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1 Introduction

Many researchers engaged their focus on a different version of calculus which is also called
calculus without limits or g-calculus. This form of calculus was initiated in the 1920s of
the last century. Basic elements of g-calculus can be found in Kac and Cheung’s book
[1] entitled “Quantum Calculus” The investigations of g-integrals and g-derivatives of ar-
bitrary order have gained importance due to their various applications in the areas like
ordinary and fractional differential equations, solutions of the g-difference (differential)
and g-integral equations, and g-transform analysis.

Hypergeometric functions evolved as a natural unification of many known functions
[2-5] starting from the seventeenth century to the present day. Functions of this type
may also be generalized using the concept of basic number g, resulting in their basic or
g-analogues. Over the last 30 years, great interest in g-functions has been witnessed in
view of their applications in number theory, statistics and other areas of mathematics and
physics. Recent developments in the theory of basic hypergeometric functions have in-
troduced new generalized forms of them. These functions are Mac-Roberts’s E-function,
Meijer’s G-function, Fox’s H-function, Saxena’s /-function and their g-analogues. The g-
analogue of the /-function has been introduced by Dutta et al. [6], in view of the g-gamma
function, which is a g-extension of the generalized H-function and /-function earlier de-
fined by Saxena et al. [7] and Farooq et al. [8].

In his effort towards achieving unification of special functions, Truesdell [9] has put
forward a theory which yielded a number of results for special functions satisfying the so-
called Truesdell’s F-equation. Agrawal [10], extended this theory and derived results for
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a descending F-equation. He obtained various properties like orthogonality, Rodrigue’s
and Schalafli’s formulas for the F-equation. Renu Jain et al. [11] obtained various forms of
the I-function which satisfy Truesdell’s ascending and descending F-equation. For more of
such recent studies, the interested reader is referred to [12—16] and the references therein.

In this paper, on the one hand we derive some identities for the g-analogue of gamma
function and on the other we obtain new generating functions which satisfy Truesdell’s
ascending and descending F,-equation. To attain the purpose, we have stretched out F-
equation to its g-analogue, namely the F,-equation. We have additionally determined dif-
ferent types of the /-function satisfying Truesdell’s ascending and descending F,-equation.
By applying the various structures we have obtained some generating functions of the I-
function. Some special cases of these results are also obtained, which validate the out-
comes and also yield some new results. We present our main results in Sect. 3 after pre-
senting related mathematical preliminaries in Sect. 2.

2 Mathematical preliminaries

Before going further to this section, it is to be remarked that some literature can be found
for a trivial generalization of the /-function, namely the Aleph function. Therefore, Sexena
[17] has proved that the so-called “Aleph function” is nothing but another form of the Sax-
ena /-function, which is the last generalization of the hypergeometric functions. Hence,
all studies of the Aleph function are, in fact, studies of the earlier function (I/-function)
unless it indicates some new properties of both /-function and Aleph function. For fur-
ther details, see [17] and the references therein. Therefore, in our present investigation we

confine ourselves to different forms of the I-function.

2.1 Basic analogue of the /-function
The basic analogue of the modified /-function was given by Dutta et al. [6] in terms of the

Mellin—Barnes type basic contour integral as
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where z 70,0 < g < 1and = /—1. The parameters p;, g; are non-negative whole numbers
fulfilling the disparity 0 <n <p;, 0 <m <g;and 7; > 0; i = 1,2,3,...,7 is finite and 4;, B;,
Aj;, Bj; are +ve real numbers and a;, bj, a;;, bj; € C. The C = C,, is an appropriate shape
of the Mellin—Barnes type in the complex s-plane, which keeps running from y — woo to
¥ + woo with y € C, in such a way, that all poles of G(¢®2); 1 <j < m, isolating from
those of G(¢"""%*4*)); 1 < j < n. Every pole of the integrand (1) is simple and void products
are translated as unity. The integral converges if Re[slog(z) —logsin rs] < 0, for substantial
estimations of |s| on the contour L, that is, if | (arg(z) — wow; ! log |z])| < 77, where 0 < |q| < 1,
logq = —w = —(w1 + iw,), w, wi, w, are definite quantities, wy, w, are real.



Bhat et al. Advances in Difference Equations (2020) 2020:464 Page 3 of 12

If we take r = 1; 7; = 1 in (1), then it reduces to the g-analogue of H-function defined by
Saxena et al. [18]. If we set A; = B; = 1 for all i and j, then it reduces to the g-analogue of
the G-function defined by Saxena et al. [18].

Ahmad et al. [19] defined the basic analogue of the modified /-function in terms of the
q-gamma function as follows:
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Pirdi Tist ’

BjsB)rm -+ [Tbjis Bi) s,
1
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2)
By setting 7; = 1 in (2), we get the results defined in [7, 8].
2.2 Truesdell F-equation
If for the function F(z, «),
D.F(z,&) = F(z,a + 1), (3)

then it is said to be satisfying the ascending F,-condition. However, for F(z, o) satisfying
the ascending F-equation, Truesdell [9] has obtained the following generating functions
using Taylor’s series:

F(z+y,a)=2y”M. (4)

o n!
The function G(z, ) is said to satisfy the descending F,-equation if
D;G(z,a) = G(z,a — ). (5)

For G(z, ) satisfying the descending F-condition, Agrawal [20] has obtained the following
generating functions:

z+y,a)—Zy Glea—n) (6)

The g-derivative of Egs. (3) and (5) can be written, respectively, in the following manner:

D) F(z,a) = F(z,a +71), (7)

D) G(z,a) = G(z,a — 7). (8)

3 Main results

In this section we derive our main results by dividing them into three subsections
(Sects. 3.1-3.3). We first obtain the identities involving the gamma function and then
we will obtain generating functions satisfying Truesdell’s ascending and descending F,-
equations.
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3.1 Identities involving gamma function
In this section, we first derive some identities for the g-analogue of the gamma function
in order to obtain further results of this paper.

Lemma 3.1 The following identity for the q-analogue of gamma function holds true:

T farr+k) (%t L (a+k
Q”( m ):u-q)rl]ﬁ( ") ©

Proof Considering the involved ratio and simplifying in the following manner, we get the
required result:
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Remark 1 Similarly, by following the same type of calculations, we can also derive the
following identities:
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Here and in the following, A(u, ), denotes the array of ;1 parameters:

1 -1
g;a-'. 1'“ya+M (//L=172,3,...)
T 3
and
1 -1
(A(M,a),ﬁ) stands for (g,ﬂ) (a * ,,B),..., (a7+ e ,ﬂ). (14)
3 3 i

3.2 Generating functions satisfying Truesdell’s ascending F;-equation
In this section we will derive various forms of the g-analogue of the modified /-function,
which satisfy Truesdell’s ascending F,;-equation.
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Theorem 3.2 The following form of the I-function satisfies Truesdell's ascending F,-

equation:

(a7 )
m,n ' |:<qozh(k l)zhk,q’ (ﬂ/ra/)l " [Tt(a/z:a/z)]nﬂp, p:(A(P;Ol) h) >:|
’ (A()" Ol) h) (b]’ﬂ]))\+lm’[Tl(b]l)ﬂ]l)]m+lq, p:(A(p: ) h)
(15)

Proof Expecting that the structure (15) is F(z,«), supplanting the basic analogue of the
I-function according to its definition (2) and then interchanging the order of integration
and differentiation, which is legitimized under the conditions of convergence [19], we see
that

D;,ZF (z,)
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k=0 j=n+1
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X 1_[ Fq( P - hS> L(s)Iy(1-35) sinns) ds. (16)
k=0

Using the results (9) and (11), we have

a+k (1-9) G a+r+k
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k=0

a—h.
59
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k=0 L

Using the identities (17)—(18) in (16) we get the required Truesdell’s ascending F,-
Eq. (7). O

Remark 2 Similarly the following structures (19) to (23) can be shown to fulfill Truesdell’s

ascending F,-condition:

35 +a l}z -
("5 )

(1-9)

x I;rit:;ti;ri;l |:<qah(k+1)zhk;q

(A + 1/2), h), (), o) 541, [Ti@jis @) a1, p; (19)
(A(Z}H 20[), h), (b]: ,31')2)»+1,m: [Ti(bjir ﬂji)]erl,q,v ’

Page 5 of 12
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Next we use the above forms (15) and (19)—(23) to establish the following new generating

(22)
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functions for the g-analogue of the modified /-functions using Truesdell’s ascending F,-
equation technique.

For example, we establish the following generating function (24) by substituting the
structures (15) in Truesdell’s ascending F,;-condition (7) and supplant z by and g~y

by x, respectively:
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(24)
Similarly, we establish the following generating function (25) by putting the structures

(19) in Truesdell’s ascending F,;-condition (7) and supplant z by q% and g*"y"* by x, re-

spectively:
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Following the generating function (26) can be established by substituting the structures
(20) in Truesdell’s ascending F,-condition (7) and replacing z by % and ¢*"y" by x, re-

spectively:

-

(1+4%)
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Similarly, we establish the following generating function (27) by substituting the struc-
tures (21) in Truesdell’s ascending F,-condition (7) and supplant z by % and y"* by x,

respectively:
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To establish (28) we substitute the structures (22) in Truesdell’s ascending F,-condition

(7) and supplant z by q% and g~*"y" by x, respectively.
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Similarly we obtain (29) by putting the structures (23) in Truesdell’s ascending F,-
condition (7) and supplant z by q% and y* by x, respectively:
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Page 7 of 12
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Remark 3 The above results yield certain special cases of the generating function for the
g-analogue of the /-function, H-function and G-function [7, 8, 18, 21].

3.3 Generating functions satisfying Truesdell’s descending F;-equation
In this section we will derive the different forms of the g-analogue of the modified I-

function, which satisfy Truesdell’s descending F,-equation.

Theorem 3.3 The following form of the g-analogue of the modified I-function satisfies
Truesdell’s descending F,-equation:
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Proof Assuming that the form (30) is G(z, «), replacing a basic analogue of the modified
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I-function by its statement (2), then exchanging order of differentiation and integration,

which is legitimized under the states of combination [19], we observe that
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Using results (12) and (13), we have
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Page 8 of 12
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Using the identities (32) and (33) in (31), we obtain the required Truesdell form of the
descending F,-Eq. (8). O

Remark 4 Similarly, in the same manner, the following forms (34) to (38) can be shown to
satisfy the descending F,;-condition:

(q%[lz—)‘]z)a—l
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Next we use the above forms (30) and (34)—(38) and establish the following generating
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functions for basic analogue of the I/-functions by applying the descending F,-equation
technique.
To establish (39) we substitute the structure (30) in Truesdell’s descending F;-Eq. (8)

ah+2ahi
and replace z by qlo, and £ o by x in progression to get the required outcomes:
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To establish (40), we substitute the structures (34) in Truesdell’s descending F,-Eq. (8)
and replace z by q% and 2"‘;’2—;‘”’ by x, respectively:
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To establish (41), we substitute the structures (35) in Truesdell’s descending F,-Eq. (8)
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and replace z by q% and by x, respectively:
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mn (gD (A(BA, 3a = 3r), ) (@), 0) 3541, [Ti(@jis Qi) a1 p;
1 N AG @ =1 +203), 1), By Bt [7ulbis Bl mstggrr (DO =+ 1/3), h)
(41)

To establish (42) we substitute the structures (36) in Truesdell’s descending F,-Eq. (8)

2ah.
and replace z by q% and thlx by x, respectively:

L+q) [((lw"’)_mx;q

(A()\.,Ol) h) (ﬂj; C\lj))ﬁl 1 [Ti(a/i’aji)]n+l,pi
( ﬁl)l mr [Tl( jis ﬂji)]m+1,qi

) i (_l)r(anJr 5 —1/2)r

ry 7!
> IZ,’,;,.I,.[ (qfrh)\x;q (A(}Ha - I‘) h) (aﬁ Olj)k+1 n [Ti(ﬂji,aji)]n+l,pi ) (42)
v ( /3])1 ) [Tl( jir ﬂji)]nﬁl,qi
To establish (43) we substitute the structures (37) in Truesdell’s descending F,-Eq. (8)

qZUthk —ah

and replace z by =% yd and by x, respectively:

L+q0) e [((lw"’)_mx;q

(@), o)1, [Ti(@jis i) L1, pyr (A (X, ), 1)
( ﬁl)l ms [fl( jir ﬂji)]m+1,qi

(q(IZA) (—a+§+%)+a)r

o0
_Z 7l

r=0

’ h(1-
X IZ”;’M;I [((q’ a k)x;q

To establish (44) we substitute the structures (38) in Truesdell’s descending F,-Eq. (8)
and replace z by qla and Zy"j# by x, respectively:

(@), ) 1ns [Til@jis @ji) lns1,p;—15 (DA, = 1), h) (43)
(bjr ﬂj)l,mr [n:(b jis ﬂ/z)]mﬂ qi ’

(1 n qa)a—l
mn (A P,a) h) (ﬂ/ra/)pﬂm [Tz(a/na/z)]&ﬁlp, A,(A()‘ Ol) h))]
X i [(“ ) ‘ (A(0,), 1), (b, B) 1. 17 B o

Page 10 of 12
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(_1)r(q(%—%—1)(—w+§+7))r

m,n |:<( —rhi ., ‘(A(,0,0{ —}"),h), (aj) O‘j)p+1,m [Ti(aji: aji)]n+l,p,-—)w(A()\»a _r)»h))]
N ((pset = 1), 1), By Bt (5B Bid o ‘
(44)

Remark 5 These results yield certain special cases of generating functions for the g-
analogue of the /-function, H-function and G-function [7, 8, 18, 22].

4 Conclusion
This study led to different types of the I-function satisfying Truesdell’s ascending and de-
scending F,-equation. These forms have been applied to obtain various generating func-
tions for basic analogue of the modified /-function.

The results proved in this paper along with their particular cases are believed to be new.
As these functions have well been established as applicable functions these results are

likely to contribute significantly in certain applications of the theory of g-calculus.
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