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1 Introduction

Fractional calculus has evolved as an important area of investigation owing to its extensive
applications in natural and social sciences. Examples include bio-engineering [1], ecology
[2], financial economics [3], chaos and fractional dynamics [4], etc. The tools of fractional
calculus have improved the mathematical modeling of many real-world problems [5-7].
It has been mainly due to the nonlocal nature of fractional-order differential and inte-
gral operators. Fractional-order mathematical models often consist of coupled systems
of fractional-order differential and integro-differential equations. For theoretical treat-
ment of such systems, we refer the reader to the papers [8—19] and the references cited
therein. In [20], a fractional-order nonlinear mixed coupled system with coupled integro-
differential boundary conditions was studied. In a recent article [21], the authors inves-
tigated the existence of solutions for the systems of Caputo and Riemann-Liouville type
mixed-order coupled fractional differential equations and inclusions equipped with with
coupled integral fractional boundary conditions.
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In the present study, we investigate a new class of nonlinear coupled systems of
Liouville—Caputo type fractional integro-differential equations

“Dix(t) + Y, 1Pigi(t, x(0), (D) = filt,2(6), (1)), 1<q=<2t€[01],

1
Dy(t) + Yoy (e, 2(8), y(0) = folt, 2(8), y(8)),  1<8 <2,t€[0,1],

subject to the boundary conditions

x(0) = ay, ¥(0) = by,
o1x(1) + B/ (1) = y1 fy y(8)ds+ Yy (), 2)
a2y(1) + oy (1) = ya fiy x(s) ds + 301 Emk(11),

where °D?, °D° respectively denote the Caputo fractional derivative operators of order
g,8 € (1,2] and f1,,8,h;: [0,1] x Rx R — R (i = 1,...,k) (j = 1,...,0) are continuous
functions, ay, by, o1, @, B1, B2y V1, V2o Wi ém € Rand £, 1, € (0,1), m=1,2,..., w.

Existence and uniqueness results for the given problem are established via Banach fixed
point theorem and Leray—Schauder alternative. The main results are presented in Sect. 3.
In Sect. 2, some basic definitions from fractional calculus are recalled and an auxiliary
result concerning the linear version of problem (1)—(2), which is essential to define the
solution of problem (1)—(2), is proved. Examples illustrating the obtained results are con-
structed in Sect. 4.

2 Preliminaries
Let us recall some basic definitions on fractional calculus [22].

Definition 1 For a function g € AC"[4, b], the Caputo derivative of fractional order g €
(n—1,n], n € N, existing almost everywhere on [a, b], is defined as follows:

1

c q —
Dig(t) T 2

t
f (t —s)" g™ (s)ds, tela,b).

Definition 2 The Riemann-Liouville fractional integral of order g > 0 for g € L,[a, b],
existing almost everywhere on [a, b], is defined as

Ig(t) = 1 ‘ ﬂ

g J, ¢-s)t-a"" t€[a,b].

Lemma 1 For m — 1 < q < m, the general solution of the fractional differential equation
¢Dix(t) = 0 is given by

x(t) = co+ it + Cot* + -+ gt
wherec; €R,i=0,1,2,...,m—1.
In view of Lemma 1, it follows that
T9°DIx(t) = x(t) + Co + C1t + ot + -+ + Cppr ™ 3)

forsomec;€R,i=0,1,2,...,m—1.



Alsaedi et al. Advances in Difference Equations (2021) 2021:19 Page 3 of 19

To study nonlinear problem (1), we first consider the associated linear problem and ob-

tain its solution.

Lemma 2 Let A; #0. Forﬁ,; € C([0,1],R) the integral solution of the linear system of

fractional differential equations

Dix(t)=fi(t), l<q<2tel0,1], @
Doy(t) =fo(t), 1<8<2,te[0,1],
supplemented with the boundary conditions (2) is given by
Ft-s) £ La-s)r.
x(t) = T fl(s)ds+a1 AL |:01/0 ) -f1(s) ds
-
+o 2/ (=97 2f1 (s)ds — 03/ / (s_”) lfz(u)duds
(1 = 5)'! a —s)a :
04/(; ro) _f2(5)d8+0'5 T f2 s)ds
§-2 _y)i1
+0g (;(5S) 1)fz(s)ds 07/ / (s u) ﬁ(u)duds
Nm _ -1
oy / ("mr (S)) ﬁ(s)ds+A2] (5)
0
and
t(t—s)- t La-
y(t):/o o) fz(s)ds+b1 A |:O'9‘/0 F( ) ﬁ(s)ds
— 2 5-1
vou | (i( S_ql)fl(s)ds UH/ / F(B)) 2 ) duds
M _ o)1 51 __
_0'12'/0' (77 F(;)) dS+0'13f (lr(s(s) 2
5 2 1
+Ul4f (1 ) O'lgf f (S u)q ﬁ(u)duds
_ o1 /0 ! (’7"}_(7;)_]?1(3) ds+A3], ©)

where

2 @ 2 @
Ay =(ar+ Br)(az + Ba) - ()/1% + Zumnm> (J/z% + Zémnm>,
m=1 m=1

Ag = (a2 + ,32)|:tl1061 —binit - b Zﬂm]

m=1

2 w w
+ (J/l% + ;Mmﬂm) |:b10!2 -yl —a Z%_m:|;

m=1
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Az = (a1 + 51)|:b1012 —a1n —a Zémi|

m=1

2 w w
+ (J/z% + ZEWM) |:ﬂla1 ~biyil -b Zﬂm:|
m=1

m=1
2 w
o1 = oy + B), 07 =12 (N5 + Xt Homllm)s o13 = ooty + Br)s
2 w
or=Bilea+B2),  08=(15 + 2y Wmlim) Doy Ems
2
014 = Palor + Br), o3 = y1(o2 + Bo), 09 = 0!1()/2% + Y 1 Emlm)s
o15 = yala1 + B1), o4 = (a2 + B2) Dy Moms (7)

2 w w
o1 = ﬂl(yz% + 1 Emlm), o16 = (a1 + /31) > Em
2
05 = 052()/1% + Y 1 Mnllm)» on = 7/1(7/2 + Y 1 Emlm)s
2
06 = Bo(n1 % + Z:‘:,:l Wonllm)s 012 = (7/2 + Zm 1Em77m) Zm 1 Mm-

Proof Applying the integral operators I and I° respectively on the first and second equa-
tions of (4) and then using (3), we get

(t-s)7"~

() = fo F() E=9 fs)ds— (8)
E(f—

20 - fo r(a) = o ds—do—di, ©)

where ¢y, ¢1, dy, di are arbitrary constants. Using the conditions x(0) = a; and y(0) = b;

respectively in (8) and (9), we find that ¢y = —a;, dy = —b;; consequently, we have

t -1

x(t) = f (tl:iﬁ(s)ds+al—c1t, (10)
( _ )8 1

y(t) = ) = F(s)ds+by —dyt. (11)

Using (10) and (11) in the conditions a1x(1) + B14'(1) = 11 fog y(s)ds + > 1 wmy(nm) and
axy(1) + By’ (1) = v, fog x(s)ds + Y _; Emx(1,,), we obtain a system of equations in the un-

known constants ¢; and d; given by

U1C1 — V1d1 =A11
—Vacr + Updy = Ay,

(12)

where

Uy = (a1 + B1), U = (a2 + B2),

SRS SRS
Vi= (Vl?"‘Zanm): Vy = <V27+Z‘§mnm ’
m=1 m=1

Page 4 of 19
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'a S)q1 'A-s)12~
A1=a1L @ ﬁ(s ds + 1 W (s)ds

—V1/ f (S_ )5 1fz(u)duds

8 [0}

Nm S 1
—Zum/ 7}’2(S)dS+a1a1 biyil b1t

0 I'(8) ot
1 _ )81 _ o2
pma [ TR S)dS+ﬁz/ T s
¢ s (g )a-1
o %fl(u)duds a3
= S)1™ @
_ng/o Tf (S)d5+b1(¥2—tl1)/2§—lllz§m~

m=1
Solving system (12) for ¢; and d;, we find that

u2A1 + V1A2 d V2A1 + U1A2
g=———-—, =

BTNV S TRTVATA
Substituting the values of ¢; and d; in (10) and (11) respectively together with notations
(13) leads to solutions (5) and (6). The converse can be proved by direct computation. The
proof is completed. O

3 Existence and uniqueness results
Let S = {x|x € C([a, b], R)} be the space equipped with the norm ||x|| = sup,[g 1 [%(£)|. Ob-
viously, (S, - ||) is a Banach space and, consequently, the product space (S x S, || - ||) is a
Banach space with the norm ||(x + y)|| = ||| + ||y| for (x,y) € S x S.

In view of Lemma 2, we define an operator Q: S x S — S x S by

Q(x, y)(t) = (Q1 (%, 9)(8), Qa(x,»)(2))

where
Q1(x, y)(2)

‘ - -t K t(f_ +pi—1
:fo %ﬁ(s,x(s),y(s))ds—ZZI:/0 %gi(s,x(s),y(s)) ds+ay

pi)

t LA -s)at k@ = s)awint
AL |:01/0 (Tq)fl (s,x(s),y(s)) - Z ﬁgz(s ,%(8), J’(S))>

i=1
k

1 (1—3) q-2
+02/(; (W s,x(s)y(s) Z T(q+

i=1

—03(// i )81 o (14, %(10), y(0) ) dus dis

L S s— ) [ (- w)u!
+121:/o/0 r'(8) /0 () hj(w, x(w), y(w)) dw du ds

S)q+ pi—2

TGipm-1% (5, %(s), y(S)))
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)8+v}-—1

" [ (1 = 5)° ~ (1 =5
— 0'4/(; ( F(S) fZ(S,x(S);)’(S)) + Z F(S—-I—Uj)hj(s,x(s)’y(s))> ds

j=1

! —s)¥1 ! _ ¢)d+yi-1
+ 65‘/0 (%ﬁ(s,x(s):}’@)) - Z %hj(s,x(s),y(s))) ds
7

j=1

1 (1 — )5_2 (1 )5+v}—2
+ 06/0 (F(S—S_l)ﬁ(s,x(s)’y(b‘)) Z F(S:—Uj—l)h (S x(s), y(s))) ds

£ s (s—u)d!
-0y (/0 /o Tq)ﬁ (e, %(u), y(u1)) dus ds

S(s—w)? ™ (% (u—wpi!
' Z / C'(g) /0 T(p;) gi(w x(w), y(w)) dw du ds)

(0 —5)7!
o /0 ( g AEA6)

k

_g)a+pi-1
’ ; %g(s,x@),ﬂg)) ds + A2:|

and
Qa(x, y)(2)

‘ o= 8+ul
- /0 (tr(a)) fo(s,(s), y(s)) ds Z / tr(;+ g i (5,%(s), ¥(s)) ds + by

J ! (1 - S)q_l (1 S)q+Pt
W |:09/0 (Tq)ﬁ (S,x(S),J/(S)) ; Wg, (s x(s), y(s))

H(1-s)1? k (1 - s)7+pi=2
+ 010/0 ( T(g— l)fl(S,x(S):y(S)) - ; mgi(s,x(g,y(s))> ds

—011</ / u x(u), y(u)) duds

(s— M)‘s ! u—w)-
+Z// ./o I'(v) h;(Wrx(W),y(W))dwduds)

I

d+vj-1

(M — o
_012/0 < i F((S fz(s,x(S) y(s)) + Z% ,(s,x(S),y(s))) ds

j=1

1 —gs)-1 J _ 8+Uj—l
+ 013/0 (%}CZ(SMC(S)»J’(S)) - Z %h&s,x(s),y(@)) ds
]

j=1

L/ (1 =552 ! (1—-5)0+u2
+014/0 (F(Ts_l)fz(s,x(s),y(s)) }Zlh (s, %(9), y(s)))

— 05 (/ (S W u x(u), y(u)) duds

Page 6 of 19
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k ¢ ps (S— u)q—l u (M_W)M_1
i\Ws ) dwdud.
+Z.:/o /o M@ Jo Ty @0y 0) s)

Nm _ )1
- 016 /0 <Mﬁ(s,x(sw(8))

I'(q)
k .
(N — s)7Pi71
+ ; %&(&x(ﬂ:ﬂﬂ)) ds + A3i|‘

In the sequel, we use the following notations:

o = [ 1 . 1 (|01| + |og|ni, N |oa | N |07|§q+1>]
1 = — b
[ T(@+1) [Al\ T(g+1) (g T(g+2)
1 [losle®t oalnd, +los|  loel
Q2= + + = )
| A r'é+2) r@¢+1) r'(s)
- 1 1 q+pi q+pi+1
Q= . <|Ul|+|08|77m . |oa] N lo71¢ >:|, (14)
[ T(g+pi+1) M|\ T(@+pi+1) T(g+p) T(g+pi+2)
X §+v;
o [ L (losle® oulny” +los| ol
7 LIA\T @ +y+2)  T@E+y+1) TE+y) /)
9 [ 1 (|09| + oIt ool |<715|§q+1>}
1= 7 + + )
L IA1] I'(g+1) I'lq) T(g+2)
[ 1 1 [lonlg®t  owlnd, + ol ol
Dy = + — + + ,
TG+1)  |A\TG+2) TG +1) ()
1 qa+pi q+pi+1
©, = (|U9| +|o161Mm . lo10] . lo1s1¢ )]’ (15)
LIALI\ T(g+pi+1) Tlg+p) T(g+pi+2)
_ ) S+v;
~ 1 1 o129 Jonalnm |+ lowsl |o14]
®i = ——+ — + + .
| TG +v+1) A\ +v+2) r@¢+v+1) '@ +v)

Now we prove the existence and uniqueness of solutions for system (1) by applying the
Banach contraction mapping principle.

Theorem 1 Let fi,f5,8,h;: [0,1] x R x R — R (i = 1,...,k) (j = 1,...,1) be continuous
functions. In addition, we assume that:
(H1) There exist constants Ly, Ly > 0 such that, Vt € [0,1] and x.,y. € R, e = 1,2,

it 21, 91) = it %2, 2)| < Li (I = 1| + %2 = 921),

[a(t,x1,91) = falt, %2, 32)| < Lo (I — y1| + |2 — p2]).

(Hy) There exist constants Mi,]VIj >0(=1,...,k) G=1,...,1) such that Vt € [0,1] and
Xe,Ye €ER,e=1,2,

lgi(t, 21, 91) = it %2, 92)| < M1 = 1| + 12 = 321,

B (6, %1, 51) — By (£, %2, 7) | SM/(W =91l + %2 = y2l).
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Then system (1)—(2) has a unique solution on [0, 1], provided that ¥ < 1, where

~ o~

I
W =Li(gr + 01) + La(go + 02) + ZMi(Qi +0))+ Z M;(2) + ©)). (16)
i-1 -1

Proof Let us define finite numbers W1, W3, N;, Z/\\I, as follows:

lesupm,,) W, =
te[0,1]

N; = sup |gi(t,0, Nj= sup |h(£,0,0)|,
tel0,1] te[0,1]

and show that OB, C B,, where B, = {(x,y) € S x S : ||(%,y)|| < r} with

Wiy + 1) + Walp + 92) + Yy Ni(Q + ©:) + Y1y Ni(Qy + ©)) + laa | + by | + (| Az + As)/| A

r>
1-v

For any (x,y) € B,, t € [0, 1], using (H1), we get

(6 x,9)| = [filt,x,9) - £1(£,0,0) + £1(2,0,0)]
< |fitx9) - £i(£,0,0)] + |fi(£,0,0)]
<Li(|x®)] + [y®)]) + Wi <Ly (%l + lIyll) + Wi < Lyr + Wy

Similarly, we can find that
lfi(trx’y” SLQV‘I’ WZ) |gi(t1x’y)| SM;’}"+M, |h](t)xry)| S;\er*']’\\[]
Then

” Qi(x,y) ”

1 +pi
M{ / (t=s5)r! s)q 56500 dHZ 0 )

T(g+p)

(ETa
*"““m[' u/( 569,509

(1 _ )q Di—
+ Z # 19:(5,%(9), 9(5)) |)

i=1

1 1— q-2 k q+p.
+ |0 /0 ((F(q—s_)l) [ (5,0, 9(5)) | + Z L (5,61, (5) })

“ T(q+pi-

LS (e 1)1
+|03|(/0 i %V(ux(u u))| duds

l & oprs (s— M)s—l u (u _ W)U/_l
' ;/o /0 r(8) /0 T'(v) |1 (w, x(w), y(w)) | dw du ds
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_ S)8+vj—1

(1 = (i
+ |o4|/ ( 0 F((S [fz(s,x(s),y(s))| + Z%—+W|hj(s,x(s),y(s))|) ds

j=1
!

(1 )8+v -1
+|05|/ ( NO) (S x(s), )’(S))| ZF(SS*-HJ,)| j(s,x(s),y(s))|) ds

j=1

)5 -2 ! (l_s)8+Uj—2
) ——— (s, %(s), d
+|oé|f( |fs (s, x(s) y(s))|+j=21r(5+uj_1)\ (s, %(5) y(s))|> s

C s (o -1
+ |O'7| (/(; /0 %M(”rx(u)yy(u))|duds
(s - ¥ (y—w)pi1
' Z/ / F(q) /o iy @0, w) [ dwdu ds)

+ |os] / ((nm V (5,%(5), 5(5)) |

+ Z wlgl(s, (s), y(s))|) ds + |A2|:| }
i=1

I'(q +pi)

q q+1 q
< (Lir+ Wh) sup [ ‘ +L( ol loal | lorlg®™ ol )]
o1 | LT(@+1)  [Al\T(g+1) T(q) T(g+2) T(g+1)

t (losle®*t oaln?d, |os] los|
+@yq4VﬁLAﬂ<Fw+2)+F@+1)+F®+1)+Eﬁﬁ)]

k . .
t*pi t q+pi+l
Y Mir 4 Np)| o+ —— ol ool lo7ld

L Flg+pi+1) A\

q+pi l S+vj+1 S+vj

~ o~ t j
s los|nm ZM +R) los|¢ N loa|1m
I(g+pi+1) [A\T (@ +v;+2) T'(G+vy+1)

los| |os| t|As]
+ + +| laa] +
FG+uy+1) T +v) [ A1l
k

k I
< <L1<P1 +L2(p2 + ZM,‘Q,‘ + ZZ’\ZIQ/)V + ngl)l + Wzgl)z + ZMQ,
i=1 j=1

i=1

L As
+ Y NG+ lan| +
Al
j=1
Similarly, we can find that
k ! k
” Qz(x,y) || S (Llﬁl +L2172 + ZM[@,‘ + ZM/@})V + Wll% + Wzﬂz + ZNi@i
i-1 j=1 i-1
: A
Sa 3
+§:ny+wﬂ+xj

Lg+pi+1) Tlg+p) Tl(g+pi+2)
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Consequently, in view of (16), we get

k 1
| Q)| < Wr+ Wilpy + 1) + Walga + 92) + > N+ ©0) + Y Ni(Q; +6))

i=1 j=1

A2+A3
+lail +|b1] +

<r,

which implies that OB, C B,. Next we show that the operator Q is a contraction. Using
conditions (H;) and (H3), for any (x1,y1), (%2,52) € S x S, ¢ € [0, 1], we get

1Q1(x1,71) = Qi (x2,30)

1
< sup {/ mV(S x1(8),51(5)) = f1 (8, %2(5), y2(5)) | s

te[O 1]

k

t (¢ _ g)atri-1
) % |8 (5, %1(5),91(5)) = (5 %2(5), 72(5)) | ds

i=1 70

1
A |[| 1|/ <(1F(S);I [fi(5,%1(5), 31 (5)) = fi (5,%2(5),2(5)) |

1 q+pi
+ FZI % |gL(S x1(s), yl(S)) gi(S,xz(s),yz(s))|) ds

2
+1oal f (1 I 1 (5519 319) i (55209,2206)|
- Z w Igl (5,%1(5),y1(5)) — gi(5,%2(), ¥2(9)) !) ds

—~ Tg+pi-

+|03|(/f F(S) \fo (2, 1 (1), 1 () = fi (14, 22 (0), Y2 (10) ) | s s

(s - u)‘s1 u-w)o!
+Z// ./o I'(v) [y (w, 21 (w), y1(w))

= hj(w, x2(W), y2(w)) | dw du ds)

+|o4|/ ( r(5) lfzs,m(S)yl(S)) —fa(5,%2(5), 32(5)) |

! (nm _S)8+vi—1
+ Z F(S—-I—U,) |h,-(s,x1(s),y1(s)) - hj(S,xz(S),yz(s))| ds

j=1

5 1
+ los] / (IF(S{S) 1 (5,%1(5),31(5)) = o5, %2(5),3209))|
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)5+v/

+Z(l

hj(s, %1(s), 71(s)) — h/(S,xz(S),}’z(S))|> ds

+ logl / ( 1 (521(9),71(9)) o (5 22(5),9(5)|

! (1 _S)5+u~—2

+§m| j(5,%1(5), 71(5)) = I (s, %2(5), yz(s))|>ds

S (e 1)9-1
+ oyl (/0 i %[ﬁ(u,xl(u),yl(u)) —fi (s, 22(1), y>(w)) | due s

k ¢ s (S_u)q—l u (M—W)pf—l
’ lefo /0 '(g) /0 T'(p:) |gi(W,x1(w),y1(w))

- gi(w %2 (W), y2 (w )]dwduds)

+ |08|/ ((nm If1(5,%1(5), 71(5)) = fi (5, %2(5), 2(5))

— + L 1
N Z (1 =)™ (s %1(5) 71(5)) — i (5 %2(5), 32(5)) |> ds} }

['(g +pi)

i=1

< Li(llx1 = %21l + [ly1 = y211) sup |: a +L( bl + o2 + lorlg ™
- teio] | LT(g+1)  [A1I\T(g+1) T(g) T(g+2)

|og 115
T + La(llx1 = %21l + lly1 — p21l)

I(g+1)
L[t (losle™t o, sl ol
IA\T(+2) "TG+1) T@E+1) IO
k .
L t |o] |2
3 Mi(xr = 22l + 191 - 92 [7+—( ¥
Zl (s =2l + I =220)| 7oy * A g pe D ¥ T
o7 1724 g :

ﬂ + 3 Ml =2l + 91— 9l

+
Plg+pi+2) Tl+pi+D/] 3
4 S+v;j
t ([ loslg®u! AT |os | |os |
X | —— + + +
[AJ\T (@ +v;j+2) T(@+vy+1) TS+v+1) TG+v)

k I
=< <L1<ﬂ1 +Lagy+ Y MiQi+ Y M; ) ler =21l + lly1 = 21),
i-1 j=1

which yields
1Q1(x1,71) = Qi (®2,30)

K !
< <L1<P1 + Logs + ZMiQi + Z]A\/Ijﬁj) (1 =22l + llyn = p2ll).-
i-1 j=1
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Similarly, we find that
|Qa2(x1,1) — Qa(x2,35)

k I
< <L1791 + Loty + ZML'@L' + ZM;@,> (Ilxer = 221l + lly1 = 2211)-
=1

i=1

Consequently, we get
Q1 71) = Qla, y2) || < W (llx1 — %2l + lly1 = 3211)s

which shows that Q is a contraction in view of the given condition ¥ < 1. So, by the Banach
contraction mapping principle, the operator Q has a unique fixed point. Therefore, system
(1)-(2) has a unique solution on [0, 1]. This completes the proof. |

In the following result, we apply the Leray—Schauder alternative [23] to prove the exis-

tence of solutions for system (1)—(2).

Lemma 3 (Leray—Schauder alternative) Let J :U — U be a completely continuous oper-

ator (i.e., a map that restricted to any bounded set in U is compact). Let
g(J) = {xeu :x=AJ (x) for some 0 < A < 1}.

Then either the set G(J) is unbounded, or J has at lest one fixed point.

Theorem 2 Let fi,f2,8i, 1 : [0,1] x Rx R — R (i=1,...,k) (j = 1,...,1) be continuous
functions such that the following condition holds:
(H3) There exist real constants ke,Ke, pie, Pje = 0 (€ = 1,2) and ko, Ko, pi0, Bj0 > O such
that, for x,y € R,

[f1(6:%,9)] < ko + K11x] + Kk2|y, |fo(6:%,9)| < Ro + R1lx] + Ralyl,
lgi(t,%,9)| < pio + pialal + pizlyl, | (6,%,9)| < Bjo + Dialxl + Bialyl.

Then, system (1)—(2) has at least one solution on [0, 1] provided that

(@1 + V1)1 + (@2 + Do)k1 + (R4 + O pin + (ﬁj + @j)ﬁj,l <1,

(@1 + V1)K + (@2 + D)2 + (2 + ©;) pio + (ﬁj + @/),5/,2 <1, (17)

where Q;, ﬁ,' and ¢, € = 1,2, are given by (14), and ©;, @j and V¢, € = 1,2, are defined by
(15).

Proof In the first step, we show that the operator @ : S x § — § x § is completely contin-
uous. Notice that the operator Q is continuous in view of the continuity of the functions
fisfor g and A

Let K C S x S bebounded. Then, for all (x,y) € K, there exist constants 7, 73, ;, and @;
such that [f1 (£, x(£), y(0)| < 71, [fa(&,2(8), y(£)| < T2, 1838, %(2), ¥())| < 0, |2, x(2), y(2))| <
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@ (i=1,...,k) (j=1,...,1). Then, for any (x,y) € K, we have

|Q16x,9)|

te[0,1] I'(q) I'(qg +pi)

(1-s)tt
+lay| + e ||:| 1|/ ( e I (s, %(5), 7(5)) |

k .
(1 -s)7ri-!
P2 s 0) )

t _ -1 k t _ J\gtpi-1
< sup [/ &[fl(s,x(s),y(s))!dS+Z i &|g,v(s,x(s),y(s))|ds
i=1

i=1

(1-s)172 (1 -s)1*Pim
+ |"2|/ ( Vl (5:%(), 9(9)) | + leﬁlg,(s ,%(s), (s ))\)d

+|03|(/ f r(s) Vo (1,200, y(w)) | e s
(s— M)S ! u—w)y!
+Z/ ./ ./o I'(v) i (w, x(w), y(w)) | dw du ds
j

)5+u -1

!
(1
+ o4l / ( r(s) s 261,506 + Z%| ,-(s,x(s),y(s))|)ds

j=1

1 )5’ ! (1 )5+‘U‘ 1
+ |05|/ ( F(S(S) 5 (s, %(5), 5(9)) | + }:Zl ﬁ‘ i (s,(5), y(s))’)
)8 2 (1- )8+vi—2
+ |O6|/ ( S x(s) J/(S))| Zl 1_‘(8;71}1_1)|h1(5,x(5)7y(5))|> ds
S (o 11)9-1
+ o7l (/0 /0 s F(Mq)) Ifi (o (), y(w)) | dus s

N N e i S U
+21:/0 A ’gl(wx(w )’dwduds

I'g Jo I'(p:)
+ los| / (

+ZM|gl(sx (s))|) ds+|A2|:|}

—~ Tlg+p)
[ t t < o] loal  lo7lZ? osind, )}
<t supy|=—0>——+— + + +
teio] | LT(g+1)  [A1[\T(g+1) T(g) T(g+2) T(g+1)
t (loslc®t  louln?, o] |los|
+ Ty + + + =
IAMI\T@+2) T@B+1) T@E+1) L)

. [ s t < jo1] ool loglgritt
D o
= LT@+pi+ D 1AI\Tg+p+1) " Tlq+p)  Ta+pi+2)

[fl s,%(8), y(s))|

Page 13 of 19
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3+vyj

+Pi l +Uj+

| losln” e E( osle™ o loaln,
I'(g+p;+1) NIA\T( +v,+2) T +v+1)
q+p )j j

o5l 1o\, (e +
Fr@+vi+1) T($+v) !
k !

~a As
=711 + Ta@y + E ZD'iQi + E w'ij + |611| + _A ,
- . 1
i=1 j=1

which implies that

Ay
Al

k !
[Q1(x,9)| < 11001 + T202 + Zwiﬂi + ZZ’H\;Q/ +laa| +
i-1 j=1

Similarly, we can find that

k

A
||Q2 x,y)” <ttt +12192+Zwl® +Zw}® +1by| +
i=1 j=1

Consequently, we get

k
9@ »)|| < (g1 + 9111 + (02 + D2)T2 + Z(Qi +0,)w

i=1

A2 + A3
Aq

!
+Z§ 6 wj+|a1|+|b1|+

j=1

Therefore, the operator Q is uniformly bounded. Next, we show that Q is equicontinuous.

Let ¢ € [0, 1] with £, < ;. Then we have

’Ql(xry)(tl) - Ql(xry)(tZ)’

q-1

ot -s)
/t TQ)ﬁ (s,%(s),¥(s)) ds

2

t _ §)api _g)atpi-1
Z/ = F(q+(;2) i 8i(5%(5), ¥(s)) dis

1 (f —S)‘I*'Pi—
' /tz ng (s,%(s)) ds

B -1
|t1 t2||:| 1|/ <(1F(S);I (s,x(s) y(S))|

_ J\gtpi-1
S DLLELLMARE) e

i=1 (g +pi

1 (1 _ )q—2 (1 — )q+pl
+ |02|/0 (TS_DM(s,x(s),y(s))‘ ;ﬁ’g,(& ,y(s))}) ds
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¢ s(s_u)a—l ! ¢ S(s—u)‘s‘l
+|03|(/0/OWM(M,x(u),y(u))|duds+;/;/OW

u _ u/-—l
« fo %|hj(w,x(w), y(w))|dwduds>

+ |oal / ((”’”m o (s, %(), 5(9)) |

l _ o)yl 1 1- -1
5 U =S (6 (5), () |) ds + |os| /0 (% ACEORION

i F(3 + Uj)

S+vj-1 8-2
+Z%| (s, %(9), y(s))|) ds + |06|/ (—))V(s,x(s),y(s)ﬂ

= 5+ )

l
(1 )8+v -2 s — u)q 1
+Zr(5+u, gy (54461, 5(5) )ds+|07|<// T@

k ¢ ps (S _ u)q—l u (u _ W)Pi—l
= x(u), dud
X [fi (s 2(u), y(w) | A “;/o fo T'(q) )

0

Nm _ )1
X |gi(w,x(w),y(w))|dwduds> + |08|/(; (%[ﬁ(s,x(s),y(s))\

+ ZML%(S x(s), y(s))|) ]

— Tlg+p)

|:|2(t1—t2)q|+|ti1—tg| |L‘1—t2|( o | loal  |o7]g?H
<7 + + +
I'(g+1) [A1l \T'(g+1) T(g T(g+2)

. los ir |tn = ta] [ |os|go* N loalnd, . |os| N |oe|
T(g+1) L7 1A \I(6+2) T@G+1) T@G+1) L)
k

12(6 = )77 + | —tIP 4+ eI |6 - o1l |oa|
. Zwi[ . ( .

Ig+pi+1) |Aq] Fg+pi+1) T(g+p:)

i=1

lo7| g 2#Pitt |og ™" >]
+
F(@+pi+2) T(g+pi+1)

l d+vj

N [|t1 ) ( AT |04l
.y .
= A1l \T(S+vi+2) T(+v+1)
|os| L losl
FE+vi+1) T+ '

Clearly, the operator Q is equicontinuous. Therefore, it follows that the operator Q(x, y)

is completely continuous.
Finally, we show that the set P = {(x,5) € S x S|(x,5) = AQ(x,%),0 < A < 1} is bounded.
Let (x,y) € P, with (x,y) = 2Q(x,y) and for any ¢ € [0, 1], we have

x(t) =2 Q1% )@),  y(£) =2 Qa(x,9)(®).
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In view of condition (H3), we can find that

x(2)| < @1 (ko + k1] + kalyl) + @2 (Ro + R1lx] + &2]y])

+ Qi(pio + i %] + pi2lyl) + QB0 + i lxl + Hi2lyl)

and
[y(®)] < D1 (ko + k1lx| + kalyl) + D2 (Ko + K1lx] + K2]yl)
+©;(pio + pinlxl + pialyl) + ©;(Dj0 + Dialxl + Dialyl).
Hence
lxll < @1ko + @ako + Qipi0 + §\2;'/5;',0 + (@K1 + ok + Q2ipi1 + §;’;51',1)||?C||
+ (@rica + 9aky + Qipia + i) 17
and

Iyl < D10 + Dako + O;pi0 + Ojpj0 + (V1K1 + Dokt + Oipi1 + O;0;1) 1%l

+ (D1k2 + Daky + ©ipi0 + ©;012) 1yl
In consequence, we get

llell + 1yll < (@1 + 1)k + (92 + B2)o + (2 + O pio + (2 + ©)) B0
+ (o1 + D)1 + (@2 + 2)R1 + (R + ©)pi1 + (5 + ©)) ) Il

+ (o1 + D)k + (@2 + 02)ka + (R + ©)piz + (R + 0) 5 Iy,
which implies that

(o1 + D)Ko + (@2 + D2)ko + (2 + O)) 0 + (ﬁj + @j)ﬁj,o
E

|Gy <

)
where

Ey = min{l = (@1 + V1)K + (@2 + D2)k1 + (2 + Op)piy + (?2/ + @;‘)/3;‘,1),

1= ((@1 + 01Kz + (@2 + Do)k + (2 + O i + (2 + ©))j2) )

Hence the set P is bounded. Thus, by Lemma 3, the operator Q has at least one fixed
point, which implies that system (1)—(2) has at least one solution on [0, 1]. O

4 Examples

Here, we present illustrative examples for the results proved in the last section.
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Example 1 Consider the following system:

D2x(t) + i | IPigi(t,x(8),y(1) = fi(6,2(0), y(t)), 1<q <2,t€[0,1],

18
Dy(e) + Y Thy(5x(8), y(0) = folt, x(8),5@),  1<8 <2,€0,1], 1o

complemented with the boundary conditions

x(0) =1, ¥(0) =3,

arx(1) + Bix’ (1) = y1 [ () ds + 301 iy (), (19)
ay(1) + Boy (1) = o [ 2(8)ds + 30, Emk(m)-

Here, a1 = 1/4, a3 =1/2, 81 =3/5, B2 =4/5, y1 =y =1, ¢ = 1/7n91 = 1/5, np = 2/5, n3 = 3/5,
M1 = 1/2, Mo = 3/4, M3 = 1, El = 1/3, Ez = 2/3, %'3 = 1, and

fl(t,x(t),y(t)) 1 ( G0l + tan_ly(t)) +cos 2t,

18v169 + 4 \ 1 + |x(¢)
. tan‘ly(t) 1
A6x050) = @30 L ymr a0 e
(t x(2), y(t)) ﬁ(sinx(t) + |y(t)|) +3t,
&(6x(),y(1) = 9\/% (x(2) + cosy(2)) +3e™,

Iy (t,x(2), y(2)) =

;(x(t) +tan”' x(2)) + 1 ( (@)l +sin 2t>,
6/289 + 2 V4 +100 + 2 \ 1 + [y(2)]
—t —t

(t x(2), y(t)) 3(: ) (cost + tan_lx(t)) +

e 9 .
m (Slny(t) + St).

Clearly, we have

1
[t x1,91) = filt, %2, 92)| < 234(|961 y1l+ 1 =21)s

1
le(t,xl,yl) __fZ(t;xZ)yZ)| < %('xl yl' + |J’1 _y2|);

1
lg1(t,x1,1) — g1(t %2, 72)| < E(le Y1l + 1y = 921),

1
@261, 1) — g2(6,%2,32) | < ﬁ(m yil+ y1 = 22l),

1
|71 (6,%1,1) = ha (8, %2, 90) | < 102(|961 yil+ ly1 = »l),

1
| ha (8,1, 1) = ha (8, %0, 72)| < E(Wl il + 11 =yal).
Using the given data, we have A; = 0.151835 and W = 0.788452 < 1. Obviously the hy-

potheses of Theorem 1 are satisfied. Hence, by the conclusion of Theorem 1, there is a
unique solution for problem (18)—(19) on [0, 1].
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Example 2 Consider problem (18)—(19) with the following data:

3sint 1 et

Al6x(0.50) = g5 ) * 15570 0080 + 5 s tan (0
B 2 sinx(t) y()
fo(t,x(),y(t)) = 1349 + ¢ * 11144 + 2 " 1656

&1 (L‘,x(t),y(t)) =e '+ Lx(t) tan~t y(£) + )

124 1481+ 8

2 L0+ S simy)
= + X + —— SIn y
73l s+ T ago

&(t,x(t),5(0))

—t
e
—— cosx(t) +

3 1
2 -
82/t 38t? 8+/144 + £°

13, 3 -1 y(£)

ho(t,x(2),y(8)) = €7 + mx(t) tan™" y(¢) + Ve
It is easy to check that condition (H3) is satisfied with «o = 3/146, k1 = 1/158, k3 = 1/39,
Ro=2/91, %1 = 1/132, &y = 1/165, p1o = 1/15¢, p11 = 1/124, p1» = 1/126, poo = 2/153, py; =
1/113, pan = 1/280, pro = 3/82, p11 = 1/38e, p1 = 1/96, pro = 1/13e, po1 = 3/148, pya =
1/99. Furthermore, (¢ + 91)k1 + (@2 + D2)k1 + (2; + ©)p;1 + (ﬁ,» + @,-),6,-,1 ~ 0.948955 < 1,
and (@1 + D)k + (@a + Po)ka + (2 + ©;)pio + (Qj + @j),é/,z A 0.846541 < 1. Therefore the
hypotheses of Theorem 2 are satisfied. Hence, by the conclusion of Theorem 2, problem
(18)—(19) with data (20) has at least one solution on [0, 1].

hl(txx(t)’y(t)) = )’(t),

(20)

5 Conclusions

Existence and uniqueness results are derived for a system of nonlinear coupled Caputo—
Riemann-Liouville type fractional integro-differential equations equipped with multi-
point sub-strip boundary conditions. Our results are not only new in the given configura-
tion, but also yield some new results associated with particular choices of the parameters
involved in the problem at hand. For example, our results correspond to a system of non-
linear coupled Caputo—Riemann-Liouville type fractional integro-differential equations
equipped with coupled multi-point boundary conditions if we take y; = 0 = y; in the re-
sults of this paper. In case we take p,, = 0=§,, for all m = 1,2,...,w, we get the results
for a coupled system of nonlinear Caputo—Riemann-Liouville type fractional integro-
differential equations supplemented with coupled sub-strip boundary conditions.
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