TS @) %ZZ:I u(k)):|

where the supremum is taken over all n € I. The objective of this paper is classified as

follows:

(1) Prove some basic properties of the discrete Muckenhoupt class .A?.

(2) Prove some basic properties of the discrete Gehring class G4.

(3) Prove some fundamental relations between A? and G7.

(4) Prove some fundamental relations between A and G7 and their norms.

The paper is organized as follows: In the next section, we state and prove some basic
lemmas that are needed in the proofs of the main results. In Sect. 3, we present properties
of the Muckenhoupt class which include the self-improving property. In Sect. 4, we prove
the basic properties of the Gehring class which include also the self-improving property.
In Sect. 5, we prove the transition and inclusion relations between the two classes which
give embedding relations between .4” and G7 and also relations between A* and G7 and
their norms.

2 Basiclemmas

In what follows, all sequences in the statements of the theorems are assumed to be pos-
itive sequences defined on I € Z, and use the conventions 0 - co = 0 and 0/0 = 0 and
S8, y(k) = 0, whenever m > b and

k-1 k-1
A (Zy(s)) =y(k), Y Ay(s) = y(k) - y(a).
The classical Holder inequality is given by
n n pr 4 1/q
> vl < {Zlul’”} [ZW] : (3)
k=1 k=1 k=1

where 1/p + 1/q = 1, and p,q > 1. This inequality is reversed for 0<p <1 and if p < 0 or
q < 0. For instance the inequality

n n p n -(p-1)
> luv > [Z |u|“1’] [Z |v|'“<p-“} : (4)
k=1 k=1 k=1
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holdsif O<p<lorp>1,g=-1/(p—-1)<0.If p=1 and g = oo, the Holder inequality is
given by

> luvl < (Z|u|)(sup|v|), (5)
k=1 k=1 "

if Y 7_, lu(k)| < 0o, and sup,, [v(n)| < co. Throughout we assume that z : T — R* is positive
sequence and define

n 1/q
Muln) = (% Zuq(k)) ,

k=1

for any real number g and any # € I. Note that, for g = 0, the operator M, takes the form

1 n
Mou = exp(; Zlog u(k)).
k=1

In the following lemma, we state the basic property of the operator M u which is proved
directly by applying Jensen’s inequality.

Lemma 1 Let u be a positive weight and p and q be real numbers. If p < q, then Mpyu <
Mu.

We recall that the discrete positive weight u is said to belong to the discrete Gehring
class G1(G) on the interval I C Z*, for g > 1 and G > 1, if, for every n € [,

1 n 1/q 1 n
(—Zuq) §G(—Zu>. (6)
n n
k=1 k=1
It is clear that the Holder inequality (in terms of M, u) reads
Mgu> Myu, forg=>1. (7)
The reverse of (7) is given by (6), which in terms of M reads
Mqu S GMlu; (8)

for some constant G > 1. A generalization of inequality (8) for 1 < p < g, which we call the
generalized reverse Holder inequality, is given in terms of M by

Mgu < GM,u, 9)

for some constant G > 1. In [26], the authors proved the following transition properties
which gives a transition relation between the class .4” and the class G7.

Theorem 2 Let u be a positive weight and p and q be real numbers. Then u € AP for some
p ifand only if u € G1 for some q.
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Remark 1 The equivalence in this theorem gives the transition property between the dis-
crete Muckenhoupt and Gehring classes. The main question which is interesting is what
the relation is between p and ¢ for which the inclusions A” C G7 and G7 C A” hold, and
this remains an open problem.

3 Some basic properties of Muckenhoupt weights

In this section, we prove some basic properties of Muckenhoupt weights. The first lemma
proves the inclusion of the class A? in the class A for all p > 1. That is, if u € A? for
p>1,thenue A®.

Lemma 3 Let u be a positive weight and p be a nonnegative real number. If u € A?(A),
then the inequality

Miu < Aexp(Milogu) (10)
holds.
Proof Since u € AP(A), then, for all # € [ and A > 1, we have

n n 1-p

1 1 1

=" ulk) 5A<— Zull!’(k)> .

n n

k=1 k=1

By taking the limit as p tends to oo, then the right hand side, after using the properties of
limits and L’'Hopital’s rule, becomes

P

n n 1 n
1 1 a1 1
— E u<Alim| - E ullﬂ (k) =Aexp| — E logu(k) |,
ne— poo\ 1A= n

which is the desired inequality (10). The proof is complete. O

Theorem 4 Let u be a positive weight and p be a nonnegative real number, and p’ = p/(p —
1) be the conjugate of p. Then u € A? if and only if i € A?', with

[47] 4 = [y,

Proof From the definition of the class A?, and since 1 —p’ = 1/(1 — p) < 0, we have for A > 1
andalln el

n n 1-p
he X o % u(k)fA(% ufp(k)>

/

n n 1-p
]. l_p/ /_1 1 1_ / 1/
_ AP _ P 1,
& - E u (k)< (n kzl(u (k) -r

k=1

/ /
& ul? eAr.
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. 1 / 1 _
Furthermore, since T5=1-p and 7 =1-p,we have

n n 1 ~(1-p)
sup (% Z u (k)) (% Z(ul’l"/ (k) l—p’)
k=1

nel k=1

1 ¢'-De-1) 1 -(1-p")
= sup (— u”“-P>(/<)) (; > u(k))
1

n
nel k= k=1

1 n p-1 1 n r-1
- sup|:<— > utltr (k)) (— > u(k)>i| :
rel L\ =

This is equivalent to
1-p/ -1
[l/l ]Ap’ - [M]Ap )
which is the desired result. The proof is complete. d

In the next theorem, we prove some basic inclusion properties of Muckenhoupt classes.

Theorem 5 Let u be a positive weight and p, q be nonnegative real numbers. Then the
following inclusion relations hold:

(1) ALCc AP C A™, forall1<p< oo,

(2) AP C Al foralll<p=<gq,

3) A% =U,, A? with

[t] g0 = lim [u] g»

p—>00

and A* C () ps1 A2,

Proof (1) Let u € Al, then there exists A > 1 such that, for all # € I, we have

lZu(k)gA inf u(k),
" k=1

1<k<n

or equivalently
1 n
= ulk) < Au(k), (11)
n
k=1
forall 1 <k <n.For p > 1, by using (11) we have, forall n € [,

1 1S N 1 1 1 T\ P
— D _ulk) ;;uﬂv(k) SN EDS R IC

k=1 k=1 k=1 k=1

n n -1
_ (% 3 u(k)) (A‘I% » u(k)) _A.

k=1 k=1
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Hence u € A?, which implies that A' C A”. Now, assume that u € A?, then Lemma 3
implies that # € A%. That is A? C A%.
(2) Assume that u € A?, then there exists A > 1 such that for all n € T

1 n 1 n IL p-1
;kZu(k) ;kZu-p(/o <A,
=1 =1

holds. Now, since 1 < p < g, we see that L > _L and then, by using Lemma 1, we have
p-1 q-1

Then, for all # € I, we obtain

n

1 1 -
Az Zu(k)(; ;uw(k)>

k=1

n

1 1 g
> - Zu(k)(— Zullq(k)) ,
" k=1 n k=1

which implies that u € A9.
(3) By applying Property (1), for all 1 < p < 0o, A? C A*. Then,

U AP C A®. (12)

1<p<oo

Conversely, we shall prove the containment by contradiction. That is, we assume that u €
A% and assume, on the contrary, that, for all 1 < p < 00, u ¢ A?. Then, for all 1 < p < o0,
we see that

=

n n p-1
sup(% Zu(k)) (% Zull(k)) - 00,

nel\"™ 21 k=1
which, by taking the limit as p tends to co implies that
1 ¢ 1 ¢ 1
sup| — ullexp— log—— ] =00

This contradicts the assumption that u € A%, then u € A% implies that, for some 1 < p <
o0, u € A? and hence

A*c [ A (13)
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From (12) and (13), we obtain A% = | J,_,.,, A”. Moreover, by applying L'Hépital’s rule

and some limit rules, we obtain
1 1 . p-1
lim [u#] 4» = lim sup| — Zu(k) =Y utr(k)
p—>00 P00 e \ 14— n

1 1< o\
=sup lim | — Z ulk) || — uTr (k)
nel P00\ 14— n

k=1
1o 1w« 1
=sup| — u(k exp — log ——
o 350) (e 5

= [u] 4o,

which is the desired result. Now, assume that u € A'. By Property (1), forany p > 1, A! C
AP, then

Al c (M)A

p>1

Equality does not hold and to prove it is sufficient to provide an example of a weight u

satisfies u € ()., A?\.A!. For example: for all p > 1, we have u(n) = n* € A? for a > 1 and

p>1
u(n) ¢ A'. The proof is complete. O
Remark 2 In Theorem 5, we were able to prove the containment A! C (ps1 A In the

following, we present some weights, which does not only satisfy the containment A! C
(1 A? but also satisfy the equalities:
(i) u(n) =1 e A! and hence u(n) € A7,

(i) u(n) = n* € A! for @ <0 and hence u(n) € A?,

(iii) w(n) = m e A! and hence u(n) € A?.

In the following theorem, we discuss the power rule for weights in the Muckenhoupt
class. That is, we discuss the cases for o which satisfies the necessity of the statement:
u € A? implies that u® € A”.

Theorem 6 Let u be a positive weight, p be a nonnegative real number. Then
(1) ifue AP thenu® € A?, for 0 <a < 1, with [u®] a4r < [u]%p,
(2) ifue AP, then u® € A? for some o > 1.
1 a

Proof (1) For 0 <« <1, and u € A?, we have 71 = 51 > 0, and hence by applying

Lemma 1, we have forall m € I

(% Xn:ua(k)> <% Xn:(ua(k))fp)p_

k=1

1< U1 o\
5(;214(/0) (;Zu“ﬂ(k)>
k=1

k=1

Page 8 of 22
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1 n o 1 n ) a(p-1)
< (—Zu(k)) (_Zw(k)>
n k=1 n k=1
n n (p-1)qo
{(%Zu(k))(%zu#(k)) } <%,
k=1 k=1

that is, u* € A?, with [u*] 4» < [4]%,, which is the desired result.
(2) Since u € A?P(A),

n n 1-p
(% > u(k)) <A (% > ul/ﬂm(k)) , A= (14)

k=1 k=1

Theorem 2 implies that u € G9(G). That is,

" 1/q n
(% Zuq(k)> < G(% Zu(k)). (15)

k=1 k=1

Also, Theorem 4 implies that u'/1”) € A”, again Theorem 2 implies that u/1-? ¢
G7(@Gy). That is,

" 1/q1 n
l Z uq1/(1—P)(k) <G l Z ul/(l—p)(k) ) (16)
" "

Now, by applying (14), (15), and (16), we have

1 n 1 n q
- kz; ui(k) < G <; Z u(k))

k=1

1 1-p9q
ol g
n k=1

1 n q(1-p)
=Gigl| = Y(-p) (e
(n > utt (k)

k=1
1 1/g114(1-p)
< G1A1 |:GII <_ Z y/-p) (k)) :|
n
k=1

w1 n ~ q(1-p)/q1
= GquG’lf - Zum/( p)(k) .
n k=1

If g < q1, then, by applying Lemma 1, it satisfies

1 q(1-p)/q1 1 (1-p)
— a1/(1-p) <[z al(1-p) ,

k=1 k=1
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which implies that

n n (1-p)
1 Z ui(k) < GquG’f(p_l) 1 Z u?1=P) () )
ne= - n

k=1

or equivalently, u? € A?. If g > q;, then by using Holder’s inequality we see that the condi-

tion u# € G7 implies that

1 " 1/q1 1 n

By using (14), (16) and (17), we have

n n q1
LS =6y (% > u(k))
k=1

k=1

1 l-pqq1
<GI [A <— Z ul/(l_”)(k)) :|
n k=1
1 (1-p)q1
- GZIA‘“ (_ Z ul/(l—p)(k))
n
k=1

1 (1-p)
< GglAQI Gll’—l (; Z uq1/(1—p)(k)> ,
k=1

that is, u?* € A”. This completes our proof.

Theorem 7 Ifuj,uy € AP, then uSuy ™ € AP, 0 < a < 1, with a constant

(3] 4 < (1) (2] 45

Proof Assume that u;,u; € A?, then

1 1 &\
—E uy (k) —E uy ? (k) <A
n n
k=1 k=1
and

1 1 o\
— E uy (k) —E u, " (k) <A,
n n

k=1 k=1

(17)

(18)

(19)

hold for all # € I, where A;,A; > 1. By applying Holder’s inequality (note that 0 <« <1)

with 1/¢ and 1/(1 - «) and using (18) and (19), we obtain

1 n
— > i (k)
k=1

< <% Zul(m) (% Zuz(k))
k=1 k=1

1-o

Page 10 of 22
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1 n 1 l-p\ @ 1 n 1 1-p\ l1-«
(u(izew) ) (m(5e) )
1 n 1 o 1 n 1 l-aq1-p
:AgA;-“K;Zu;”(k)) (Z uz””(k)) } ) (20)

Again, by applying Holder’s inequality for 1/« and 1/(1 — «) on the term
LS 1% 0, 5
= w7 Ky (K),
"

we obtain

1-a
L L
—Zuﬁ (k) 2”’(k ( Zuj ) < Zu; ) . (21)
k=1
By substituting (21) into (20) and since 1 — p < 0, we have
1 1L o« E -
- > tuy (k) < AJAY® [Z > ul (Ryuy (k)]

k=1

k=1

n P

1
1 ..
= AYAL [— > (s oyuy™ (k) ™ ]
n k=1
Hence u§ui™ € A, for 0 < o < 1, with
o 1-o
[ufuy™] 4o < (1] (2] 45

The proof is complete. d

In the next theorem, we discuss the relation between an .A”-weight and the product of

two sequences in the A!-class of weights.
Theorem 8 u € A? if and only if there exist uy,uy € Al such that u = u1u2 ,1<p<oo.

Proof First, we prove that if u € A?, then u = ulu; such that uy, u, € A!, or equivalently
we prove that A? C AY(AY)17. Assume that u ¢ A'(A')1 2, then for all #; and u; satisfying
u=uuy”, then u; ¢ A' and u, ¢ A'. Now, since infy u(k) < u(k) for all k. Then

1 vl
;;Mk)( ZuIL )

1 " 1-p 1 - ﬁ -
- ;Zul(k)uz (k) ~2 (kK)ua (k)
k=1 k=1

< (% > ul(k>) (infus)) "
k=1
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n p-1 i

X (% ;“Fg (k)Mz(k)) (ir’}ful(k)) '
_ 1 1 0 “ p-1
) m; Zul( mfkuz k Zuz .

k=1

By the assumption that u; ¢ A' and u, ¢ A!, then

1 1 o\
sup ~ Zu(k)(; Zull’(k)>
T ke k=1
1 1 1 1 o
= SiP(m; kXﬂ:m(’d) (m; kXﬂ:”z(’d)
= Q.

That is u ¢ A?. That is A7 C A} (A!)!?. Conversely, assume that u;,u; € A, and 1 <p <
00, then for all # € I, we have

1« 1<
=Y w(k) <A (k), and =" u(k) < Asus(k),
= "

holds for all 1 < k < n. Thus, by letting u = ulu;_p, we have for all n €I that

p-1

%Zu(k)ezulln(k))
k=1 k=1
n 1 p-1
< Zul(k)ué f’(k)) <% u ? (k )Mz(k)>

k=1
s ew)
I Ry AamiT
x [12( Zul(k)) uz(k)}

k=1

:AlA‘;‘l[(EZul(m) (12u2 k)) }
n k=1 n k=1
Lo -1 n -1
x [(;Zul(k)> ( Zuz(k)> ]
k=1
=440,

thatis u = u1u2 P e AP, with [u] 4p = 1] a1 [Mz] ' The proof is complete. O

Theorem 9 Let u be a positive weight and p be a nonnegative real number. Then following
statement holds: u € A? if and only if u and u™ are in A*.
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Proof We prove this property by using by Property (3) in Theorem 5. Since

A= | 4,

1<p<oo

itis clear that u € A?, for any p > 1, if and only if # € A*. Now, we have by Theorem 4 that
/ L / /
u e A? ifand only if u'” = u™> € A¥. That is, by Property (1) in Theorem 5 (A? C A>),
1
u € A? if and only if u™> € A*. The proof is complete. d

The next theorem is a self-improving property of weights in the Muckenhoupt class.

Theorem 10 Let u be a positive weight, p be a nonnegative number. If u € A?, p > 1, then
u € A7, for some € > 0.

Proof Let u € A?, for p > 1, then, for A > 1 and all n € [, we have

1 " 1 - 7p//p _p/p/
=D utk<A(=D utPw) (22)
k=1 k=1

By Theorem 4, u?P =17 ¢ AY . Also, by Theorem 2, u?'r e G1 for some g, or equiva-
lently

n 1/q n
1 / 1 ,
- E u? (k) <G- E u P P(k). (23)
" k=1 " k=1

By using (22) and (23), we have
L g 1 ~P'lp
<— > u"’/q”’(k)) < G<A‘1 = u(k)> ,
" "

and then

k=1 k=1

1 1 -plp'q
Z ol = -P'alp
- utk) <G A(nZu (k)) :

This follows on taking p — € — 1 = p/(p'q), or equivalently, taking € = pq;,l. Then u € AP~¢
for p > 1 and some € > 0. The proof is complete. d

4 Some basic properties of Gehring weights
In this section, we prove some basic properties of Gehring weights. In the next lemma, we
present the inclusion relation of Gehring classes G7 in G 1_class of weights forall 1 < g < oc.

Lemma 11 Let u be a positive weight and q be a nonnegative number. If u € G for g > 1,
then

exp 1 ; u(k) log< u(k) > <00
noa % Z:l u(k) % ZZ=1 u(k) ’
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Proof Assume that u € G7, then there exists G > 1 such that

1 1/q 1 -194/(¢-1)
— ul(k) - u(k) <G,
(zew) () |

holds for all # € [, or equivalently

n 1/(g-1)
- 2 T~ < < G,
(n k=1 (% ZZ:I u(k) ) -

holds for all # € I. By taking the limit as g tends to 1 and applying L’'Hopital’s rule, we
obtain

(1 ( u(k) >q vy
G=lim( -y (™
=1\ n 4= ;Zkﬂ u(k)

B S ( u(k) )
T\ k=1 5 2 (k) o8 Iy auk)/))

The proof is complete. g

In the next theorem, we present some basic inclusion properties of weights in the
Gehring class.

Theorem 12 Let u be a positive weight and p and q be real nonnegative numbers such that
P,q > 1. The following properties hold:

(1) G®*CcGic G foralll<q<oo.

(2) g1 G foralll<p<gq.

(3) G' = Uyegene G7 with [u]gr =limg 1 []ga.

Proof (1) Assume that u € G*, then, by the definition of G*, there exists 0 < C < 0o such
that, for all # € I, we have

sup u(k) < C(% Zu(@);

1<k<n k=1

or equivalently

k=1

1 n
u(k) < C(E > u(k)), (24)

for all 1 < k < n. By applying (24) for all 1 < g < 0o, we have

1 n 1/q 1 n -1
RN
=1

k=1

1 n 1 n q1l/q 1 n -1
Lga)T s
k=1 k=1 k=1
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n n -1
_ (1 u(k)) (1 u(k)) _c
n k=1 n k=1

That is, # € G4 and hence G* C G4. Now, the inclusion G¢ C G! is proved in Lemma 11.
This is the desired result.
(2) Assume u € G7. Then there exists G > 1 such that, for all n € T,

1 1/q 1
(— > uq(k)> <G=Y " ulk). (25)
n n
k=1 k=1
Lemma 1 implies that M,u < M_u for all p < g. Then, by substituting in (25), we have
1 n 1ip 1 n 1/q 1 "
(—Zu”(k)) =< (—Zu’“k)) < G—Zu(k).
n n n
k=1 k=1 k=1

That is, u € G?, which completes the proof of the second case.
(3) Property (1) states that, for all 1 < g < oo, we have G7 C G!, and then

U g7<cg". (26)

l<g<oo

Conversely, assume that # € G! and assume, on the contrary, forall 1 < g < oo, that u ¢ G7.
That is, forall n € I,

1 l/q 1 -194/(g-1)
sup[(; > uq(k)) (Z > u(k)) ] = 0. (27)
k=1

nel k=1

By taking the limit of both sides of (27) as g tends to 1, we have

Sup exp }.2{:(i M(k) ) kﬁg( u(k) > -0
nel n A\ iy ulk) S (k)

This contradicts the assumption u € G!, which implies that, for some 1 < g < co, u € G4,

and

gc Y g (28)

1<g=<oo

By (26) and (28), we have G' = | J,. g<00 9% Furthermore, by applying L'Hopital’s rule and
limit rules, we have

1 1/q 1 -194/(q-1)
;qu[u]gq:limsup[<—zluq(k)) (; u(k)) :|

— n
q nel P

1 lq 1 -174/(q-1)
=suplim| (=) (k)| =D ulk)
nel 41 n 1 n 1
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=sup| ex l - ( u(h) )10 < u(h) )
vt | P\ STy ) P\ T k)
= [u]gl,

which is the desired result of the case (3). The proof is complete. O

Theorem 13 Let u be a positive weight, p be a nonnegative number. If u € AP, then u™ €

grt.
Proof Assume that u € A%, then

P

n n 1
% D uk) <A (% > (k)) : (29)
k=1

k=1

By Lemma 1, we have M_;u < My, then (29) becomes

n p-1 n
<% Z(u‘1<k))1’(p‘”> SA% > k).
k=1

k=1
That is, #~! € G¥~!. This completes our proof. O
In the next theorem, we prove the self-improving property of Gehring classes.

Theorem 14 Let u be a positive weight, q be a nonnegative number. If u € G for q > 1,

then u € G7*¢, for some € > 0.

Proof Assume that u € G for g > 1, then

n

" 1/q
<l > uq(k)> <Gt > " ulk).
n 1 n

k=1

By applying Theorem 2 we get u € A? for some p, and property (2) in Theorem 6 implies
that u* € A? for a > 1 the smallest number satisfying u € G% and u"/0-?) € G (clearly,
q > ). Again, by applying Theorem 2, then u® € G* for some s. Without loss of generality,
we choose the largest s satisfying u* € G°(A). Then, by using the condition u# € G¥(B), it
satisfies

1/a

n 1/as n n
1 doutky) <A™ 1 douthy) < avepl > u(k).
" k=1 " k=1 " k=1

That is, u € G*. The cases g < s and (g > s with g < as) are the only valid cases of s and ¢
as otherwise there exists g/« > s satisfying the condition u* € G7* which contradicts the

assumption. Then u € G7*¢ for some € = as — g > 0. The proof is complete. O

The next theorem presents the relation between the two classes G! and A%,
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Theorem 15 The statement

Gl=a~= [J #={J ¢

l<p<oco l<g<oo

holds.

Proof Assume that u € G, then, by Property (3) in Theorem 12, u € G7 for some 1 <
q < 0o. By Theorem 2, this is true if and only if u € A? for some p, which implies that
u € A®. Hence, it is clear that A = G1. The proof is complete. O

5 Some fundamental relations
In this section, we prove some transition and inclusion relations involving the Mucken-
houpt A and Gehring G7 classes.

Theorem 16 Let u be a positive weight and py be a real number. Then u € G¥° if and only
if u’* e A®.

Proof We start by assuming that u”° € A* = ,_,, A? for a fixed 1 < py < 00, then u”° €

AP, for some 1 < p < 0o. That is, for all n € I, there exists 1 < A < 0o, such that
1-p
1< 1 20
=Y wh <Al =) ulw . 30
L a(130) 0
Since po/(1 - p) <0< 1, Lemma 1 implies that
1-p
Iy o\ 1
— ul-r < — . 31
(12e7)" <13 o
k=1 k=1
By substituting (31) into (30), we have
1 1<\
3 "
or equivalently
1 n 1/po 1 n
— uP0 < AVpo| Z ul.

Hence, u € G. Conversely, if we assume that u € G, for a fixed 1 < py < 00. Then there

exists 1 < G < oo, such thatforall n €I

1 " 1/po 1 n
k=1 k=1
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Theorem 14 implies that # € A*. That is, there exists 1 < A < 00, such that, foralln € I, u

satisfies
1 — 1 — 1
—Zu exp—Zlog— <A. (33)
" " u

Then, by using (32) and (33), since pg > 1, we have

1o 1
Po - il
< Zu )(expn Zlog MO)
k=1
n po
1 1
( up()) (exp;;log ;)
1< 1”7
( Zu) (exp - Zlog —) < (GA).
n u
k=1
That is, u?° € A*, which completes our proof. O

Now, we give a quantitative version of the above theorem, which gives some relations

between the norms of the classes A% and G”.

Theorem 17 Let u be a positive weight and 1 < p < 0o. Then

1/p ,
[[”:]ﬁ <[ <[w].. (34)
AOO

Proof By the definition of [u]gr, we have for all n € 1

_Zup<[u"/1’[ Z T.

k=1

By multiplying both sides by ((1/n) Y_}_, u?""0)7"1, for q < 00, we obtain

q-1

ram 2
:| . (35)

1 (1L A
s (3] g L)
k=1 k=1

By taking the supremum of (35) over all # € I, we have

gq-1

1 q-1 14
sup — Zu” - Zup(l’q/) <[u] pg/f sup Zu - pa-4) ,
nel 1 n k=1 nel k=1
that is,

[MP]A = [U]Zf (Az%—l (u))p. (36)

Page 18 of 22
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By taking the limit as g tends to 0o, we have

1/p ,
—[[”LZ];‘: <1, (37)

which is the first inequality. For the second inequality, by the definition of [ ]%, we have

forallnel
r_ g1
(% Sk U _ (% > i1 ”p)l/p(% Dk W) P (38)
1 n - -1
w2k Ly u Y w7

Now, by Jensen’s inequality since p/(1 — g) < 0 < 1, we see that

aa
1-q

n n
3t (13) )
" "

which implies that

1 1
< <1.
p g-1 — p q-1 —
- 1-

%ZZ:IM(%ZZAM_(I)T %ZZ:IM((% Dk W)

By using this in (38), we get

g-1\ 1/p
G (1 (1 2
_75 — Mp — ul—q .
S St PO DD

k=1 k=1

Taking the supremum of (38) over all n € [, we have [u]gf ’ < [ ]% . By taking the limit

as g tends to oo, we have

gl <[w]'%.
The proof is complete. O
Theorem 18 Let u be a positive weight and 1 < p < 0o. Then

max{[u) aoe, [ 7 P } < Tl ap < [a] e [ P (39)

Proof For p < q, we have [u] 4» > [u] 44, and thus

(] 4o < [u] ap. (40)
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Furthermore, for g < 0o, we have

n q-1yp-1
s 3 ()

1 1 1-p'\p-1
SR 5 S 20 L
el % hayan u(% Y iy uPH0-a))-(-p)(1-q)

-1
1< Y
<sup— Zu(;Zul’p) = [u] ar
k=1

nel 1

By taking the limit of (41) as ¢ tends to oo, we have
[ul—P ]Z < (U] ar

By (40) and (42), then
max{[u] aoe, [ 7 Ve } < [l .

Now, for the second inequality, we have
1 n n
" k=1
1-q

GRCE) )

Since 1 —g and 1 — ¢’ < 0, and since (see Lemma 1)

NN

Ios (1 1y
PO EOBL
k=1 k=1

1 L\ 1
k=1 k=1

we have

—

I (e ) 1l b
nk:l nk:l I<=1

1 o 1S
}’1k=1 n

—
|

b

b

|

—

q-

=
u(lp’)(q’l)/(lp’)>
k=1

By setting r — 1 = (g — 1)/(p — 1), we have

1 _p- 1 4-1
r—1 q-1 p-1

(41)

(42)

(43)

(44)

Page 20 of 22
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Hence, from (43) and (44), we have

r-1 q-1
J i I (1
— E ul - E u”* <=> ul-) u™
n n
k=1 k=1 " "

Thus by taking the supremum over all # € I, we have
(] ar < [l aa [ 7' (45)

By taking the limit of both sides of (45) as g tends to oo, we have

(] < () ae [ 7 P

The proof is complete. d
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