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1 Introduction
The time scale theory has been introduced and developed rapidly since 1988; see, for in-
stance, [1-4, 7, 8]. Afterwards, many scholars were concerned with the oscillation of dy-
namic equations on time scales and they obtained abundant achievements. Besides, some
research on the existence and asymptotic behavior of nonoscillatory solutions to dynamic
equations on time scales has been also improved recently, we refer the reader to [5, 6, 9—
15].

Since 2007, numerous researchers have investigated the existence of nonoscillatory so-
lutions to several classes of nonlinear neutral dynamic equations

[x(8) + p(e)x(g(®)]" + £ (£:x(h(2))) = 0, (1)

[r(0)(x(0) + p(Ox(2(8)))*]* + £ (t2(h(2))) = 0, )
and

(n® (O x(@) + pOx(g(8)) ")) +£(t.x(h®)) =0, 3)

successively. Zhu and Wang [15] studied (1) and presented the existence of nonoscilla-
tory solutions by using a Banach space and Krasnoselskii’s fixed point theorem. Actually,
the authors gave a general way to establish the existence of nonoscillatory solutions to
(1). Inspired by [15], Gao and Wang [6] were concerned with (2) under the condition
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f;o 1/r(t) At < oco. Similar to the results in [15], there are two types of asymptotic behavior
of eventually positive solutions to (2). Later on, Deng and Wang [5] considered (2) with
another condition f;o 1/r(t) At = 0o, and summarized four types of eventually positive so-
lutions to (2). It is clear to see that the asymptotic behavior of eventually positive solutions
in [5] are more complex than that of [6]. From [5, 6], we can see the fact that the existence
and asymptotic behavior of nonoscillatory solutions are greatly different for various kinds
of the integral convergence and divergence of the reciprocals of the coefficients r; in equa-
tions. To find a general relationship between these factors, some researches have been
performed.

For the third-order nonlinear neutral dynamic equation (3), there exist four cases for
the convergence and divergence of the integrals f;;o 1/r1(¢) At and ftzo 1/r(t) At:

(B1) f;;" 1/r(t) At = f;" 1/ry(t) At = 00, see Qiu [10];

(B2) ftzo 1/r(¢) At < 00 and ft:C 1/ry(t) At < 00, see Qiu and Wang [13];

(B3) ftso 1/r1(t) At = 0o and f;o 1/ry(t) At < 0o, see Qiu et al. [14];

(B4) ftzo 1/r1(t)At < oo and ft:o 1/ry(t) At = 00, see Qiu et al. [12].
In particular, Qiu and Wang [13] considered a higher-order nonlinear neutral dynamic
equation

R, (t,x(2)) + f(t,x(h(2))) =0 (4)
under the condition ft(;o 1/ri(t)At <00,i=1,2,...,n—1, where n > 3 and
x(t) + p()x(g(2)), k=0,

Ri(t,x(0)) = { rak ORE, (6, %(2), 1<k<n-1,
R 1 (t,x(2)), k=n.

Moreover, Qiu et al. [11] studied (4) with

At At .
—— =00 and =M;<o0, i=23,...,n—1.
n () © Tilt)

In this paper, we continue the study on the existence of nonoscillatory solutions to (4)
on a time scale T, where n > 3, sup T = 00, and ¢ € [y, 00)r with ¢, € T. In addition, the
following assumptions are supposed to hold:

(C1) r; € Cua([to, 00)T,(0,00)),i=1,2,...,n—1, and there exist constants M; > 0,

i=1,2,...,n—2such that

At . ® At
=M;<o0, i=12,...,n—2, and o0;
o Ti(t) o Tn- ) -

(C2) p € Cu([to, 00)1, R) and lim;—,  p(£) = po, where |po| < 1;

(C3) g,h e Cul[to,00)1, T), g(t) <t lims o0 g(2) = limy, o h(t) = 00, and
lim;, o R(g(£))/R(¢) = € (0,1], where R(t) =1 + ftg 1/r,_1(s)As; if pg € (-1,0],
there exists a sequence {c}i>0 such that limg_, o ¢k = 00 and g(ck41) = ¢k;

(C4) f € C([ty,00)T x R,R), f(¢,x) is nondecreasing in x, and xf (t,x) > 0 for x # 0.

By employing an appropriate Banach space and Krasnoselskii’s fixed point theorem, we

present the existence of different kinds of nonoscillatory solutions to (4). Finally, two ex-

amples are shown to illustrate our conclusions.
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2 Auxiliary results
We denote all continuous functions mapping [T, co)r into R by C([Tp, 00)t,R). Then
define a Banach space

X

(t)
)

BC,.[ Ty, 00)r = {x € C([To,00)1,R):  sup

te[Tp,00)T

with ||| = SUP,c(7 00y |%(£)/R?*(£)| for A = 0, 1. In the sequel, define z(t) = x(t) + p(t)x(g(¢))
for simplicity, and we just consider the eventually positive solutions to (4). Now, a lemma
is presented to show the relationship between the functions z and x. The proof is similar
to the one in [5, Lemma 2.3] and so is omitted.

Lemma 2.1 Suppose that x is an eventually positive solution to (4) and lim;_, -, z(t)/R*(t) =
a for A =0,1. Then we have

x(t) a
im——-=——
t=oo RMt) 1+ pon*

if a is finite, and

i x(t)
imsu
t—>oop RM¢)

if a is infinite.
Next, we divide all eventually positive solutions to (4) into four groups.

Theorem 2.2 If x is an eventually positive solution to (4), then one of the following four
cases holds:

(A1) x e A(0,0);

(A2) x € A(b,0);

(A3) x € A(oo, b);

(A4) limsup,_, ., x(t) = 0o and lim,_, , x(£)/R(¢) = 0.
Here,

Ala, B) = {xeS:tlirgox(t):a,tlirgo% :ﬁ},

S is the set of all eventually positive solutions of (4), and b is a positive constant.

Proof Assume that x is an eventually positive solution to (4). From (C2) and (C3), there
existat; € [ty, 0o)r and a p; satisfying |po| < p1 < 1 such thatx(¢) > 0, x(g(¢)) > 0, x(h(t)) > 0,
and |p(¢)| < p; for t € [t;,00)7. For t € [t,00)T, according to (4) and (C4), we have

Ry (t,%(8)) = ~f (t,x(h(2))) <0,
which means that R,,_; is strictly decreasing on [¢;, 00)T. Moreover, it follows that

A
R, (6ar) < Rl X0) oy ©)
r(t)
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If there exists a T € [t;,00)t such that R ,(T,%(T)) < 0, then by (6) we know that R ,
is eventually negative. Otherwise, we arrive at RS ,(¢,x(¢)) > 0 for all £ € [¢;,00)t. Hence,
R, is always eventually monotonic. Letting ¢ be replaced by s and integrating (6) from ¢,
tot, t € [o(t1),00)T, by (C1) we obtain

Rz (t,%(2)) = Ry (t1,%(t1)) < ri(81)RS, (11, %(t1)) / %(qu)

< 71(t1)|Rﬁ72(t1’x(t1))| - M,

which means that R,,_, is upper bounded. When # = 3, we see that 5z is eventually mono-
tonic and upper bounded. When # > 4, since rzRﬁ_s is eventually monotonic, it follows
that 7R ; and R , are eventually positive or eventually negative. Thus, R,_3 is eventu-
ally monotonic.

Since R, is upper bounded, there exist a constant ¢; and a ¢, € [£;,00)T such that

R,_o(t,x(t)) < c; for t € [y, 00), that is,

Ry S (62(0) < —. (7)

Substituting s for ¢ and integrating (7) from ¢, to t, ¢ € [0 (£2), 00)T, we have

Ry_3(t,x(t)) < Ry_3(t2,x(t)) + Cl/ A8

th ra(s)

< Ryo3(to,x(t2)) + le1| - Mo,

which implies that R, 3 is upper bounded. When 7 = 4, we see that r3z* is eventually
monotonic and upper bounded. By analogy, for all # > 3, it always satisfies the requirement
that r,_;z* is eventually monotonic and upper bounded. Then we need to consider two
cases.

Case 1. r,12>

is eventually strictly decreasing. We can claim that
0 < lim Fao1(8)z5(t) = Ly < 00. (8)
—00

Otherwise, there exist a constant ¢, < 0 and a t3 € [t,, 00)1 such that

C
A< —2

= Vn_l(t)’ te [tB! OO)T’ (9)

Letting ¢ be replaced by s and integrating (9) from t; to t, ¢ € [0 (¢3), 00)T, by (C1) we have

As

— —00

z(t) < z(t3) + 2 /

t3 n-1 (S)

as t — oo. Then we get py € (—1,0], and thus there exists a 4 € [t3,00)7 such that x(¢) <
—p(t)x(g(2)) < p1x(g(2)) for t € [ts,00)7. In view of (C3), there exists a positive integer N
satisfying ci € [t4, 00)T for all k > N. Moreover, for any k > N + 1,

x(cx) < pra(ere1) < pra(cra) < - - < piNalen),
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which means that limy_, o, x(cx) = 0 and thus limy_, o, z(cx) = 0. It is in contradiction with
lim;_, o, 2z(£) = —00. Therefore, (8) holds.

If L; >0, then we have z2(s) > L1/r,,_1(s) for s € [t5, 00)T. Integrating this inequality from
ttot, t €[o(t),00)T, we obtain

— 0

20) > 2(ty) + Ly / As

ty rn—l(s)

ast— o0.
If L, =0, since r,_1z* and z* are both eventually positive, then it follows that z is even-
tually strictly increasing. From the above, we know that lim;_, z(¢) < 0 does not hold.

Therefore, we get

0 < lim z(¢) = Ly < o0.

t—00

A is eventually strictly increasing, which means that r,_,z* is eventually

Case 2. r,_1z
positive or eventually negative.
Ifr,_1z" is eventually positive, since it is also upper bounded, then there exists a constant

c3 > 0 such that lim;_, o 7,1 (£)z°(¢) = c3. Hence, there exists a £3 € [t,, 00) satisfying that

C
A1) > —

sl 27‘n,1(t) , t€ [tl’n OO)T~ (10)

Substituting s for £ and integrating (10) from 3 to ¢, ¢ € [0 (¢3), 00)T, We have

t
A
z(t)zz(t3)+c—3/ 5 — 00
2 t3 l"n,l(S)

ast — o0.
If r,_1z% is eventually negative, then it follows that lim,_, » 7,1 (£)z*(¢£) < 0. From the
above, it means that lim,_, o 7,_1(£)z*(£) = 0 and so z*(¢) < 0 for ¢ € [t;, 00)1. Moreover,

we get
0 < lim z(¢) = Lg < o0.
t—>00

Employing the L'Hopital’s rule in [3, Theorem 1.120], we obtain

. z(t)
= lim =2 = L,.
SR

t]im a1 (8)22(2)
By virtue of Lemma 2.1, it is clear that one of the cases (A1)—(A4) holds. This completes
the proof. d

3 Main results
In this section, the existence of eventually positive solutions to (4) is presented. Now, we

show a sufficient and necessary condition for the type A(oco, b).
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Theorem 3.1 Equation (4) has an eventually positive solution x € A(oo, b) if and only if

there exists a constant K > 0 such that

/ / / /ulf MO’KR(h(uO))) AugAuy - - Aiy_o < 00, (11)

1rz 1)

where b is a positive constant.

Proof Suppose that x is an eventually positive solution to (4) satisfying x € A(co, b). By
Lemma 2.1 we claim that

z(t
lim z(£) = o0 and hm Fuo1 (8)22 () = hm Q =(1+ pon)b.
t—00 R( )
If lim;_, » 2(£) < 00, then it will cause lim;_, o x(¢) < 00, which contradicts x € A(o0, b).
Hence, there exists a t; € £y, 00)r such that x(¢) > 0, x(g(£)) > 0, and x(h(t)) > bR(h(t))/2 for
t € [t1,00)T. Substituting u, for ¢ into (4) and integrating it from ¢; to uy, u; € [o'(¢1), 00)T,

we have

Ry (1, 2(u1)) = Rya (81,%(01)) = —/le(Mny(h(Mo)))AMo,

t1

that is,

Ry (1, %(u1)) = Ri(toxn)) 1 / 1f(uo,x(h(uo)))Auo. (12)

ri(u1) ri(u1)

Integrating (12) from #; to uy, uy € [0 (t1), 00)T, we obtain

Roca (2 50) - Rocalen,3(0) = Ry (tote) [ 0

[ e,
r1(u1)

Analogously, for all n > 3, it follows that

Pt (Un-1)Z™ (1) = 11 (81)2° (1)

- Un-kel Ay, Au -Au
_ Z tl,x(tl / / / n—k n—k+1"° n-2

1 n— krl(u)

/ / /ul f(”O’ MO))) Aquul cee Aun—Z' (13)
[T i)

Letting u,_; — 0o, for all 2 < k <n -1, by (C1) we have

f / f /u" kel Athy_j Athy_g1 -+ Athy_a
n 2
iz ,,_kri(ui)
n-2
/ / / /oo Abt,, kAun k+1 " Aun 2 < l_[
z n— k}”,(l/t) B
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Hence, by virtue of (C4) and (13), it is not difficult to see that

/ / f ulf uo’bR(hr(MO)))/z)Aquul---Aun_z
[T rius
/ / / ) f(u():; gy rl(b:;)) AuoAuy -+ Aty <00,

which implies that (11) holds.

On the contrary, if there exists a constant K > 0 such that (11) holds, then there are two
cases to be considered.

Case 1.0 < py < 1. When py > 0, choose a constant p; satisfying po < p; < (1 +4py)/5 < 1.
In view of (C2) and (11), there exists a Ty € [£y, 00)1 such that for ¢ € [Ty, c0)T,

51 - 1 R@(®) _ 5p1-1
p(t) >0, 2 <p(t)<p1 <1, pt)——— Re) = a "
and
/*00/14;472 /”n ”lf MO,I(R(I’I(MO))) RO ) Ao Auy - - Aty < M
Ty JTo To To l 1 Vz l) T 8

When pg = 0, choose p; satisfying |p(t)| < p; < 1/13 fort € [Ty, 00)T. By (C3), there always
exists a T} € (Tp, 0o)t such that g(¢) > To and k() > T, for t € [Ty, 00)T.
Define a Banach space BC; [T}, oo)t as (5),

K
2, = {x € BC, [Ty, 00)r: ER(t) <x(t) < KR(t)},
and two operators U; and Vi: £21 — BC [Ty, 00)t as follows:

3Kp1nR(6)/4 - p(TV)x@(T1))RE)/R(T1), ¢ € [To, T1)r,
3Kp1nR(t)/4 - p(t)x(g(2)), t € [Th,00)r,

(Urx)(2) =

3KR(t)/4, te[Ty, TVt

(Vi)(e) =  BKROM+ [, o [ [ [ et Auo Ay -+ Ay,

te [Tlr OO)T~

The proof that U; and V; satisfy the conditions in Krasnoselskii’s fixed point theorem (see
[10, Lemma 2.2]) is similar to that in [10, Theorem 3.1] and [13, Theorem 3.1], hence it is
omitted here. In terms of Krasnoselskii’s fixed point theorem, there exists an x € £2; such
that (U + V1)x = x, and then, for ¢t € [T}, 00)T, we have

3(1 +p1 n)KR(t)

x(t) = p()x(g(®))

SN R v
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Since x(h(ug)) < KR(h(uy)) for ug € [T1,00)T and

L[t e s 0 f(u, KRG
lim — / / / / ... (w0, KR(n(u0))) il (A(u0)) AugAuy - Aty
t=00 R(t) Jry Ju,, 1, T Ty [T ri(u:)

00 Un-2 Un-3 uy ,KR
= lim / / / f(”" MO)))Aquul...Aun_z -0,
T T

=00 Jy 771 rl(ul)
combining (C4) and Lemma 2.1, we get

z(t)  3(1+pinK i x(f) 31 +pin)K

xR 4 2 R(E) 41+ pon)
and lim;_, o, x(f) = 00

Case 2. -1 < py < 0. We choose a p; and a T € [ty, 00)r such that —pg < p1 < (1 -4po)/5 <
1 and

5p1 -1
plT <p)<pi<1, te[To 00

Moreover, define U} on £2; as follows:

=3Kp1nR(£)/4 - p(T1)x(@(T1))R@)/R(T1), t € [To, T1)T,

(Lhx) @) =
~3Kp1nR(t)/4~ p(0)x(g(1)), t € [Ty, 00)r.

Similarly to the proof of Case 1, we deduce that

z(t) _3(L-pinK i x(8) _3(L-pinK

SORE T 4 0 %R0 4l+pon)
and lim;_, . x(£) = 0o0. The proof is complete. O

In the following, the sufficient conditions for the types A(b,0) and A(oo,0) are given in
Theorems 3.2 and 3.3, respectively.

Theorem 3.2 [fthere exists a constant K > 0 such that

¥ , K
/ / / / / uo S0 R) Nty At <, (14)
Up-1 Y1 to 1_[1 1 rl l

then (4) has an eventually positive solution x € A(b,0), where b is a positive constant.

Proof Suppose that there exists a constant K > 0 such that (14) holds. Similarly as the
proof of the sufficiency in Theorem 3.1, we consider two cases.

Case 1.0 < po < 1. When py > 0, taking p; chosen in Theorem 3.1, then there exists a
Ty € [to,00)T such that

5p1 —
4

p(t)>0¢ p(t)fpl <17 te [TO;OO)T)
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and

R e A u,K 1 K
[ e s 22
To Jup-197To To ,1 ri( uz 8

When pg = 0, choose p; such that |p(¢)| < p1 < 1/13 for t € [Ty, 00). There also exists a
T, € (Ty, 00)t such that g(¢) > Ty and h(t) > T, for ¢ € [Ty, 00)T-
Define a Banach space BCy[ Ty, 00)r as (5),

K
29 = {x € BCy[Tp,00)T: E <x(t) < I(},
and the operators U, and V,: £2; — BCy[ T}, 0o)r as follows:

(Upx)(TH), t € [To, T1)T,
3Kp1/4 - p(t)x(g(t)), te[T1,00)T,

(Uhx)(t) =

3](/4; te [To, Tl)'ﬂ‘,
(Vax)() = { 3K /4 + [ [ [ [rr2 . ;‘llf]i’[%i””m Aty Aty

te [Tll OO)T'

Similarly, there exists an x € §2, such that (I, + V3)x = x. For t € [T, 00)T, we have

A(t) = M — p(Ox(2(0))
./ / / ./ ulf(uo,x(h(uO)))A"‘OAul c Aty (15)
Tn Yup—1 YT T T , 1 Vz(u)
Since

0<le / /Tl /Tl Tlf(uogif(i((bz;))Aquul"'A”"‘l

Un-2  (Un- Mo,]()
< AugAuy -+ Auy 1 <00,
Ty Juy-1 JTh Ty l 1 ’"z i)

letting £ — oo in (15), we obtain 0 < lim;_, » z(£) < 0. By Lemma 2.1, it follows that
O0< lim x(¢) <oo and lim —= =0,
t—00 t—

which means that x € A(b,0), where b is a positive constant.
Case 2. -1 < py < 0. Define U} on £2; as

(Lx)(T1), t € [To, Th)T,

(Uyx)(2) =
—3Kp1/4 p x(g(t tG[Tl,OO)T.

Similarly, we get a conclusion as in Case 1. The proof is complete. O
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Theorem 3.3 Ifthere exists a constant M > 0 such that |p(t)R(t)| < M for t € [ty, 00)T,

/ / / S0, R u(j))) AugAuq -+ Aty,_ < 00, (16)

zlrl

uy
/ / / / / fMO’M+3/4)Aquu1~~~Aun_1:oo, (17)
Up-1 Yty l 1 ’”z(u)

then (4) has an eventually positive solution x € A(00,0).

Proof Suppose that there exists a constant M > 0 such that |p(£)R(£)| < M for t € [ty, 00)r.
Then we know lim;_, , p(£) = po = 0. Choose a T € £y, 00)r and a p; with 0 < p; < 1 satis-

fying

—_

p@®)| <p1<1,  2M+

I\le

_R(t)r te [T01 Oo)'ﬂ';

,;;

and

oo Up-2 Up-3 ui ’R h 1-
I A “ RGO 3y 1P
Ty JTo Ty o [15 2 pi(u;) 8

There exists a T} € (Tp, 0o)T such that g(t) > Ty and k(t) > T, for t € [T, 00)T.
Define a Banach space BC;[7Ty, 00)r as (5),

3
23 = {x € BC [Ty, 00)T: M + 2 <ux(t) §R(t)},
and the operators U3 and V3: 25 — BC; [T}, 00)r as follows:

M +3/4— p(T))x(g(T1))R(t)/R(Ty), te [Ty, T1)t,
M +3/4— p(t)x(g(t)), t € [T1,00)T,

(Usx)(t) =

M +3/4, te[Ty, T,

(Vax)(t) = M+3/4+f;1 fuonoil ;1”'2 T"l”'3 . ;;fl_“[‘;’iirzm)Aqum CAuy,_1,

te [Tl’ OO)T~

Similarly, there exists an x € £23 such that (Us + V3)x = «. For ¢ € [T, 00)1, we have

x(0) = 2M + > p(0x(g(0)

/T | / - /T | /T | :‘lf(uol,flcu:l((zoi)) N

Since M + 3/4 < x(h(uo)) < R(h(uy)) for ug € [T1,00)T, in view of (C3), (C4), (16), and (17),

we obtain

lim/ f / / " f(uo’x(h(MO)))Aquul...Au 1 =00
=0y Juy Iy T T , 1 ’"z(”)
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and

u1
L [ g,
t_)OOR t) T1 Up-1 T1 T1 T] l 1 rl(ul)

i / /T - /T . / f(uo,f«f((zo)))) At At 20,
t 1 1 11 i

It is not difficult to see that lim;_, » z(¢) = 0o and lim;_, », z(£)/R(t) = 0. Since |p(t)x(g(2))| <
|p(t)R(t)| < M for t € [Ty, 00)T, we arrive at

t
lim x(t) =00 and hm () =0
t—00 —00 R(t)
due to Lemma 2.1. The proof is complete. 0

Next, we present the necessary conditions for the types A(b,0) and A(co,0). An addi-

tional assumption

/ / / ‘/. /un kel AM,, kAMn k+1 " AMn—l <00 (18)
up-1 J by lnkrl(u)

is required, where 2 < k < n — 1. Then we deduce Theorems 3.4 and 3.5.

Theorem 3.4 Suppose that (18) holds for all 2 < k < n— 1. If (4) has an eventually positive

solution x € A(b,0), where b is a positive constant, then there exists a constant K > 0 such
that (14) holds.

Proof Suppose thatx € A(b,0) is an eventually positive solution to (4), where b is a positive

constant. Then we have

lim z(6) = (1+po)b,  Jim 7,1 ()2°(0) = lim 1% ~

and there exists a #; € [£, 00)r such that x(¢) > b/2, x(g(¢)) > b/2, and x(h(t)) > b/2, t €

[¢1,00)T. As by the proof in Theorem 3.1, for all #n > 3, there exists a £, € [¢£1, 00)T such that

Pt (Un-1)Z™ (1) = 11 (82) 2 (£2)

= ki1 Aun kAun k+1 " Aun—Z
= Z tl'x(tl n -2 r(u)
i\Hi

z n—k

/ / / Uy f(uor,lxz(h(uo))) Auto At - At .

l 1 ri(u;)

Letting u,_; — 00, we obtain

—ru1(t2)2" (82)

-1

Mk Aun kAun k+1* Aun—Z
Z tlrx(tl n 2
, n—k ri(u;)

k=2

/ / / ”‘f(uo,fc(h(uo)))Aquul__.Aun_z. (19)

[T i)
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From (18), it follows that

uy h
/ / / / oA ”"’x( MO)))AuOAul Aty < 00, (20)
[T riCews)
Since x(h(uo)) > b/2, ug € [t1,00)T, by (C4) we get
uy
f / f f(”"’b/z THOITE) N oAty - Aty < 0. 1)
l 1 Vz(”l)

Substituting u,_; for £, into (19), we have

ZA(un—l)
Un—k+l A A Al
:_ZRk (t1,%(t1)) / / / / Un-k Mn kel Alty_o
1 i z n— krl(ut)
3%
/ / / f(uo;l i h(uo))) AugAuq -+ Aidy_s. (22)
1l [1i5) ri(w)

Integrating (22) from ¢, to t, t € [0 (t), 00)T, we obtain

2(t) - z(t2)

Un—k+1 A - A n— 4 n-
tl’x(tl) / / / / / Up—k M_ k+1° Up_1
A z n— kr,(u)
f / / / uy f Mo,x(h(bto))) L0 PRI Ao Ay - - Au,yy (23)
ot i z 1 rz u)

Letting ¢t — oo, by (18) we deduce that

" ,b/2
/ / / / f(MO /2) I AugAug - Anyyq < 00,
Up-1 Y11 l 1 rl(ul)

which covers (21) and implies that (14) holds. The proof is complete. O

Theorem 3.5 Suppose that (18) holds for all 2 < k < n—1.If (4) has an eventually positive
solution x € A(00,0), then

/ / / /m S uo,fg))Aquul---Aunz <00 (24)
ll i

and

/ /Mn | /to / “f( uoglf(Z(Mo)))Aquul...Aun_l - 0. (25)

Proof Suppose that x € A(00,0) is an eventually positive solution to (4). Then we have

1_1>Igloz(t) 11m o1 (£)22(2) = 1_1)r£1o 1% =0,

Page 12 of 16
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and there exists a T € [ty, 0o) satisfying that 3/4 < x(¢) < R(¢) for t € [T, 00)t. From (C3),
there exists a t; € [T, 00)t such that g(£) > T and h(t) > T, t € [t;,00)r. As the proof in
Theorem 3.4, there exists a £, € [£1,00) such that (20) holds. In view of (C4), we get

uy
[ A A == VORI
tlrl(u)

that is, (24) holds. Proceeding as in the proof of Theorem 3.4, we arrive at (23). Letting
t — 00, by (C4) and (18) we obtain

“ ,R(h
/ / / / f(uo ( () ot AtoAuy - Auyy =00,
up-1 Y10 z 1 rl(u)
which implies that (25) holds. The proof is complete. O

Remark 3.6 From Theorems 3.2 and 3.4, it is clear to see that, when (18) holds for all
2 <k <n-1, (4) has an eventually positive solution x € A(b,0) if and only if there exists a
constant K > 0 such that (14) holds, where b is a positive constant.

Remark 3.7 Assume that x € A(0,0) is an eventually positive solution to (4). The asymp-
totic behavior of x is more complex than that in other types. Hence, it is not easy to find
a sufficient and necessary condition for the type A(0,0). Some sufficient conditions were
presented to ensure that (4) has an eventually positive solution x € A(0,0), we refer the
reader to [13, Theorems 3.2 and 3.3].

Remark 3.8 It is obvious that the theorems reported in this paper cover those in [12] when
n = 3. Furthermore, they are consistent with the conclusions in [5] when #n = 2. Besides,
they also complement and improve the results in [13].

4 Examples
In this section, we present two typical examples to illustrate the applications of our results.

Example 4.1 Let T = | J;[4n,4n + 3]. For ¢ € [4,00)T, consider the nth-order dynamic
equation

x(2)

R, (t,%(t)) + 2 =0, (26)

where n > 4,

x(t) + (t - Dx(t—4)/(3t), k=0,
Rie(t,x(2)) = { t%-kR2 (£, x(t)), l<k<n-1,
R (&, x(2)), k=mn,

o1 >2, 0, 9>3,anda,_; =-1.If n>5,thenleto; >1,i=2,3,...,n—3.

Here, r;(t) = t%,i=1,2,...,n—1, p(t) = (t = 1)/(3t), g(t) = t — 4, h(¢) = ¢, and f (¢, x) = x/£2.
It is not difficult to see that (C1)—(C4) are all satisfied. Since

Rt)=1+ /tsAs =0(#),
4
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it follows that
/‘ / f le uO,R(h(UO))) AMQAMI . Au 2
" )
© AurAu Au,,_
1)/ / / alll.zﬂz"z
12 i
Au Au‘
=0(1) - / o 11 1_[/
4 z
,1
[ [ e s s
upy-1 J4 l 1 rl(u)

an

“Auy

iLLMLWL“
<0(1)- / / an ZAun 2 Ay - ]_[/
_ o). / Aanunz; /‘°° Auz

/ // / /ulfuo:} r,(b;o)))A”"A”l”'

/ul Aquu1
4 ug - I_L 1 ri(m)

Au,

Auy g

Ui - Au,,_l

oo [ L

A
<0(1)- / / e ZAun 2 AUy - /

()

ul l—[/

Aul

<00,

where [T/ [ 1/u}" Au; is deleted when = 4. The results mean that (11) and (14) hold,
but (25) is not satisfied. Therefore, by Theorems 3.1 and 3.2, we conclude that (26) has
eventually positive solutions x; € A(co,b;) and x, € A(b,,0), where b, and b, are both

positive constants. However, (26) has no eventually positive solutions in A(co,0) due to

Theorem 3.5. In addition, for n = 3, letting 1 (£) = t*1 and r,(¢) = 1/¢, where o > 4, we can

get similar conclusions.

Example4.2 LetT =

Ri(6,%(0)) + x(tﬂ o,
where
x(t) —x(t/3)/t, k=0,
Ri(t,x(t)) = { t*+kR2 (t,x(2)), 1<k<3,

RE(t,x(2)), k=4,

5} :(x2=2,a3=0,and,323/2.

[1, 00)g. For ¢ € [3, 00)T, consider the fourth-order dynamic equation

(27)

Page 14 of 16
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Here, 71 (£) = ry(t) = £2, r3(t) = 1, p(t) = —1/t, g(t) = t/3, h(t) = /t, and f(t,x) = x/tP. Ob-
viously, conditions (C1)—(C4) are satisfied. Since

t
R(t)=1+/ ds=t-2,
3

taking M = 5/4, we obtain

p(t)R(t)} -Zlem,

“ f(uo:R(h(uo))) U M gy duy dusy
— 2.2 oduldbt2< =I5 < 00,
ujuy I R S e

and

“ ,M +3/4
/ / / / f o +3/ ) dlzi() du1 duz dlzt3
ujit
/ / / / duo dbll du2 du3 =
MOM L{2

Therefore, we deduce that (27) has an eventually positive solution x € A(c0,0) in terms of
Theorem 3.3.
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