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Abstract

In this paper, we establish some new integral inequalities involving general kernels.
We obtain the related broad range of fractional integral inequalities. Also, we apply
the Young inequality to find new forms of inequalities for generalized kernels. These
new and motivated results generalize the results for fractional integrals such that
fractional integral of a function with respect to an increasing function,
Riemann-Lioville fractional integrals, Erdélyi—Kober fractional integrals, Hadamard
fractional integrals, generalized factional integral integrals in addition to the
corresponding k-fractional integrals.
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1 Introduction

Fractional calculus deals with the study of derivative and integral operators of fractional
order. This field is as important as calculus itself. In the last few decades, it attracted many
researchers, who produced remarkable work (see, e.g., [1-3, 6, 7, 9—13, 18]). In particular,
the uniqueness of solutions for fractional partial differential equations can be established
by using fractional integral inequalities.

The Griiss inequality connects the integral of the product of two functions with the
product of their integrals. Our main purpose in this paper is showing some new modifi-
cations of the Griiss inequality by using a general kernel. The Griiss inequality is one of
the most fascinating inequalities and stated in the following theorem.

Theorem 1.1 ([5]) Let R be a set of real numbers, let m,M,n,N € N, and let 2,7 :
[11, 7] = N be two positive functions such that m < 2(u) <M and n < T (u) < N for
u € [t1,12]. Then

/ Q)Y (w)du

7@2_1)2[ Q(M)dufn T(M)du‘
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< LM m)N =), (L1)

where the constant % cannot be improved.

Let (A, X, 1) be a measure space with positive o -finite measure, let k: A x A — Rbea

nonnegative function, and let

@(x):/k(x,y)du(y), x e A. (1.2)
A

Throughout this paper, we suppose ®(x) >0 a.e. on A.
Let U(k) denote the class of functions A : A — R with the representation

A0 - fA k(x,9) AG) du(3),

where A : A — R is a measurable function.

Definition 1.2 Let f € L;([a,b]) (the Lebesgue measure). The left-sided and right-sided
Riemann-Liouville fractional integrals I, f and I; f of order o« > 0 are defined by

If () = %a) / )= dy (x>a)

and

1 b
I f(x) = —/ Yy —x)*"tdy (x<b),
b )/, SOy Y
where I is the gamma function.
Diaz et al. [4] defined the gamma k-function as follows.

Definition 1.3 The function I, a generalization of the classical gamma function, is de-
fined as follows:

1k (k) kL
e = tim % k> 0,%(8)> 0,

where (£),x = t(t + k)(¢ + 2k)...,(t + (n — 1)k),n > 1, is the Pochhammer k symbol. Its

integral representation is given by
o0 7xk
Ii(t) = / e dx, R(t)>0. (1.3)
0

In particular, for k = 1, I (¢) = ' ().

Definition 1.4 ([12]) Let f € Li([a, b]) (the Lebesgue measure). The left-sided and right-

sided Riemann—-Liouville fractional integrals IZ;kf and IZ’ka of order «,k > 0 are defined
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X f(x) = kF( / FO) k-t tdy (x>a)

and

If () = T —x)tdy  (x<b),

where I («) is the k-gamma function.

Definition 1.5 ([10]) Let (a,b),—00 < a < b < 00, be a finite or infinite interval of the real
line R, and let & > 0. Let g be an increasing and positive monotone function on (4, b]. The

left- and right-sided fractional integrals of a function f with respect to g in [a, b] are given

by
o g @)f(¢)dt
v ) r<a) ) g’ *7®
and
. 1 d@f@at
W= T ), Go-gre <

A more general form of Definition 1.5 is as follows.

Definition 1.6 Let k > 0, let (a,b),—00 < a < b < 00, be a finite or infinite interval of the
real line 9, and let « > 0. Let g be an increasing and positive monotone function on (a, b].
The left- and right-sided fractional integrals of a function f with respect to g of order

a,k > 01in [a, b] are given by

o,k _ ft

I35 () = F(a)/ o 1_%, x>a,
and

B gorwd

b a)/ @) -g@ F

Now we continue with the definition of Hadamard-type fractional integrals.

Definition 1.7 Let (a, b) be a finite or infinite interval of the half-axis %,, and and « > 0.
The left-sided and right-sided Hadamard-type fractional integrals of order « > 0 are given
by

o 1" %\ f)dy
]af(x):m/a (log;) -, X>a,

Y
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and

1 [P *“1f4)d
/Zf(x):m/ (log§> f(y%, x<b,

respectively.
The generalized Hadamard-type fractional integrals are defined as follows.

Definition 1.8 Let (a,b) be a finite or infinite interval of R*, and let « > 0. The left- and
right-sided Hadamard-type fractional integrals of order « > 0 are given by

)

w12 2\ ) dy
]”J(x)‘rk(a)l(b%) Ty

and

1t f(y)d
=i | (o) e

respectively.

Note that Hadamard fractional integrals of order « are a particular case of the left- and
right-sided fractional integrals of a function f with respect to the function g(x) = log(x) in
[a,b], where 0 <a < b < oo.

Now we present the definition of the Erdélyi—Kober-type fractional integrals. Some of
these definitions and results were presented in Samko et al. [16].

Definition 1.9 Let (a,b) (0 < a < b < 00) be a finite or infinite interval of the half-axis R*.
Let @ > 0,0 >0, and n € R. We consider the left- and right-sided integrals of order « € R

defined by
O.x—a(a+77) x taﬂ+a—lf(t) dt
. = 1.4
ﬂ+70,ﬂf(x) F(O[) L (xo _ ta)l—(x ( )
and
ox°N b ta(l—n—a)—lf(t) dt
. = , 1.5
b,,o,r}f(x) F((X) ; (ta _xrr)l—ol ( )

respectively. Integrals (1.4) and (1.5) are called the Erdélyi—-Kober-type fractional integrals.

2 Main results
The first main result is given in the following:

Theorem 2.1 Let (A, X, 1) be a measure space with positive o -finite measure, let k :
A x A — R be a nonnegative function, and let 2 € U(k) be a positive function on [0, 00).
Suppose that the exist integrable functions ¥y, ¥, on [0,00), such that

1(§) < 2(8) < () (2.1)
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for all £ € [0,00). Then

V1(6)R2(5) + Wa(£)2(8) = W1 (6)W1(8) + 2(£)2(5). (2:2)
Proof Using (2.1), forall y > 0 and § > 0, we have

[Wa(y) - 2()][L2(5) - (¥1)(8)] = 0.
Then

W (y)$2(8) + ¥1(8)82(y) = W1 (8)Wa(y) + £2(y)$2(6). (2:3)

Multiplying both sides of (2.3) by k(§, ) and integrating the resulting identity with respect
to y over A, we get

20) f k(e Y )W) duy) + ¥4 (5) / K(E)20) duly)
A A
= 0 (5) / ke Y)Wy du(y) + 205) / ke )20 duly),
A A
which can be written as
QET(E) + V() (E) = V(BT (E) + ()2 (E). 2.4)

Now multiplying both sides of (2.4) by k(§,8) and integrating the resulting identity with
respect to § over A, we get

V1(£)2(8) + Wa(£)2(8) = T1(5)W1(8) + 2(5)2(5).
This completes the proof. d

Corollary 2.2 Let m,M € 0, with m < M, and let &€ > 0. Let §2 be a positive function such
that m < (&) <M. Then

MmOEZ(E) + MOE)R(E) = mMOE)OE) + 2(E)2E),
where
o) - fA Ky dualy), £ €A 2.5)

Remark 2.3 Applying Theorem 2.1 and Corollary 2.2 with A = (a,b), du(y) = dy, and
du(8) = ds, we have

%, a< y <wx,
k(x,y) = 4 kk@)ek)-g0)" & (2.6)
0, x<y<b.
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We get that ©(x) = 7 a+k (glx) —g(a)) 3 . Substituting ¥, = ¥, and 2 =
1% 22, we get Theorem 2.1 and Corollary 2.3 of [15], respectively. In particular, taking

at+;g

k =1, we get Theorem 2.11 and Corollary 2.14 of [8], respectively.

kg Wy = [0k

a+g a+;g

Remark 2.4 Applying Theorem 2.1 and Corollary 2.2 with A = (a,b), du(y) = dy, and
du(8) = ds, we have

1

_% a 5}’ S X,
k(x,y) = § k@)% (2.7)

0, x<y<b.

We get that O (x) = a+k (x—a)k. Substituting ¥, = I ;kllfl, Yy = 1;‘;"11/2, and 2 = I;";ks?
in Corollary 2.2, we get Corollary 2.2 of [15], respectively. Moreover, taking k = 1, we get
Theorem 2 and Corollary 3 of [17], respectively.

Remark 2.5 Applying Theorem 2.1 and Corollary 2.2 with A = (a,b), du(y) = dy, and
du(8) = ds, we have

——l——, axy=<x
k(x,y) = { *Ti(@)logz-logy) "k 08

0, x<y<b.

We get that O(&) = m(logé —log a)%. Substituting ¥ = I3 ¥, W, = Ji W2, and 2=
Ji, §2, we get the results for the Hadamard-type fractional integrals.

Remark 2.6 Applying Theorem 2.1 and Corollary 2.2 with A = (a,b), du(y) = dy, and
du(8) = ds, we have

1 ox @ spioo1
T () (vO_oNl—o ’ a S E xl
k(x,y) = | T@ 6o ’ (2.9)
0, x<y<b.

We get that O (x) = (x+1)(1 (£)7)5Fi(ee, =ms 0 + 1;1 = (£)7). Substituting Yy =
lI/2 =I¢ 11/2, and Q ¢

a;o5m ag;osn

¥,
£2, we get the results for Erdélyi—Kober fractional integral.

uan

Theorem 2.7 Let (A, X, ) be a measure space with positive o -finite measure, let k :
A x A — R be a non-egative function, let 2,91, W, 01,02, 7 € U(k), and let 2 and T
be positive functions on [0,§). Suppose that (2.1) holds and there exist integrable functions
@1 and @ on [0, &) such that

¥1(6) = T() < (8). (2.10)

Then the following inequalities hold:

(@) P1(5)2(8) + Wa(E)T(§) = P2 (5)¥2(8) + 2(E)T (),
(b) WY€) +9,(6)2(5) = V1(§)g,(8) + 2(6)T(5),
(©) Wa&)pa(8) + 2(E)T () = W2(6)T(£)2(8) + 2(§)@(&),
(d) V1)@ (6) + 2E)TE) = T1(E)T () +9,(6)2(5).
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Proof For all & € [0,00), from (2.1) and (2.10) it follows that

[%2(y) - 20)][(T)6) - ¢1(8))] = 0.

Then
() (T)(8) + 91(8)82(y) = @1(8)¥a(y) + £2(y) T (8).

Multiplying both sides by k(£, ) and integrating the resulting identity with respect to y
over the interval A, we have that

() /A k(e y)¥a(y) di(y) + 01(6) fA k(e )20y duly)

> 01(6) /A k(e )Wa(y) du(y) + T (6) / kE )20 duly),

A

which can be written as
TO)W(E) + ¢1(8)R2(8) > p1(8)W2(&) + T (8)82(£).

Again multiplying both sides by k(&, ) and integrating the resulting identity with respect
to & over A, we have that

P1(6)2(8) + W2(E)T () = 9, (6)¥2(5) + ()T (§)

This completes the proof of part (a).

To prove parts (b)—(d), we will use the following inequalities:

(2(r) = T(r)(82(8) - ¥1(8)) = 0,

(¥a(y) - 2(1)) (T (6) - 2(8)) = 0,

(W1(y) - 21) (Y 6) - ¢1(8)) = 0. 0
Corollary 2.8 Let the assumptions of Theorem 2.7 be satisfied. Suppose that there exist

real constants m,M,n,N such that m < 2(&) <M and n <Y (§) <N for all § € [0,00).
Then

(@) nO§)2()+MOE)Y () = nMO ()0 () + 2(6)T(6),

(b) mOE)Y () + NO(§)$2(6) = mNOE)mO(E) + 2(5)Y (6),

() NMOE)OE) +2(E)T (€)= MOE)T () + NOE)2(5),

(d) nmOE)OE)g,(E) + )T () = mOE)T(§) + nmO (£)$2(6),

where © (&) is defined by (2.5).

Remark 2.9 Choosing the kernel k(x,y) defined by (2.6) and substituting ¥, = Y i gllll,
W, = I"‘ 1112, and 2 = Ij+’;‘g9 in Theorem 2.7 and Corollary 2.8, we get Theorem 2.5 and
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Corollary 2.6 of [15], respectively. In particular, taking k = 1, we get Theorem 2.15 and
Corollary 2.16 of [8], respectively.

Remark 2.10 Choosing the kernel k(x,y) defined by (2.7) and substituting ¥, = I;‘;kllll,
¥, = %W, and 2 = %2 in Theorem 2.7 and Corollary 2.8, we get Theorem 2.5 and
Corollary 2.6 of [15], respectively. In particular, by taking k = 1 Theorem 2.7 leads to The-
orem 2.15 of [17].

Remark 2.11 Choosing the kernel k(x, ) defined by (2.8) and ®(§) = m (log& —log a)%
and substituting W, = ]I‘L U, W, = PR 2T and 2 = J7.§2 in Theorem 2.7 and Corollary 2.8,
we get the inequalities for Haadmard-type fractional integrals.

Remark 2.12 Choosing the kernel k(x,y) defined by (2.9) and

1 a o\ o a o
©)= F(a—+1)(1_ (;) >2F1<Ot»—n;a+1;1— <;> )

¥,), and 2 = (I¢

and substituting ¥ = (I, ., ¥1), ¥ = (2 ., ..0$2) in Theorem 2.7 and

Corollary 2.8, we get the result for the Erdélyi—Kober fractional integral.

Lemma 2.13 Let (A, X, y) be a measure space with positive o -finite measure, let k : A x
A — R be a nonnegative function, and let 2,¥, W, € U(k) be such that $2 is positive on
[0, 00) and W1, ¥, are integrable on [0, 00). Then

O(£)22() - (2())°
= (W1(6) - 2(6)) () - ¥1(8)) - O (P1(5) - 2(8)) (2(6) - ¥1(5))
+OE)W(E)R(E) - V1(5)R(E) + OE)W(E)R2(E) - Wa(5)2(E)
- OE)WE)W(E) + V1 (E)P,(8),

where © (&) is defined by (2.5).

Proof Since y,§ > 0, we have

(¥2(8) - 22(9)) (2(y) = ¥1(»)) + (¥a(y) - (1)) (2(5) - ¥1())
- (¥a(y) - 2(0)(2(5) - ¥1(8)) — (¥2(8) — 22(5)) (£2(5) - ¥1(5))
= 22(y) + (29))* - 22(7)2(5) + V(D)2 () + ¥1()2(5)
=W (y)¥a(8) + ¥1(8)$2(8) + 1(8)2(y) — ¥1(8)¥a(y)
=¥ (8)2(y) + Vi(y)¥a(y) - Wa(y)2(y) — W2(6)$2(5)
+ W (8)W,(8) — w1(8)82(38).

Multiplying both sides by k(&, y) and integrating with respect to the variable y over A, we
get

(¥2(8) - 2(9) (2(5) - W1(5)) + (W2(8) - 2(5)) (22(8) - ¥1(9))
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— () - 2(0))(R2(8) - ¥1(9)) — (¥a(8) — 22(8)) (2(8) — ¥1(8)) O (&)
= 22(y) + O(£)2°(8) - 22(£)2(8) + ¥ (8)2(€) + ¥1(£)$2(8)

— W1 (E)(8) + Wo(E)2(8) + ¥4 (8)2(8) - V1 (8)W,(£)

~U(E)R2(E) + WE)LE)OE) - W1 (6)R2(E) - ¥a(8)R(5)O(§)

+ O )W (8)¥(8) — W1 (8)2(8)O (£).

Again multiplying both sides by k(&, ) and integrating with respect to the variable § over
A, we get

(W2(8) - 2(8)) (2(6) - ¥1(8)) + (P2(8) - 2(8)) (2(8) - ¥1(8))
- 0(6)(¥2(85) - 2(8))(2(5) - ¥1(5)) - (P2(8) - 2(8)) (2(6) - ¥1(8)) O 5)
= 2(§)O(&) + OE)R2°(5) - 22(6)2(8) + V2 (5)2(E) + V1 () R2(E)
—V1E)P2(8) + Wa(5)2(5) + W1(6)2(5) - W1(§)¥2(8)
- OE)¥(5)2(6) + V1(5)¥a(§)O () - O(§)¥1(8)2(5) - ¥a(8)2(5)O(8)
+ O ) (E)2(5) - W1 (5)2(5)O(8).

This completes the proof. d

Corollary 2.14 Let m <M, k > 0, and let 2 be a positive function on [0, &) such that m <
2(§) <M. Then

OE)(22¢)) - ()"
= (MO(§) - 2(£))(2(5) - mOE)) - OE) (M - 2(8)) (2(&) - m)),

where ©(£) is defined by (2.5).

Remark 2.15 Taking the kernel k(x,y) defined by (2.6) and substituting ¥, = 14X ¥,

atg
Uy = Ik W, 2 = 19,2, W2 = N un2, B0 = 1} v, i, = 155 W, and

(¥2(€) - 2(E))(R2(8) - i(8)) = IS, (Wa(8) — 2(8))(2(€) - ¥1(§)) in Theorem 2.13 and
Corollary 2.14, we get Lemma 2.9 and Corollary 2.11 of [15], respectively. In particular, by

taking k = 1 we get Theorem 2.19 and Corollary 2.11 of [8], respectively.

Remark 2.16 Taking the kernel k(x,y) defined by (2.7) and substituting ¥, = Ij;k v,
U, = I, 2 = 1952, U2 = 152, R = 192, U, = 15w, and
(Ws(€) - 2©)(2(E) - Wi (§)) = L (¥a(€) - 2E)N(R(E) - ¥1(£)) in Lemma 2.13, we get
Corollary 2.10 of [15]. In particular, by taking k = 1 Lemma 2.13 and Corollary 2.14 be-
come Lemma 7 and Corollary 8 of [17], respectively.

Remark 2.17 Taking the kernel k(x, y) defined by (2.8) and substituting ® (&) = m X

(logé —loga)f, W, = J Wy, Wy = J& Wy, 2 = J 2, and (% (E) - LE)(2E) — ¥1(8)) =
T (Wa(§) — $2(£))(£2(§) — ¥1(§)) in Theorem 2.7 and Corollary 2.8, we get the inequalities
for Hadamard fractional integrals.
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Remark 2.18 Taking the kernel k(x,y) defined by (2.9) and substituting ®(x) =
(L= (OS5 Fle,—ma + 1= (9)7), W1 =15, W, o =15, W, 2 =17 .2, and

(2(8) - 2(6)(L2(5) -1 (8)) = I, 5, (P2(§) — 2(5))(£2(§) — ¥1(§)) in Theorem 2.7 and
Corollary 2.8, we get the result for the Erdélyi—Kober fractional integral.

Theorem 2.19 Let (A, X,y) be a measure spaces with positive o -finite measure, let k :
A x A — R be a nonnegative function, and let 2, W1, W, 1,92, T € U(k) be integrable
functions on [0, &). If conditions (2.1) and (2.10) are satisfied, then

|0E)RE)TE) - 2ETE)] < VT(2,%,¥)T(Y,01,¢2), (211)

where

T(2,%,¥) = (W2(5) - 22(6)) (2(8) - ¥1(8)) + €)1 (§)2(5) - W1(5)$2(8)
+OE)¥(€)R2(5) - Wa(5)2(8) + W1(§)W2(8) - O ()1 (5) ¥ (6),

and

T(Y,1,¢2) = (72(6) = T(©)(T(§) - %:5)) + OE)g:1 ()T (€) -9, (5)T (5)
+OE)p2(E)T(€) - 92(6)T(€) + 91(6)P2(5) - O ()1 (§)2(6),

with © (&) defined by (2.5).

Proof Let& >0, y,8 €[0,&], let £2, T be two positive functions on [0, c0) such that con-
ditions (2.1) and (2.10) are satisfied, and let T(y, §) be defined by

T(y,8) = (2(r) - 2@)(T () - T(3)). (2.12)

Multiplying both sides (2.12) by %k(é, y)k(£,8) and integrating with respect to the vari-
ables y and § over A and A, we get

3 | [ KeoKE T8 dutr) duty) - 0@ RETE - ZOTE@). (213
AJA

Applying the Cauchy—Schwarz inequality, we get

1 2
(— / / k(é,y)k(é,(s)(ﬂ(y)—9(8))(T(V)—T(S))du(y)du(5)>
2 AJA
< / / K(E, Y )KE 5)(2(y) - 2(8))* dpuly) du(s)
AJA
x / / k(E, Y )KE 8)(T (1) = T(8)) diuly) du o). (2.14)
AJA
From (2.13) and (2.14) we get

(OE)QETE) - 2E)TE) < (0E)2%E) - (2)°)(OE)THE) - T (E)).
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Since (¥(§) — £2(6))(£2(5) — ¥1(§)) = O and (2(§) - Y (E))(T (§) — ¢1(§)) = O, we have

O &) (¥a(8) - 2(8)) (22(6) - ¥1(8)) = 0

and

OE)(92(8) - T(E)(T(€) - ¢1(5)) > 0.

Thus from Lemma 2.13 we have

O&)2%E) - (2))°
< (W2(8) - 2(8))(2(8) - W1(8)) + OE) W (E)RE)W1(£)2(8)
+ OE)W(5)R(E) - Wa(5)R(E) + F1(6)P12(E) - OE) W1 (5)¥a(E)
=T(82,¥,,%,) (2.15)

and

OET2(E) - (T())
< (@E) -TE)(TE) -2:) + OE@ETE) -9, (E)T ()
+ OE)Pa(E)T(E) - 9,(E)T(€) + 91 ()9, (5) - OE) g1 (E)pa(E)
=T, ¢1,92). (2.16)

Therefore inequality (2.11) follows from (2.15) and (2.16). This completes the proof. [

Corollary 2.20 Let m,M,n,N € R, T(2,¥,¥,) = T(2,m,M), and T(Y,p1,¢;) =
T(Y,n,N). Then inequality (2.11) reduces to

0E)2E)TE) - 2E)T©)] < (0F) (M- m)(N - n).

Remark 2.21 Taking the kernel k(x,y) defined by (2.6) and substituting £2 = IZ‘;’;‘gQ, T =
1247, and 27 = I3, 27 in Theorem 2.19 and Corollary 2.20, we get Theorem 2.13 and
Corollary 2.14 of [15], respectively. In particular, choosing k = 1, Theorem 2.13 and and

Corollary 2.14 lead to Theorem 2.23 and Corollary 2.26 of [8], respectively.

Remark 2.22 Taking the kernel k(x,y) defined by (2.7) and substituting 2 = I;‘;k 2,7 =
1FY, and 27 = I%*27 in Theorem 2.19 and Corollary 2.20, we get the results for the
Riemann-Liouville integral. In particular, taking k = 1, Theorem 2.19 gives Theorem 9 of
[17], and Corollary 2.20 gives Remark 10 of [17].

Remark 2.23 Taking the kernel k(x,y) defined by (2.8) and substituting ®(§) = m X
(log& - loga)%, Q= J3. 82, T = J5 W, and 27 = JZ 27 in Theorem 2.19 and Corol-
lary 2.20, we get the inequalities for Hadamard fractional integrals.

Page 11 of 15
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Remark 2.24 Taking the kernel k(x,y) defined by (2.9) and substituting @ (x) = =~ (1 —

- ! o I'(a+1)
(&) )8Ey (o~ + 11— (8)°), By = (12 wy) By = (12 W), and € = (I, 2) in The-

orem 2.19 and Corollary 2.20, we get the result for the Erdélyi—Kober-type fractional in-
tegral.

Theorem 2.25 Let k > 0, and let 2 and T be positive functions defined on [0,00). Then
the following inequalities hold:

TP (E) + pT(E) zpqﬁg)?(s)ﬁ(a,
2. gRPETP(E) +pRAE)TUE) > pg(QE)TE))’
3. qQP(E)TP(E) + pRAE)TI(E) = pgRE) TP LE)RE)TTLE),

4. qRPE)TUE) +pRP(E)TIE) = pgr1(E)T1-1(5)R2(E)T (),

—_

5. qS2P(E)T2(E) + p22E)TA(E) > pgR )T ®)S24 (£)T 7 (),

6. q22E)TI(E) + pRP(E)TA(E) > pg27 ()T (5) 2P 1E) T 1(E),

GEETIE) + pETPE) > pg—— 23 (E) T4 (E) 27 (E)T71(€),

7.
(&)
where O (§) is defined by (2.5).
Proof By Young’s inequality we have
P gl 1 1
a_+a_ > ab <a,b20,p,q> 1, —+— =1>.
P 4 p q

Taking a = £2(y) and b = 7 (§), we have

20y @E)
p q

= 2(y)r ()

for all £2(y), T(8) > 0.
Multiplying by k(£, y) and integrating with respect to y over the interval A, we get

F T1(8
f ke 2 auiy + f k&) T gy = f k(E ) 20T 6) duly),
A p A q A
which becomes
11— 1 _
SO+ 7066 = TORE)

Again multiplying by k(£, §) and integrating with respect to the variable § over the interval
A, we get

;ﬁ(@@(e) . éW@)@(@ > TE)2(E),
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which implies that

1— 1 1
;QP(EH Tq(S)ZTS)T(E)Q(S)
This completes the proof of part (a).

The remaining inequalities can be proved using Young’s inequality in a similar manner
by taking:

N

=2@)T)©E) and b=R0)T(y),

_2W) _R0)
3. a—Ty) and b_T((S)’

£2(3) T (8)

Ca=20 and b2
Y=g ™ Pt re)

5. a=2@)Y?®) and b=2iB)T()

T(y)T () #0,

2(y)r ) #0,

2 2

_Rr(y) _Ta(y)
6. a= 20) and b= 0) 2(8)T(8) #0,
Qi) Qi)
7. a= 706) and b= BTy ) T(y)Y(3)#0. O

Example 2.26 Let k > 0, and let goz(y) be a positive function on [0,00), and let m =
ming<, <¢ TE and M = maxXg<, <¢ T Then we have

SR — (m + M)?

- yrRvewraaw
=@ < L (@ETE) 217)

Proof From the min and max conditions we have that
2(y) 2(y)
(T ) (- T3 0020
and
22(y) + mMY*(y) < (m + M)2(y)Y (y).

Multiplying by k(£, y) and integrating with respect to the variable y over the interval A,
we get

/ k(E,y) 220 duly) + mM / kE )T () daly)
A A

<(m+M) /A K(E V)20 () du(y).
This implies that

Q22(8) + mMT2(E) < (m + M)Q(E)(T) (). (2.18)
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Alternatively, it follows from

(J22€) - mMT2()) = 0

that

2/ 27(6)mMT(€) < () + mMT (). 219)
Therefore from (2.18) and (2.19) it follows that

amMQ>(€)T2(E) < (m+ MPX(LEOME))’,
and the proof is complete. 0

Remark 2.27 Applications for the discussed fractional integrals can be given, but we omit
the details.

3 Concluding remarks

Recently, Rahman [14], Rashid [15], and Kacar [8] studied a broad range of Griiss-type
inequalities for different kinds of fractional integrals. Although papers [14, 15], and [8]
are connected in the sense that one generalizes another, we observe that there may be
a great generalization that covers all possible kinds of fractional integrals mentioned in
these papers. Therefore we introduced a special class of transformations that involve gen-
eral kernels over o -finite measure and prove all the results. Motivated by the above, we
successfully presented certain elegant inequalities, which generalize all the previous re-
sults.
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