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of switching systems with delay and impulse consisting of subsystems with Hurwitz
stable matrices of internal dynamics. By using this new inequality, a normal L, norm
constraint is derived rather than weighted L, norm constraint. In addition, by a
realizable switching law, the obtained result is extended to the switching systems
comprised of subsystems with both Hurwitz stable and unstable matrices of internal
dynamics. The results are finally applied to Hy, control and illustrated by a numerical
example.
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1 Introduction

External stability (ES) is defined as a property of control systems: every L, input generates
an L, zero-state output [1-4], which plays an essential role in system analysis. As one type
of systems, switching systems(SSs), consisting of a family of subsystems, and a switching
rule that orchestrates the switching between them [5-8], have been an important frame-
work in the area of input—output analysis. In practice, effects of time delay [9, 10] and
impulse [11, 12] are usually inevitable. Therefore, there are lots of results on system and
input—output analysis of delayed SSs [11-21]. For example of a discrete-time framework,
the problem of robust exponential H, filtering for switched fuzzy delayed systems was
investigated in [15]; for example of a continuous-time framework, in [11], fault-tolerant
synchronization for SSs with delay and impulse was considered.

In the field of ES, Hs, control, H, model reduction, L,-gain analysis and disturbance
attenuation for the SSs, how to obtain the L, norm bound constraint is a critical part of
our study. Owing to the essence of SSs and average dwell time(DT) scheme, the concept
of weighted L, norm bound constraint, instead of the normal L, norm bound constraint,
has been proposed [16, 17, 22]. However, this weighted concept changes the original phys-
ical meaning of L,. Recently, some researchers tried to remove this label “weighted’, see
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[18] in 2012, [23] in 2016 and [19] in 2017. However, there are still some doubtful prob-
lems. Specifically, Liu and Yuan adopted a normal L, relation between input and output
in [18] but where the average DT could not be substituted into the integral in (36); In [23],
Eq. (21) could not be directly derived because W(s) could not be guaranteed greater than
zero; Syed Ali et al. employed the square of L, norm, see (6) in [19], but it is question-
able for the cancelation of e*”~9 on both sides of the inequality right below (57). Very

recently, a two-direction inequality (-~ < N, (¢, ) < -=%) between the switching num-

Tmax — Tnin

bers and the maximum, minimum DT was proposed in [11] such that the label “weighted”
can be removed properly. Furthermore, an improved two-direction inequality (% -1=<

N,(t, 1) < jf;l’n +1) was provided in [24, 25]. But this improved inequality is still not precise
enough. A more accurate two-direction inequality (max{ 7:; -1,0} < N,(t, 1) < ff—f +1)

was given in [21]. To the best of our knowledge, this more accurate two-direction inequal-

ity has not been used to study the ES and H,, control of SSs with delay and impulse.

In order to study the ES of SSs comprised of subsystems with both Hurwitz stable
and unstable matrices, a suitable switching law is necessary. There are a few results that
have been reported in [22, 25-29]. Some state-dependent switching laws were proposed
in [27, 28], while some time-dependent switching laws were presented [22, 25, 26, 29].
The authors of [29] applied fast switching and slow switching, respectively, to unstable
and stable subsystems. In [26], the precondition inf;, [7;;((;))] > —g
tee that —yt = T~1(t)a + T*(t)B < 0 holds. But this precondition cannot make sure that
—yt=T1(#)a + T*(¢)p holds or that T~1(t)a + T*(¢)B is a linear function as desired. Only

T (t)a + T*(t)B < 0 can be deduced there. Another resolution was proposed in [22], a

was given to guaran-

new separation of switching instants was arranged in advance. By a given parameter ¢, > 0
without a specified sequence of time instants, the switching law in [25] is easier and clearer
to implement than the one in [22]. This makes it worth to study how to adopt the switching
law in [25] to investigate the ES and H,, control of SSs with delay and impulse.

Motivated by the above discussion, the problem of ES and H,, control of SSs with delay
and impulse is investigated in this paper. The main contribution of the paper is as follows.
First, a two-direction inequality (relation) between the switching numbers and the maxi-
mum, minimum DT is used such that the label “weighted” can be removed properly and
the normal L, norm constraint is derived. Second, a suitable switching law is adopted to
deal with the SSs with both Hurwitz stable and unstable subsystems. Third, we take the
overlooked case 0 < 4 < 1 into consideration (in almost all mentioned results above the
range of 1 is only larger or equal to 1), i.e. the range of switching parameters  is extended
to the set of all positive real numbers. Fourth, the non-weighted Hy, control [30-32] of
switching control systems with delay and impulse is established, in which the matrices of
internal dynamics of the controlled system are not necessarily all Hurwitz as usual. Finally,
the effectiveness of the results is illustrated by a numerical example.

2 Problem statement and preliminaries

Let R” denote the n-dimensional real Euclidean space. For x € R”, ||x| denotes the Eu-
clidean norm of x. We use the notation L;([0,00),R") to denote the class of square
integrable functions from [0,00) to R”, ie. for each x € Ly([0,00),R"), the L, norm
of x is |lxllz, = (fy° Ix()]12d8)? < 0o. Define x,(s) = x(t + 5), —d < s < 0, and [xls =
SUP_g<s<o [1%(Z + 5)||. The notation P > 0 indicates that matrix P is positive definite. Amax(P)
(Amin(P)) denotes the maximum (minimum) eigenvalue of matrix P. «_ means such a pos-
itive number that the inequality AiT P; + P;A; + a_P; < 0 holds where A; is Hurwitz stable,
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while @, means such a positive number that AiTP,- + P;A; — o, P; < 0 holds where A; is not
Hurwitz stable.

Consider the following switching control system with delay and impulse:

%(t) = Aopx(t) + Adox(t — (1)) + Boou(t),  t € [tr-1, ),

Ax = x(ty) —x(t,:) = Ig(tlz)x(t/:), t=1t, O
¥(t) = Copx(t) + Cao(px(t — T(2)) + Eoou(®),

Xy = x(to +0) =p(0), 0 €[-d,0],

where x(¢) € R”, u(z) € R” and y(¢) € R? represent the state vector, external input vector
and output vector, respectively. Ay (1), Ads(t), Bo)» Co(t) Cao )y Eo(r) and I,y are constant
matrices with appropriate dimensions, where o (¢) is the switching signal, which takes val-
ues from & ={1,2,...} and o (t) = i € & means the subsystem i is active at ¢. The switch-
ing time instants ¢ (k=1,2,...) satisfy 0 <ty <ty <tp < - <t <---, limg_ o0 & = 00. The
initial function ¢(0) is piecewise continuous on [—d, 0]. The delay function () is differ-
entiable and satisfies 0 < 7(¢t) <d, t(t) < p < 1.

Remark 2.1 Here x is considered as the right derivative of x based on two considerations.
On the one hand, the derivative at £, is taken to be a right derivative, since ¢(#) may not
admit a left derivative at £ or this left derivative even exists but may not equal the right
hand function. To be consistent with the derivative at £y, x(¢;) needs to be the notation of
the right derivative at #. On the other hand, at #, the subsystem o (£) = o (£{) is already
active, i.e. x(f) = Ag(t;)x(t) + Ad(,([;)x(t -1(8) + Ba(tZ)M(t)' It follows that x(#;) also denotes
the right derivative at t.

Remark 2.2 The solution x(t) is right continuous at #, i.e. x(t}) = x(£), since (t;) repre-
sents the right derivative at ; and the right derivative is defined based on right continuity.

Definition 2.1 ([1]) The L, gain of an externally stable system is

llyllz,
uelyuo 11|z,

(Here 6 indicates the zero function.) The L, gain is the maximum ratio of ||y||., /|l «l|L,.

Lemma 2.1 ([21]) For any t > t > ty, N, (¢, T) denote the number of discontinuities of re-

gion over (t,t), i.e., the number of region switching over (t,t),

t—71

t_
max{ L 1,0} <N,(t,7) < +1, (2)

max min

where Trmax = SUPi_y o (tk—tk-1) Tmin = infy_1,. (b — tr-1) are the maximum and minimum
DT of system (1).

3 Main results
At the beginning of this section, the ES of SSs with delay and impulse consisting of sub-
systems with Hurwitz A’s is proved. Then the obtained result is extended to the ES of SSs,
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in which not all subsystems are Hurwitz stable, by employing a switching law. In obtained
results, the normal L, norm constraint, rather than a weighted L, norm constraint, is de-
rived by using the new proposed relation (2). Finally, the derived results of ES is applied

to H,, control.

3.1 External stability
In this subsection, by using Eq. (2), the ES of SSs with delay and impulse consisting of
subsystems that are all Hurwitz stable, and subsystems that are not all Hurwitz stable, is

proved, respectively.

3.1.1 All subsystems are Hurwitz stable

Theorem 3.1 Given scalars « > 0, i > 0 and the numbers of any two consecutive subsys-
tems i,j € & (o switches from j to i), the system (1) is externally stable with a L, gain y, if
there exist n x n positive definite matrices P;, Q;, Pj, Q; such that

_AI-TP,‘ + Pl'Ai + OlPi + Qi PiAdi Pl‘Bi ClT
-1-pe*Q, 0o CL
. A-p)eiq 0 Chl 5
* * -F,I E
L * * * -1
[P, (1+1)7P;
! 7o >0, Qi = 1nQ;, (4)
k P,'
and
1
o> nH , (5)
Tmin

—Inp/Tmin . . Tmax ;
whereFuzﬁ,/z_lz’;m lfﬂ>1;FM:)/lpr=1;FM=)/u,/% if0<u<l.

Proof Consider the following Lyapunov functional candidate:
Vo) (&%) = View (&%) + Voo (8, %1), (6)

where Vi) (t, %) = xT (£) Py (px(t) and Vag (£, %) = ftt_r(t)xT(s) e Qy(y x(s) ds. For sim-
plicity, we shall use V;,(£) to denote Vi ((t, x;).
Suppose o (t) = i for t € [tx_1,tx), then the derivatives of Vi, (£) and Vs (2) are

Vie (o (t) = Vai(t)
= 5T (£)Px(t) + 7 (£) Pk (£)
= [Ax(®) + Agix(t — T(0)) + Bau(t) | Pix(t) -
+xT ()P [A(t) + Agie(t — T(£)) + Biuu(t)]
=xT(t)(A] P + PA)x(t) + 27 (t — T(2))ALPx(t)

+ xT(t)PiAd,-x(t - ‘L’(t)) + uT(t)BiTPix(t) + 2T (£)P;B;u(t)
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and
Voo (o (8) = Vai(t)
t
=—u / 27 (5)e* D Qux(s) ds + x7 (£) Qix(2)
t—(t)

~[1-#(®)]e™* Dx" (£ - () Qux(t - T (2))
< —aVal(t) + " (O)Qux(t) — (1 - p)e™x” (¢ — T(£)) Qux(t - 7(t)),

respectively.
Denote A(t) = yT (£)y(t) - FiuT(t)u(t). Then we get

Vi(e) + aVi(e) + A(r)
<aT(O)(A] P + PiA)x(t) + 27 (¢ — (£)) AL Pie(t) + " () PiA e (t — T(2))

+ul ())BI Pix(t) + x" (£)P;Biu(t) — o Vi (£) + 27 (£) Quxe(£)
— (1= p)ex (t - (£)) Qe (t — T(8)) + ax” (£)Pie(t) + &t Vi (£)
+x7(£)CT Cin(t) + 27 (£)C] Cam(t — T(8)) + 2" () C] Esu(2)
+x (£ - 1()) ClCin(t) + 7 (£ = T(£)) CCare(t — T(2))
+xT (t - t()) CLEu(t) + u (OE] Cix(t) + u” () E] Case(t - (1))
+ul ()E Eu(t) — F2u” (£)u(t)

(1, 1) PiAdi + CiTCdi PiBi + Cl-TEl'
=n'@)| * -(1-peQ;+CLCu CLE, | n(),
* * E'Ei-rI

where 7(2) = [x7(¢), 2T (£ - 7(£)), uT(£)]" and (1,1) = AT P; + P;A; + aP; + Q; + CI C..
From (3), by using the Schur complement [33], we obtain

ALTPL + PiAi + OtPi + Qi PiAdi Pl‘Bi CT

1
* —(1-p)e@Q, 0 |-|CL|(D" [C; Cui Ei]
* * —Fﬁ[ EiT

(1, 1) PiAdi + CiTCd,' P,'Bi + CiTEi
=| =% —(1-p)e@Q; + C;Cdi C;Ei <0.
Therefore, we can deduce that

Vi(t) + a Vi(t) + At) < 0. )

Thus, integrating the inequality (9) from #;_; to ¢, £ € [£x_1, %), produces

t
Vilt) < Vi(tg_y)e -0 —/ A(s)e @ ds. (10)

k-1
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Since o switches from j to i, o (t;_;) = j and o (¢{_;) = 0 (tx—1) = i. Now we consider the
change of V,;(¢) at ¢ = #;_; as follows. Firstly,

View; ) (t 1) lea(t,;l)(t;_l)
Vii(te1) - nVy(6)
= (t -1

:(t1

VP (i) = o (1) Pre(tia)

)+ )P + 1) - upy|x(,)-

Using the Schur complement again, it follows from the first inequality in (4) that (I +
I/)TP,'(I +1I;) — up; < 0 such that Vi;(t1) = Vii(tf_;) < uVii(£_;). Secondly,

Vao(e 1)( 1) — 4 Vag( (. 1)(tk 1)
= Vzi(fli,l) - ,U«VZ/(t/:—l)

G N
[T A0 s
13

1T (Ey)

b _
- / xT ()€1 uQy iz yx(s) ds
t

PRR Y

k-1
= / 27 (5)e* %1 Qux(s) ds
17

k-1-T (1)

-1
- / xT(s)e“(s_tkfl),qux(s) ds
£

k-1-T(tk-1)

) /tk_l 7 (5)e? e H-10(Q; — uQ))x(s) ds
1

k-1-T(tk-1)

The second inequality in (4) and the calculation above together imply that V5;(¢_1) =
Voi(t;_y) < uVai(t;_,). Thus, one has

Vi(ti-1) < wVi(te_y)- (11)

Using the technique in (2.7) of [22], it follows from (10) and (11) that

t
Vi(t) < M\/j(t/:_l)e—a(t—tk,ﬂ _/ A(S)e—a(t—s) ds

-1

k-1
su[vm et - [T e ls>ds]

L2

t
x e ¥tte-1) —/ A(s)e 9 ds

tk-1
S .
t
= NV (Eo)e 10 — Mo (bl0) / A(s)e™ ) ds (12)
to
t ¢
N (ttl)/ Als)e @9 ds — ... — yNo btk 1)/ A(s)e™ ) ds
t k-1
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t
= Vatt) (l’o)e a(t—tg)+Ng (t,to) In 1 /1 A(S)e—a(t—s)JrNg(t,s)lnudS

to

_ /tz A(S)e—ot(t—s)+N(,(t,s)ln;L ds—-- — /t A(S)e—ot(t—s)JrN(,(t,s)ln;L ds
t tk-1
t
< Va(to (t())e a(t—tg)+Ne (tto)Inpw _ / A(S)e—a(t—s)JrNg(t,s)lnu. ds.
to

Under the zero initial condition, we acquire

t
/ A(s)e 29N b g < _y/(¢) < 0. (13)
£

0

That is,

/ y (s)y(s)e o« (t—s)+Ng (t,5) ln,ud
N t (14)
2 T —a(t—s)+Ny (¢,5) In
< FM/t u' (s)u(s)e Hds.
0

To obtain the ES, we discuss (14) in three cases, thatis, > 1, © =1 and 0 < u < 1. For the
case of > 1 (Inp > 0). It follows from (2) that }:ﬁ (t-=s)—Inu <N, (t,s)Inu < l““ (t -
s) + In . Then inequality (14) can be rearranged as follows:

1 ¢ In
1 / ST ($)y(s)e™ e o)t g
1% to

t (15)
= MFIZA/ u’ (s)u(s)e” (e gy -9 ds,
to
where ;::X (5)and o > 0.
Integrating both sides of (15) from ¢ = £, to oo and interchanging the order of integrals
lead to
0o pt Inu
/ / 7" (s)y(s)e™ Tma )~ dsdt
to Jto (16)
< u?r? / / T(s)u( s)e Tonin dsdt
Inp o0
f Y ©p(s)e e T f ¢ Thi" dr ds
K N ’ N (17)
<y 2r2 T (-7 )(-s) —(a—
<KUF, u' (s)u(s)e min e T dt ds.
to s
By substituting f , = A L./ % into (17), we obtain
oo o0
T 2 T
/ Y (s)y(s)ds < y / W (s)u(s) ds. (18)
to to

The remaining arguments for the other two cases, = 1 and 0 < u < 1, are analogous to
the above analysis and will not be reproduced here. Consider u(s) = 0, for s € [0, ], then

Page 7 of 20
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we have
oo o0
| roreas =y [ ueusds (19)
0 0
which implies that the system (1) is externally stable with a L, gain y. O

Remark 3.1 The switching parameter O < p < 1 was usually overlooked, as mentioned also
in [11]. Only u > 1 was considered in [16—18, 22] and in [19] that was n > 1. If the sets
of those matrices (such as P;, Q; in this work) were finite, as assumed in [16-19, 22], it
would be not easy to consider this overlooked case. However, in [11, 25] and this work,
the switching index set, see & below (1), is not restricted to be finite such that the just
mentioned sets of matrices can be infinite. Moreover, in conditions like Q; < 1Q;, i and
j are only any two consecutive (j is just after i) rather than two arbitrary indices as in
[16-19, 22]. These together make the case 0 < u < 1 feasible, i.e. the range of 1 can be all

positive real numbers.

Remark 3.2 It follows from (12) and Theorem 3.1, the zero-input state |lx(£)|| < K,

M[)Lmax(P(r(to))"'d)tmax(er(to))] 1

- Inp y o . —
infie.@()‘min(Pi)) ’ a“’ - E(a N Tmin) lf K> 1, [<M -

[l |2 €%+ ¢%), where K, = \/

infie g2 (Amin (P7)) winfie g (Amin(Py) 2 Tmax
ifO<u<l.

Amax (P (¢))+drmax (Qq (1)) . Amax (P (¢0))+d2max Qg (1))
\/ max s (¢g) max(\Lo(¢) , 0y = %O{ 1fﬂ -1 I(M :\/ max Lo (£5) max (o (1) , Q= l(O{ _ Inp )

3.1.2 Not all subsystems are Hurwitz stable
In the following, we consider to investigate the ES of SSs consisting of subsystems that are
not all Hurwitz stable.

For a subsystem A; (Hurwitz stable), similar to (6)—(10), Az, B;, Ci, D; on [tx_1, ), re-
placing o with «_ under the condition (3), then, for ¢ € [£x_1, £), we can derive that

t
Vi(t) < Viltgoy)e @ h0) — / As)e™ ) ds. (20)

tk-1

For a subsystem A; (not Hurwitz), there always exist P; > 0 and «, >0 (as long as o, is
large enough), such that A P; + P;A; — ., P; < 0. If the condition

AlTPl + Pl'Al' - C\!+Pl' + Qi PiAdi PiBi ClT
* —(1-p)eQ; 0 C;
. . Y E,Tl <0 (21)
n i
* * * -1
holds, we can deduce that
Vil£) + a Vo) — ., Vii(2) + A(2) <0, (22)

then

Vi(t) —a, Vi(t) + A(t) < 0. (23)



Ren and Wu Advances in Difference Equations (2020) 2020:652 Page 9 of 20

Therefore, the following inequality holds:

t
Vi(t) < Vi(tg_y ) i) —/ A(s)e*+ 9 ds. (24)

k-1

Under the inequality in (4), using the same arguments as in (12), (13) and (14), from £,
tot, t € [tr-1, ), we can get

V;(t) < Vcr(tg) (t0)€a+ Ty (t,tg)—a— T—(t,tg)+No (t,to) In

t (25)
_ / A(s)e™ T4 (t,8)—a—T_(£,5)+No (£,5) In ds,
£

0

And then

/tyT(S)y(S)ea+ Ty (t,8)—c—T—(t,8)+Ng (£,8) In 1 ds
1

0

(26)

t
< F;ZL/ uT(S)u(S)eot+T+(t,s)—a,T,(t,s)+Ng(t,s)lnu dS,
to

where T, (t,7), T_(¢, ) denote the total active time of those subsystems with Hurwitz A’s,
not Hurwitz A's over (t, ), respectively.

Taking the case ;> 1 as an example, the exponential index on the left side of (26):
a, T, (t,s) —a_T_(t,s) + Ny(t,s)In x may be reduced to be —(o_ — Ini )¢ ), while the

Tmax

same index on the right side of (26) may not be immediately increased to be in the form:

—A(t —s), A > 0. Now, we choose a scalar «, € (0,«_) arbitrarily and propose the following
switching law.

Switching Law 3.1 ([25]) Given a sequence of time instants t; < tp < ++» <t < -+,
limg_, o0 Lk = 00, Where ty, k = 1,2,..., is the switching instant and t, > ty, such that, for
given scalars a, >0, - > 0,0 < a, <o_ and c, > 0, the inequality a,. T,(t,t) —a_T_(t,7) <
¢y — i (t — T) holds, for any t > © > &,.

Theorem 3.2 Given scalars o >0,0<a_ <o, oy >0, ¢, >0, u >0 and the numbers of any
two consecutive subsystems i, j € & (o switches from j to i), the system (1), under Switching
Law 3.1, is externally stable with a L, gain y, if there exist real n x n positive definite
matrices P;, Q;, Pj, Q; such that, for each subsystem (A; is Hurwitz),

AlPi+PA; +a P+ Q; PiAgi pPB; CF
* —(1-p)e4Q; 0 cr
( ple““Q; ) ? <0; 27)
* * -F ul E;
* * * -1
for each subsystem (A; is not Hurwitz),
AlPi+PA; —a, P+ Q PiAg; PB; CF
* —(1-p)e4Q; 0 cr
( p)e*Q; , (,;, <0, (28)
* * -F1 E

"
* * * -1
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. N p.
uby L+ )P >0, Qi = 1nQ;, (29)
* Pl‘
and
In
o > e , (30)
Tmin
where F.,= Y o —In 14/ Tryin l_f >S1; F, = e l_f =1;F, = o —In 4/ Timax l’f
KT o\ e (a——Inpu/Tmax) K sbu=Y eCx o m=LFup=YK e (——In 0/ Tynin)
O<u<l.

Proof Under Switching Law 3.1, one has

%+ Ty (t,s)—a—_T_(t,s) < ec*—a*(t—s). (31)

To obtain the ES, we also investigate (26) in three cases, thatisu > 1, =1land 0 < p < 1.

For the case of > 1. It follows from (2) that %(t —s)—Inpu <N, (t,s)Inp < }““ (t—s)+

In o. From (26), we obtain

t t
/ yT(s)y(s)e—a,(t—s)-v-Ng(t,s)lnu ds < Fi/ uT(S)u(S)e—a*(t—sHNg(t,s)lnu ds. (32)
t

0 to
Then

1 [t In ¢ (AN (ps
- f YT (y()e™ @ e ds <y 2 f u? (s)u(s)e”* Tmin = gs. (33)
M Jy

0 to

Inp
Tmax

L %, then following a similar process to (16) to (19), we can conclude that
wy e (e—~Inpu/Tmax)
the control system (1), under Switching Law 3.1 is externally stable with a L, gain y. [

Using o, > % (then a, — % >0and a_ — > 0 due to a, < «_) and selecting f ,, =

Remark 3.3 1t follows from (25), Switching Law 3.1 and Theorem 3.2 that the state ||x()||
Cx \/M[}\max(Pa(zo))+d)~max(Qa(t0))] ~

< % —ay, (t—to) 2 —p2 -1 _Inp iy .
< K,llxglla e ,where K, = e - o0 G (D) ) 8y = 5 (o Tmin) if u>1;

o, if n=1; I<;L =e2 winfie gp (Amin (P;)) O =

7 Cx )\max(P(r(to))*'d)hmax(Qg(tO)) A~ 1
=e2 — ==
Ku=e \/ e oo Omn®) 2 F0 =2

Cx \/)\max(P(r(to))+d)hmax(Qq(t0)) A~
1 Inp y
E(Ol*— m) lf0</.L< 1.

In fact, for the case 0 < u < 1, without Switching Law 3.1, we also have the following

conclusion.

Corollary 3.1 Givenscalarsa >0,0<a_ <o, o, >0,0< u < 1and the numbers of any two
consecutive subsystems i, j € & (o switches from j to i), the system (1) is externally stable
with a Ly gain y, if there exist real n x n positive definite matrices P;, Q;, Pj, Q; such that,
for each subsystem (A; is Hurwitz),

AlPi+PA; +a P+ Q; P;Ay PB; CF
* —(1- ~od (). 0 ct
( p)e*Q; ) (,;1 <0; (34)
* * -F, I E

* * * -1
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for each subsystem (A; is not Hurwitz),

_AI.TP,‘ + Pl'Ai - Ol+Pl' + Qi PiAdi PiBi CIT
—(1-p)eQ, 0 CE
* (1-p)e ™ Q; , ? <0, (35)
* * _Ful E;
L * * * -1
[wP, (1+I1)P;
wP;  (I+1) } >0, Q < uQ, (36)
* Pl'
and
In
L (37)
Tmax
where ||, = V“‘/%'
Proof Taking a similar process to (20) to (26), we have
/ (s)y(s)ea+T+ (t,8)—a—T_(t,s)+ Ny (t,5) ln,uds
’ t (38)
2 T T (6:8) 0 T (£,5)+Ng (£,5) 1
SF#/t u' (s)u(s)e” ) $HNa (LS dg,
0
Since 7 ~1 <Ny (t,s) < +1, 'Th”“(t s)+Inpu <N, (ts)Inp < ‘:a’:'(t—s)—lnu.
Then
‘r ot jr )
w| vy (s)ys)e min~ " ds
£
' (39)

1, [1n p|

t
<—f2 / u” (s)u(s)e™ " Tmax 9 ds,
to

=

Suppose a, < 'TI"“I and choose [, = ypu,/ % Then following a similar process
to (16) to (19), we can prove that the control system (1), consisting of both subsystems

with Hurwitz As and subsystems with As that are not Hurwitz, is externally stable with

a L, gain y. g

Remark 3.4 It follows from (25) and the Corollary 3.1 that, for the case 0 < i < 1, we have

the zero-input state

[x0)] < [2mePoto) * Dmax( Qi) o it
- )7 infie@()‘min(l)i)) 0

Remark 3.5 The Corollary 3.1 does not use Switching Law 3.1, the right side of in-
equality (38) is enlarged as f 2 fr T (s)u(s)e+ (=9 No (bs)Init ds instead of /2 ft T(s)u(s) x

Page 11 of 20
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[1n ]

Tmax

—oty (t—5)+Ng (L,8

e )Ini ds. As an additional condition, o, < is imposed. Therefore, Theo-

rem 3.2 is less conservative.

Remark 3.6 By employing the new proposed two-direction inequality (2), after the steps
(15)-(19), (33) and (39), the normal L, norm constraint instead of the weighted L, norm
constraint is obtained. However, only the weighted L, norm constraint was derived in
[16, 17, 22]. This can be easily seen in the proof steps (2.10)—(2.15) in [22], (33)-(34) in
[16] and (49)-(50) in [17]. The “average dwell time” method is adopted in these references,
that is, the one-direction inequality N, (0,7) < é is applied.

3.2 Application to H,, control

In this section, we apply the derived results of ES to H., control. The so-called Hy
control is named from the H functions defined on the H,, (Hardy) space (see page
1in [30]): Ho := {F : C — C|F is analytic, Supge(y).o |F(s)| < 00} equipped with the norm
[|Flloo := SUPRe(s)»0 [F($)], for F € Hyo. As is well known (also see page 4 in [31]), transfer
functions for finite dimensional linear control systems are rational functions with real
coeflicients. Thus, we may consider the subset of H., consisting of real-rational func-
tions: RHy, C Hyo. In fact [31], a transfer function F(s) € RH, if and only if F is proper
(limy_, o, F(s) < 00) and stable (F has no poles in the closed right half complex plane). In this
case, ||Flloo = SUp,,cp [F(jo)| = Sup,cr, 4z 1¥ll1,/llt]l1,, where u, y denote the input, output
of the considered control system [1]. Therefore, the transfer function of a linear control
system F(s) is a real-rational H,, function implies that the control system is externally sta-
ble, i.e. every L, input only excites an L, zero-state output. If the input is considered to
be a disturbance, then ES measures the robustness of the zero-state output on the distur-
bance, i.e. it ensures that the zero-state output excited by the energy-bounded (because
the square of the L, norm of a signal can be considered as the energy content of the signal)
disturbance will not blow up.

For linear control systems, Hy, control is to find a control (consisting of measured vari-
ables) such that the norm of the transfer function from the disturbance (input) u, to the
output y (something we want to minimize) || F4_., |« is minimized, i.e. the zero-state out-
put excited by disturbance y, is minimized [32]. For nonlinear control systems including
the system considered in this paper, they do not have transfer functions as the linear ones
do. However, the same name H, control is employed for the following control objective:
to find a control such that the controlled system is asymptotically stable when no distur-
bances are present, and moreover, has finite L, gain from u, to y, under the zero initial
condition (is externally stable from u, to y), see page 6 in [31]. As we see above, for ei-
ther linear or nonlinear control systems, H,, control has the same physical meaning: the
H, controller starts to stabilize the system after the energy-bounded disturbance has al-
ready decayed to zero, then maintains the stabilized system to be externally stable from
the disturbance to the output such that effect of the disturbance on the output is attenu-
ated during the steady period. This specializes the practical importance of Hy, control in
industry roared with noises. However, by the existing average dwell time approach, those
results obtained for switched system are only on weak noise attenuation index of weighted
form than cannot truly reflect the practical meaning of H,, problems [17].

In this section, by adopting maximum, minimum dwell time and the new proposed two-
direction inequality (2), we state the details for the non-weighted Hy, control of switching
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control systems with delay and impulse. Consider (1) with both control input #, and dis-

turbance input i, as follows:

%(t) = Aopx(t) + Adox(t — T(8)) + Bo(o (ue(t) + ua(t)), £ € [tie1, ),

Ax = x(ty) —x(t,;) = Ig(tl;)x(t/:), t=1t, ”
¥(8) = Cox(8) + Cag®(t = T(2)) + Eq ) (uc(t) + ua()),

Ky =x(to +6) =9(09), 0 €[-d,0].

As just discussed, the control (input) u, is comprised of measured variables. A special
(and common) form is u, = K% (state feedback), where K is the control gain to be
designed and x is the state variable that is pre-assumed to be measurable (available). Gen-
erally, . may be also designed as a function of x; (delayed state feedback), x(¢;) (impulsive
state feedback) and y (output feedback) as needed, if they can be measured.

Controlled by u, = Ky (%, the system above can be rewritten as

%(8) = Agpx(t) + Adox(t = T(0)) + Boua(t), t € [tie1,ta),

Ax = x(tr) - x(t) = Lapx(t),  t=te
) (41)
¥(t) = Cox(t) + Cagx(t — T(2)) + Eq(tytta(t),

Xy =x(to +6) =(0), 0 ¢€[-d,0],

where Ag(t) = Ay + Bo(9Ks(r) and Cg(t) = Cy(y) + E5(yKo (). The Hy control problem is to
find K, such that (41) is asymptotically stable when u, = 0, and is externally stable from
ug to y,ie [y, <y*llua(t)llL, for some prescribed constant y*, when ¢(6) = 0.
Comparing (41) with (1), it can be concluded that the objectives of H, control are all
achieved (since exponential stability implies asymptotic stability and the ES is already
proven) in different cases if A, ), Cy () are replaced by A, sy, C, (s, respectively, in the cor-
responding theorems. To avoid tediousness, we only state a theorem for the Hy, control
corresponding to Theorem 3.2. The result corresponding to Theorem 3.1 is left to the

reader.

Theorem 3.3 Given scalars o >0,0<a_ <o, o, >0, ¢, >0, u >0 and the numbers of any
two consecutive subsystems i, j € & (o switches from j to i), the Hw, control problem of (40),
under the switching law S3.1, is solved, if there exist real n x n positive definite matrices P;,

Qi, Pj, Q; and appropriate dimensions matrices K;, K; such that, for each subsystem (f_li is

Hurwitz),
A;TP, + Pl'Al' + O[_P,' + Qi PiAdi P,'Bi ClT
~-1-p)e@Q; 0 CL
* ( p)e*Q; ) (,;1 <0; (42)
* * -F, I E

* * * -1
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for each subsystem (A; is not surely Hurwitz),

(AP + PA -, Pi + Qi PiAg; PB; CT
-1-p)e?Q 0 Cj
* (1-p)e*Q; @ | <o, @3)
* * -1 E
L * * * -1
[P, (1+1)7P;
! o =0, Qi < nQj, (44)
* pP;
and
1
oy > n/vL, (45)
Tmin

* - H . . —_
Where F/L v ax=In 0/ Tinin s l_fl’L > 1; F/J. - y* [0 lf'M — 1; F}L — V*M s —In 0/ Tax

I e (a——In pu/Tmax) eCkor_ e (a——In 0/ Tynin)

ifo<pu<l.

Remark 3.7 1t follows from Remark 3.3, under the same conditions as in Theorem 3.3,

o & (= o Cx M[)Lmax(Po( ))+d)»max(Qn )
the state [|x(£)|| < K|« lse” %), where K, = ez\/ inf,'eigz(/\min(l’m LU a,

1 1 . P e [ Amax(Py(gp))+drmax(Qo () ~ 1 . P
e = ) i p > 1 K, = ez\/ e mn®) 0 On = 3% i =1 Ky =

LGy = M - ) ifO< < L.

Tmax

e%k }\max(1')0(:0))+d)~max(Qa(t0))
winfie g (Amin (P;))

Remark 3.8 After substituting A;, C;, nonlinear terms like P;B;K; and K B! P; appear in
(42) and (43). We can first left and right multiply (42), (43) by diag(P;*,1,1,1). Then we
apply the Schur complement and use —Q;! < —2¢;1 + €2Q;, €; > 0 to derive the following

linear matrix inequalities of Pi‘l, Q;and Y;:

[, 1), A B PCl+Y[El P
* —(1-p)edQ; 0 CdTi 0
* * -r ET 0 <0,
* * * -1 0
| * * * * —2¢€;1 + el.zQ,'_
[(1,1), Ay B, PCr+YTET pt ]
* —(1-p)e4Q; 0 CdTi 0
* * -F21 ET 0 <0,
* * * -1 0
| * * * —2¢,1 + eiZQ,»_

where (1,1); = AP + P7PA] + a P! + B,Y; + Y/BY, (1,1), = A;P;' + PTAT —a, Pt +
B.Y; + YIB! and Y; = K;P;', obeying (42), (43), respectively. It follows that K; = Y;P;.
As for the first inequality in (44), we can first left and right multiply it by diag(Pj’l,I ).

Then left and right multiply it by diag(, P;!) to derive an equivalent linear matrix inequal-

Page 14 of 20
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ity as

pPt PPN+ )T 0.
* Pi‘1 -

Thus, all matrix inequalities in Theorem 3.3 are already transformed to linear matrix in-
equalities of Pi‘l, Q; and Y; that can be solved by Matlab.

Remark3.9 Itisarbitrary to pre-assume that a certain A, is Hurwitz or not surely Hurwitz,
as long as feasible solutions for the inequalities can be found; see Example 4.1, where A;
is pre-assumed to be Hurwitz.

4 lllustrative example
In this section, we provide an example of H,, control with numerical simulations to illus-
trate previous results.

Example 4.1 Consider the switching control system with delay and impulse initialized as

follows:
-1 0 -0.1 0 0.1 -0.1 0
A= ) Agn = ) By = ) I = )
0 -1 0 -0.1 0.1 0 -0.1
Cy = [O.l 0.1] s Ca = [0.1 0.1], E, =0.1,
05 0 005 0 0.1 005 0
A2 = ) AdZ = ) B2 = ) 12 = »
0 05 0 005 0.1 0 005
C= [0.1 0.1] , Cupo = [0.1 0.1], E, =0.1.

Leta_=1,a, =2,a, =0.25 < @_ and ¢, = 2.25, then we can select the switching signal o (¢)
satisfied Switching Law 3.1. From Remark 3.6 in [25], here we choose a simple switching
law realization as shown in Fig. 1. The first active subsystem is a Hurwitz stable subsystem.

0 5 10 15 20 25 30 35
t (sec)

Figure 1 Switching law o (t)
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0 5 10 15 20 25 30 35

Figure 2 Disturbance input ug(t)

And the switching time is periodic. Let ty; —fy;1 =T, =1, .1 —byj o =T-=6,j=1,2,...,
then T, < ¢./(a, + ay) and T_ > 2T, (o, + o)/ (- — o) are satisfied. Therefore, Tiay =
T_ =6, Tmin = T, = 1. In fact, any switching signal can be selected as long as Switching
Law 3.1 is satisfied.

Select the disturbance input u,(¢) = sin(27”t) [HE)-H(t-7)]+ sin(27” (t-14))[H(t-14) -
H(t - 21)] € L,[0,00) as shown in Fig. 2 and the initial condition ¢(8) = ¢(61,60,) = [61 +
1,6, + 1]7, where H(¢) is the Heaviside step function. Given the delay function 7(¢) = 0.1 +
0.1sin¢, then we can select d = 0.2 and p = 0.1 such that 7(¢) < d, 7(£) < p < 1 as required.

All other common parameters for three cases are givenas y* =1, ¢ = 1.01(a > @_), €1 =
0.6 and €, = 0.6.

Case1:0 < i < 1. Select u = 0.98, then f, = 0.1586 and o, > In pt/ Tpni, = —0.0202. In this
case, we consider (A1 + B1Kj, Ag1, B1, 11, Cy + E1K;, C41,E1),j = 1,3,5,...,9 as the controlled
subsystemj=1,3,5,...,9, and (A2 + BoKj, Az, Ba, I, Co + E3K;, Cao, E), j = 2,4,6,...,10, as
the controlled subsystem j = 2,4,6,...,10. Note that in the switching signal, see Fig. 1, the
lower ‘I’srepresent 1,3, 5,...,9 and the upper ‘2’s represent 2,4, 6, ..., 10, from left to right.

Employing the linear matrix inequality tool box of Matlab, we derive

b | 25714 -12004] o - [ 20723 —0.1300 ]
YT1212904 25714 | "7 1201300 20723 |’
b _| 17038 —08411] 0, - [ 1.0502  —0.6317 |
7 -08411 17038 | 706317 1.0502 |’
b | 12712 05577 0, [ 0.8672  -0.4842]
705577 12712 | 704842 08672 |
| 13189 -05085] 0, [ 07349 —0.3881 ]
71 -05085 1.3189 |’ 7 -0.3881 07349 |’
| 10562 -0.3770] 0o - [ 06212 —0.3020 ]
*7 1203770 1.0562 |’ *7 1203020 06212 |’
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| 11485 —0.3693] 0 - [ 05253 —0.2344 |
®"1-03693 1.1485 |’ ®"|_02344 05253 |’
| 09375 -02832] 0 [ 04342 —0.1686 |
7702832 09375 | 7701686 04342 |’
| 10295 -02778] 0 - [ 03507 —0.1115 ]
702778 1.0295 | 701115 03507 |
| 08805 -02137] 0o - [ 0.2616  —0.0498 ]
*7-02137 0.8405 |’ * 7200498 02616 |’
[ 08597 -0.1445 _[0.1602 0.0211
7 01445 08597 |’ 7100211 01602

-13.5184 —13.5184], KZ:[—2.4877 —2.4877],
K3 =|-7.3631 —7.3631], Ky = [—2.4773 —2.4773],

K =|-2.4720 —2.4720],

K = [—6.9145 69145
[—6.0558 _6.0558

—-6.5315 —6.5315], Kg:[—2.4724 —2.4724],

Ky = [—2.4844 —2.4844] .

Then the conditions for this case in Theorem 3.3, where A; (or A; + B;Kj) is pre-assumed
to be Hurwitz, are satisfied. From Remark 3.7, K, = 8.1513 and «,, = 0.1267.
Case 2: u = 1. In this case, F, = 0.1623 and a, > In it/ Tmin = 0. Using Matlab, we obtain

[ 09213 -0.2664 [ 04469 -03123
"T102664 09213 | "7 1203123 04469 |’

[ 10734 03074 [ 04469 -0.1087
>7-03074 1.0734 | >7 01087 0.4469 |’

1(1:[—6.7553 —6.7553], KZ:[—2.4085 —2.4085].

Thus, all conditions in Theorem 3.3 (where A; is pre-assumed to be Hurwitz) hold. It
follows from Remark 3.7 that K, = 4.3379 and «,, = 0.1250.
Case 3: ¢ > 1. Select i = 1.01, then F,, = 0.1576 and @, > In p/ Tinin = 0.0100. By Matlab,

we get

[ 10091 03389 o588 -03123
"7 1203389 1.0091 |’ "7 1203123 05889 |’

0 =

’

1.1750  -0.3900
-0.3900 1.1750

| 05889 03123
| -03123 05889 |’

1<1:[—6.7104 —6.7104], 1<2:[—2.4849 -2.4849].

Page 17 of 20
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12 7 7
A = ||x(t)|| in case 1 ||x(t)|] in case 2 |Ix(t)I| in case 3
10 = = = 1152777 %1% 6 A = = = 6137461201 6f, - = - 6.6109e 01200t 4
1 ' Y
' 5y 5(
8f ! \ [y
\ s ‘
1 4 4 Y
6 r $
\
) 3 A 3 A\
A\ “ \
s 8
4 Y 2 S 2 A
N A} .
A \\ > ~
2 ~ 1 - 1 ~
~ ~ - - - -~
\ ~o ~aa S~ -
-~ - - o -
0 - | O 0
0 10 20 30 0 10 20 30 0 10 20 30
t (sec) t (sec) t (sec)
Figure 3 ||x(t)|| and its exponential bound in three cases
1 1 1
0.9 —_— yo(t) in case 1| | 09 —_— yo(t) in case 2 0.9 —_— yo(t) in case 3
= v.(t) in case 1 —— 7,(t) in case 2 —— v.(t) in case 3
0.8 e 108 e 0.8 e
1) in case 1 () in case 2 1) in case 3
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0 L L L 0 L L L 0 L L L
0 10 20 30 0 10 20 30 0 10 20 30
t (sec) t (sec) t (sec)
Figure 4 Ratios in three cases

Therefore, conditions in Theorem 3.3 (where A; is pre-assumed to be Hurwitz) are all
satisfied. According to Remark 3.7, K, = 4.6746 and «,, = 0.1200.

As expected, the zero-input (u#,(t) = 0) states with the initial condition ¢() in these
three cases are bounded by K, ||x, || se™%+¢%0): 11.5277e701267! (case 1), 6.6109¢™*120% (case
2) and 6.1347¢7%125% (case 3), see Fig. 3, respectively; and yo(¢) defined as ( fot y2(s) ds/
fot uﬁ(s) ds)%, under the zero initial condition, for each case, is less than y = 1; see Fig. 4.
Therefore, the Hy, control goal has been achieved.

As introduced before, the Hy, controller u, = K,y starts to stabilize the system (the
state x; with the initial condition ¢(0) completely equaling x, in each case is almost sta-
bilized between ¢t = 7 s and ¢ = 14 s, and after ¢ = 21 s, see Fig. 5) after the energy-bounded
disturbance u, has already decayed to zero (between ¢t =7 s and ¢ = 14's, and after ¢t = 21 s;
see Fig. 2), then maintains the stabilized system to be externally stable from the distur-
bance to the output such that the effect of the disturbance on the output is attenuated dur-
ing the steady period, see y»(¢) of each case in Fig. 4, defined as ( f1t4 y2(s) ds/ f1t4 u?l(s) dS)%

* =1 and is of almost the same

under the initial condition ¢(6), which is less than y
form as y,(t). However, before the system is stabilized for the first time, i.e. during the
transient period, the ES cannot be ensured, see y;(£) of each case in Fig. 4, defined as
( fot y2(s) ds/ fot ufi(s) ds)% under the initial condition ¢(#), which is larger than y around

t=0s.

Page 18 of 20
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0.1 0.1 0.1
0.08 xﬂ(t) in case 1 0.08 x1(t) in case 2 0.08 x1(t) in case 3
0.06 0.06 0.06
0.04 0.04 0.04
0.02 0.02 0.02
0 0 0
0.02 ~0.02 0.02
0.04 -0.04 0.04
0.06 -0.06 0.06
0.08 ~0.08 0.08
-0 0 10 20 30 0'10 10 20 30 0'10 10 20 30
t (sec) t (sec) t (sec)

Figure 5 States in three cases

5 Conclusion

The ES and Hy, control problem of SSs with delay and impulse has been investigated in
this paper. After introducing the definitions of the maximum, minimum DT, we have ap-
plied the relation between the number of switchings and the maximum, minimum DT to
prove the ES of SSs consisting of subsystems that are all Hurwitz stable. For those SSs com-
prised of subsystems that are not all Hurwitz stable, a realizable switching law has been
employed to study their ES. And then the normal L, norm constraint has been derived.
The label “weighted” has been removed properly in this paper. Finally, these results have
been applied to Hy, control and illustrated by a numerical example. In the future, we will
first study the ES of nonlinear switching control systems without impulse or with impulse,

then investigate the stability of SSs with switching signals driven by stochastic processes.
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