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1 Introduction and main results

Periodic solutions of Hamiltonian systems are important in applications. In recent years,
the existence of periodic solutions for Hamiltonian systems has been studied extensively
by means of critical point theory and the least action principle, and many interesting
results have been obtained. Different solvability hypotheses on the potential are given,
such as: the convexity conditions (see [2, 5, 7-9, 15, 16, 20]); the subquadratic condi-
tions (see [5, 7, 10-13, 15-18, 20]) and the sublinear conditions (see [19]). In particular,
Mawhin and Willem [15, 16] and Ekeland [7] investigated the existence of periodic so-
lutions to convex Hamiltonian systems under subquadratic growth assumptions on the
Hamiltonian. In this paper, we will generalize their results to abstract operator equa-
tions. Let X be a real infinite-dimensional separable Hilbert space with norm || - || and
inner product (-,-). Let A : D(A) C X — X be an unbounded self-adjoint operator with
0(A) = 04(A) = {» € R|Xx belongs to the point spectrum of A}. We consider the existence
of solutions of the following equation:

Ax — B1x € 90(x), (1.1)
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where By € L,(X) and L;(X) denotes the usual space consisting of bounded symmetric op-
erators in X, v4(B;) # 0 (see the Appendix for the notation v4(B;)), ® : X — R is continu-
ous and convex, and 9P denotes the subdifferential of ®. Set ®*(y) = sup,x{(y,x) — P(x)}
and ®.(x) = O(x) + §||x||2 for € > 0. Now we use the index (i4(B),v4(B)) € Z x N defined
in [5, 6] (see the Appendix) for all B € L;(X) to formulate our main results.

Theorem 1.1 Assume that ® € C(X,R) and satisfies
(®1) D is convex;
(®y) there exists ly € X such that for all x € X one has

& (x) > (%, bo); (1.2)
(®3) thereexist By € L(X), €9 > 0and ¢ >0, such that By > By and By > By with respect to

ker(A — By) (see the Appendix for the notation By > By and By > By), va(B; + €g) = 0,
ia(By + €9) = ia(B1) + va(B1), and for all x € X one has

®(x) < = ((By - B)x,x) + 6 (1.3)

N =

(®4) P(x) > +00 as ||x|| — oo and x € ker(A — By).
Then (1.1) has at least one solution x such that y = (A — B1)x minimizes the dual action

1
Yi: RA-B)—>R  y— —i(AflJ”J’) + ()

provided ®* € C}(X,R), where Ax = (A — By)x for all x € D(A) N R(A - By).

Theorem 1.2 Under the hypotheses in Theorem 1.1, assume, in addition, that
(®s5) VO(O) =0, ®(0) = 0 and there exist By, € Ls(X) and €1 > 0 such that By —€¢1 > B,
ia(Bo1) > ia(B1) + va(By), and

®(x) > = ((Bo1 = B)x,x),  Vx € X with small ||x]|. (1.4)

N =

Then (1.1) has at least one nontrivial solution.

Remark 1 In [5], Theorem 3.1.7, one only assumed that (¥;) and (®3) hold. The following
BVP can serve as a counterexample:

) +72x(@)=1, te(0,1),
(®) (®) (0,1) (L5)
x(0) =0 =w(1).
In fact, it is easy to check that Eq. (1.5) satisfies the conditions of Theorem 3.1.7 in [5], but
it has no solution, so Theorem 3.1.7 is also incorrect. These show that our results improve
Theorem 3.1.7 in [5].

The paper is organized as follows. The proofs of Theorems 1.1-1.2 are given in Sect. 2

and in Sect. 3 we investigate their applications to convex Hamiltonian systems satisfying
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several boundary value conditions including Bolza boundary value conditions, general-
ized periodic boundary value conditions and Sturm-Liouville boundary value conditions,
and we obtain some new theorems on the existence of solutions or nontrivial solutions.
In addition, we give some remarks to illustrate that some famous results about solutions
to subquadratic convex Hamiltonian systems by Mawhin and Willem [16] and Ekeland [7]
are special cases of these results. In the Appendix we recall some useful results concerning
the index theory for unbounded linear self-adjoint operator equations from [5, 6] used in

other sections.

2 Proofs of the theorems
In order to prove Theorems 1.1-1.2 we need some lemmas from [8, 16].

Lemma 2.1 ([16], Theorem 1.1) If¢ : X — R is weakly lower semi-continuous on a Hilbert
space X and has a bounded minimizing sequence, then ¢ has a minimum on X.

Lemma 2.2 ([16], Theorem 1.2) If X is a Hilbert space and ¢ : X — R is lower semi-

continuous and convex, then ¢ is weakly lower semi-continuous.

Let X be a Hilbert space, we shall denote by I'(X) the set of all convex lower semi-
continuous functions F : X — R. The conjugate function F* of F is the function F*: X — R
defined by

F*(v) = su)[(){(v, u)— F(u)}.

We define the subdifferential of a function F € I'(X) at a point u# € X to be the set
oF (u) = {V e X:F(w)>F(u)+ (v,w—u) forall w eX},
and say that F is subdifferentiable at u if dF (i) # 0.

Lemma 2.3 ([8], Proposition 5.1 and Corollary 5.2) If F € I'(X), the following statements
are equivalent:
(i) ve dF(u);
(ii) F(u)+ F*(v) = (v, n);
(iii) u € dF*(v).

Lemma 2.4 ([8], Proposition 5.3) If F : X — R is convex and differentiable at u, then
0F (u) = {VF(u)}.

Proposition 2.5 For any B, € LX), ifx € R(A — B1) N D(A) C X, then there exists >0
such that

Il < — 4 - By
AO

Proof By Kato—Rellich’s theorem ([1], Theorem 6.5.10), A — B; is unbounded self-adjoint.
o (A) = 04(A) shows that there is a basis {¢;}7° . jof Xand--- <Ay <A1 <A <A <Ay <
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- such that Ae; = Aje;, D(A) = (3 el D Afcl < oo} Let ||x|5 = [lx]I* + [ Ax|* =
Z;f_oo()\jz + l)cf for all x € D(A). If {x;} C D(A) such that {||x;]| 4} is bounded, then {x;} has
a convergent subsequence in X and so does {B1x;}. This implies that B; : (D(A), || - l4) = X
is compact and B; is A-compact. By Weyl's theorem ([1], Theorem 6.5.21), we can see that
A — By is also an unbounded linear self-adjoint operator in X and 0ess(A — By) = 0ess(A) = 0,
i.e.,, 0(A — B;) = 04(A — By) is unbounded. From Lemma 3.2.1 in [5], we know that A —
By : D(A) — X is continuous, ker(A — B;) is finite-dimensional, R(A — B;) is closed and
X = ker(A — B;) ® R(A — B;). Note that vs(B1) # 0, we can assume that there is a basis
{éj}}‘?f_oo ofXand - <A, <A1 <0<i <Ay <--- such that (4 —-By)ej = ):,'éj. Thus, for
all x = Ziﬁ/o cié; € R(A — B;) N D(A), one has

1y, 1
el =" < = Y= Sla -Bx|?,
770 0 3,40 0

where 1 = min{|)1,-| #0}. a
Consider the dual functional ¢ : R(A — B;) — R defined by
1 -1 *
¥ix) = ~3 (A x,x) + F*(x), (2.1)

where F*(x) = supyex{(x,y) — F(y)} for every F € I'(X), A = (A — B1)|ra-8y) : R(A - B;) N
D(A) — R(A — By) and for the existence of A~!, we refer to the Appendix.

Proposition 2.6 Let F : X — R be convex and continuous and assume F* € C1(X,R). Then
the dual functional v : R(A — B1) — R defined by (2.1) is continuously differentiable and,
if y € R(A — By) is a critical point of \r, the element x defined by x = A1y + & for some
& e ker(A — By) satisfies

(A - Bi)x € 0F (x).

Proof Ify € R(A — B,) is a critical point of y, Lemma 2.4 implies that, for all 7 € R(A — By),

one has
0=—(A"y,h) + (VF*(y), h). (2.2)

It is then easy to see that —A~ly + VF*(y) € ker(A — By) via X = ker(A — B1) ® R(A — By),
and there is £ € ker(A — B;) such that

~A7'y + VF*(y) = £.

Setting x = A~ly + & = VF*(y), we have x € X, (A — B;)x = Ax = y and, by duality, y € dF(x).
Thus

(A —Bp)x € 0F(x).

The proof is complete. d
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Proof of Theorem 1.1 We divide the proof into three steps.
Step 1. Existence of a solution for a perturbed problem. Let

€
o.: X—R, x— §||x||2 + ®(x), (2.3)

where € € (0, €g). From (®,) and ($3), we can obtain

€ € 1
3 lll> = ol llx]] < Pe(x) < EOIIXII2 + 5((32 - By)x,x) + ¢, (2.4)
hence
ezl Nbl? €+ ||B,—B
el Il _ ot BBl o
4 € 2

So that by Proposition 2.6, the perturbed dual functional

V) =3 (A7) + 2:0)

is continuously differentiable on R(A — B;) and if y. € R(A — B;) is a critical point of .,
then the element x, defined by

xe=A"ly +E
for some & € ker(A — By) is a solution of (A — B1)x = VO, (x), i.e.,

(A - By)xe — ex. € 00(x,), (2.5)
and the relation

(A = Bi)xe =y
holds. Again by (2.4) and (2.1), we can obtain

() = %(J’: (By+€—B1)y) —c

and

1 1
V) z =5 (0 ATY) + S (0 Bat 60— B)Ty) —c

1
= EqA:(BZ"'fO)\Bl ) —-¢c, VyeR(A-B). (2.6)

From Proposition A.4, Lemma A.6 and (®3), we have v4(B;) = ia(By + €9) — ia(B1) =
I14(B1, By + €9) = ia((By + €0)|B1) + va(B1), which implies that i4((By + €)|B1) = 0 and
E;((By + €)|B1) = {#}. By (1) of Lemma A.6, we have v4((By + €0)|B1) = va(By + €9) =0
and Eg((Bz + €9)|B1) = {0}. By (A.2) of the Appendix, we have

R(A - By) = E;((B + €0)|B1) ® ES((By + €0)1B1) @® E}; (B2 + €)|B1).
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Thus we can see that R(A — By) = E;((By + €)|B1), which implies that /() — +00 as
lue]l = +o0 and ¥ () is bounded from below. Assume that . (y;) — inf; then ¥ (y;) is
bounded and ||y;| is also bounded. Now v 1(y) = ®}(y) is weakly lower semi-continuous
on R(A — By) by Lemma 2.2 and 2 (y) = —%(y, A~1y) is weakly continuous on R(A — B;)
by the compactness of AL Thus ¥ = Y1 + e is weakly lower semi-continuous, and by
Lemma 2.1, has a minimum at some point y. € R(A — By).

Step 2. A posteriori estimates on x.. From the obvious inequality ®(x) < ®.(x) we de-
duce @} (y) < ®*(y). Thus, we can obtain

1 1
EqA,(Bzﬂzg)\Bl (ye:ye) —-c=< We(ye) < we(y) < _E(A_ly:y) + CD*()’) = 1#1()’),

for all y € R(A — B;), which implies that ¥ (y.) < ¥1(y0) = ¢1 < +00 and ||y, || < cp with ¢,
independent of €. By y. = Ax,, we know that

A% = [ Axell < ca,

where X, = x, — X, X € ker(A — By). Proposition 2.5 implies that ||X. || < c¢3. From the con-
vexity of ®, hypothesis (®3) and (2.5) we have

9_66 Xe 565 1 1 -
CD(;) = ¢<5 - ?) =< EqD(xe) + Eq)(_xe)

1 1 1 c
< —(0®(x.),x) + =D(©O) + = ||By = B1|| - |F]1? + =
_2( (e ), %) 5 ) 4|| 2= Bill - x|l 5

1 € 1 -
< 5((A — B1)xe, Xe) — Ellxsll2 + ;LIIBz —Bi|| - |&|* + ¢
<HM4HHAHV+QB B e |
< - Axe 2= Bill - X lI” + ¢

2 4
<

due to the boundedness of By, B, and A~!. By assumption (®,), ||Xc|| < ¢s5. Then
el < 1%l + %]l < 3+ c5 = ce.
Step 3. Existence of a solution for the original problem. Since || A% || < cp and x| < ¢s,
there is a sequence {¢,} in (0, €y) tending to 0 and some ¥ € R(A — B;), x € ker(A — B;) such
that AX., — AX and x, — x in X. Moreover, by the compactness of A}, we have

Xe, — X, Xe, = Ke, +Xe, > X=%+XEX.

Again note that Ax, = y. and || Ax¢| < ¢y, we have Ay =X —Re and y,, — yin R(A-By),
so that A‘lyen converges to

Aly=x-x (2.7)
From Proposition 2.6, we can see that

Axe, — €%, € 0D(x,). (2.8)
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By definition,

D(u) > Oxe,) + (Axe, — €nxe,, U — %), YueX.
Taking the limit yields

Ax € 3D (x),

which shows that x € X is a solution of (1.1).
Finally, as ®¥(y) < ®*(y), we have, for all # € R(A - B,)

Ve, Ven) < We,(h) < ¥ (h).

Now, by the duality between x, and y,, we have

1
wén(yén) = __(A_lyen’yen) + q)jy, (yfn)

2
1 -1

__E(A yfn’yfn)+(x€n’y€n)_q>6n(xen)
1 -1 €n 2

= =5 (A7 00 56,) + (e ve,) = De,) = e, I (2.9)

It follows from (1.1) and (2.7) that
y=(A-B1)x € 0D(x). (2.10)

Letting n — 00 in (2.9), by (2.10) and Lemma 2.3, we obtain

1
nll>ngo wfn(yﬂt) = _i(Aily’y) + (x’y) - qD(x)

1
=5 (A7) + ') = Y ).
Thus ¥ (y) < ¥ (k) for all 1 € R(A — B;) and the proof is complete. O

Proof of Theorem 1.2 From Theorem 1.1 we know that there is yo € R(A — B;) such that
x = A7y + X for some x € ker(A — B;) is a solution of (1.1), and

V(o) =¥ (h), VheR(A-B).

If0 € 9 (0), then 0 is a solution of (1.1). We can prove that y # 6 under assumption (®s).
In fact, by (1.4), we can obtain

w(h) < —%(h,A‘lh) + %(h, (Bor - B1) ')

1
= EqA:BOI |B1 (h,h) as ]’l — 6.

From Proposition A.4, Lemma A.6 and (®5), we have I4(B1,Bo1) = ia(Bo1|B1) + va(B1) =
ia(Bo1) —ia(B1) > va(B1), which shows that i4 (By;|B1) > 0 and d1m(EAf(B()1 |B1)) >1 by (A.2)
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in the Appendix. So, for any / € E;(Bo1B1)\{0} small enough, we have (k) < 0 = y(9).
Hence yy #0 and x = A"y, + X # 6. This completes the proof. d

3 Applications to convex Hamiltonian systems
In this section, we consider the applications of the main results to convex Hamiltonian

systems. For systematic research of Hamiltonian systems, we refer to the excellent books
[7, 14].

3.1 First order Hamiltonian systems satisfying Bolza boundary value conditions

As a first example, we now consider a BVP for a the nonlinear Hamiltonian systems (3.1)—

(3.3):
—Jk - Bi(t)x—H'(t,x) =0, te[0,1]; (3.1)
x1(0) cosa + x> (0) sina = 0, (3.2)
x1(1) cos B +x5(1)sin 8 =0, (3.3)

where J = (21, By € L([0,1], £,(R¥) = {B(t) = (B)amcanlb(®) = by(®).¢ € [0,1],
by (t) € L*([0,1])} with vé,ﬁ(él) # 0 and [, is the identity matrix on R”, 0 < & < 7,
0<B<m x=(x,%) R xR, keZ H:[0,1] x R?” — R?*" is differentiable and H'(t, x)
is the gradient of H with respect to x.

From Theorems 1.1-1.2, we have the following theorem.

Theorem 3.1 Assume that H € C'(R*",R) and satisfies
(Hy) H(t,x) is convex in x € R* for almost every t € [0,1];
(H,) there exists ly € L*([0, 1], R?") such that for all x € R*" one has

H(t,%) > (%, lo(1)); (3.4)

(H3) there exist By € L™([0,1], Ly(R*") and y € L'([0,1],R*), such that B, > By,
vglﬁ(éz) =0, l{;,ﬂ(éz) = i{w(él) + vz,ﬁ(él), and for every x € R¥ and a.e. t € [0,1]
one has

H(t,x) < %((Bz(t) —Bl(t))x,x) +y () (3.5)

(Hy) fol H(t,x)dt — +00 as ||x| ;2 — 00 and x € ker(A; — By).
Then (3.1)—(3.3) has at least one solution.

Proof Let X = L*([0,1],R*"), D(A;) = {x € H'([0, 1], R?")|x satisfies (3.2)—(3.3)}. Define
A1 : D(A1) = X by (A1x)(t) = —Jx(¢). It is easy to see that A; is self-adjoint in X and
o(A1)=04(A) ={B—a+kr|keZ}.

Set He(t,x) = §|x® + H(t,x), @(x) = [} H(t,x(t)) dt, and @ (x) = [, H,(t,x(t)) dt forx € X.
® and &, are convex because of the convexity of H with respect to x. We have the following

proposition.
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Proposition 3.2 ([16], Proposition 2.2) Let F € C}(R",R) be a convex function such that,

forsome o >0, by >0, by > 0, one has
)
-by <F(u) < §|M| +by
whenever u € R”. Then
’F’(u)’ < 2a[|u| +b + bg]
foru e R

By (H2)—(Hs),

Sl = [0 < Hele.n) < S(e+ el + [y(0)]

N =

forallx € R* and a.e. t € [0,1]. So ®. € C}(X,R) via Proposition 3.2. Moreover,

1
2(c +€)

M| =

I = |y @] < H:69) < = Iyl + [lo(®)])
for all y € R* and a.e. ¢ € [0,1]. By ([16], Proposition 2.4), H*(¢,-) € C'(R**,R) for a.e.
t € [0,1]. And from ([7], pages 93-96),

1
DX (y) = /0 H (t,y(2)) dt

for y € X. Hence, ®* € C*(X, R) via Proposition 3.2 again.

(®,) follows from (H;) and obviously, (®,) follows from (H3), ($4) follows from (H,). We
need only to show that (®3) follows from (Hz). In fact, for non-zero x € ker(A; — By), x =
x(¢) is a non-zero solution of —J& — By (£)x = 0 and (3.2)—(3.3). So x = x(¢) has at most finitely
many zeros on [0,1], and (Box,%) > (B1x,x). Moreover, from Proposition 3.3, condition
(H3) and Proposition A.8 (see the Appendix), we know that there exists €y > 0 such that
v(fx,ﬁ(Bz +¢€olo,) =0, igﬁ (By + €0lay) = ig,ﬁ (B1) + vgyﬂ (B1), which implies that (®3) holds. The

proof is complete. 0

Proposition 3.3 ([3], Proposition 2.13) For any B € L([0, 1], L,(R?")), there exists €y > 0
such that for any € € (0, €y] we have

vé'ﬂ(B +ely,)=0= vf,ﬂ(B —€lyy),

i, 5(B=€hy) = 1, 4(B),
i 5 (B+ €)= 1, 5(B) + v, 4(B).

In particular, ifvg,/S (B) =0, we have i’;ﬁ (B+¢€ly,) = ig,ﬁ (B) for all € € (0, ¢].

Theorem 3.4 Under the conditions in Theorem 3.1, assume, in addition, that

Page9of 18
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(Hs) H'(t,0) =6, H(¢t,0) = 0 and there exists By; € L*([0,1], L;(R*")) such that By, > B,
l'/;,ﬂ(Bm) > iﬁ,ﬁ(él) + Vg,,s (By), and

H(t,x) > ((Bm - Bl)x,x), Vx € R with small |x|. (3.6)

N =

Then (3.1)—(3.3) has at least one nontrivial solution.
Proof 1t is obvious that (Hs) implies (®5) and it remains to apply Theorems 1.1-1.2. O

3.2 First order Hamiltonian systems satisfying generalized periodic boundary
value conditions
As a second example, consider the nonlinear Hamiltonian systems:

—Jx—Bix—H'(t,x) =0, ¢t€l0,1]; (3.7)

x(1) = Px(0), (3.8)

where By € L%([0,1], £;(R*")) with v{)(Bl) #0, P is symplectic, i.e. PTJp =], H:[0,1] x
R?" — R*" is differentiable and H'(t, x) is the gradient of H with respect to x.

Theorem 3.5 Assume that H € C*(R*",R) and satisfies (H1), (H,) and
(Hs,) there exist By € L®([0,1], L(R*") and y € L'([0,1],R*), such that B, > By,
VI’;(Bz) =0, i’;(Bg) = if)(Bl) + vlf)(l_il), and for every x € R* and a.e. t € [0,1] one
has (3.5) holds.
(Ha1) fol H(t,x)dt — +00 as ||x| ;2 — 00 and x € ker(A, — By).
Then (3.7)—(3.8) has at least one solution.

Proof Let X = L*([0,1],R?*"), D(A,) = {x € H'([0,1],R*")|x satisfies (3.8)}. Define A, :
D(A;) — X by (Ax)(2) = —Jx(t). It is easy to check that A, is self-adjoint in X and
0(Ag) = 04(A2) = {p; + 2jm|i = 1,2,...,m;j € Z}, where {u;}, € (0,27] are such that, for
some non-zero & € R¥, (e7"P —L,,)& = 0 and (§;,&)gen = 0 if p1; = w; for i #j.

Set ®(x) = fol H(t,x) dt for x € X. Because of Proposition 3.2 and Proposition 3.6 and
Proposition A.10 the rest of the proof of Theorem 3.5 is similar to the one of Theo-
rem 3.1. O

Proposition 3.6 ([4], Proposition 2.13) For any B € L>([0, 1], L,(R?")), there exists €y > 0
such that for any € € (0, ¢€g] we have

vf)(B +ely,)=0= Vf,(B —€lyy),
Ih(B ~ ely) = ip(B),
1p(B + €1yy) = 1p(B) + v(B).
In particular, ifvf,(B) =0, we have i};(B +ely,) = ig,(B)for all € € (0,¢].

Remark 2 Note that L*([0, 1], R*") C L*([0,1],R*"), L*([0,1],R*) C L([0,1], R*). If P = I,
T =1, By = 0Ly, By = aplyy, < 27 Iy, by € L4([0,1],R?") and y € L%([0,1],R*), then Theo-
rem 3.5 reduces to ([16], Theorem 3.1; [7], Proposition II1.2.2). Moreover, since P = Iy,
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T =1, By = By + €l,, where € > 0 is small enough, Theorem 3.5 reduces to ([7], Proposi-
tion II1.2.3). Clearly, our result generalizes Theorem 3.1 in [16] and Propositions II1.2.2—
11.2.3 in [7].

Corollary 3.7 Assume that H € C'(R*",R) and there exists By € L>°([0, 1], L,(R*")) with
By > By, such that H(t,x) + %(Bl(t)x, x) is (B1, By)-subquadratic at infinity, i.e., (H,) holds,
and there exists ¢ € R such that

H(t,x) + %(Bl(t)x,x) < (Bz(t)x,x) +c

N =

for all (t,x), and n(||x||;2) < H(t, x) with @ — +00 as s — +00. Let y;(t) with 0 < y,(t) <
-+ < yau(t) be the eigenvalues of B(t) — B, (t), and let Aj be the eigenvalues of Ay — By, and
set

y = max{yz,,(t)|t €1[0,1] }, A =min{}; > 0}.
Then (3.7)—(3.8) has at least one solution if . > y.

Proof Clearly, since H(t,x) + %(Bl (t)x,x) is (B1, B)-subquadratic at infinity, we can see that
the conditions (H3), (Hy,1), and (3.5) (cf. (H3,1)) hold. It remains to prove that v,f,(Bz) =0and
i’;(Bz) = i’;,(Bl) + vf)(l_ﬁl). In fact, by the definition of y we have B,(t) < B;(t) + y L,,. Since A >
¥, Agx—Bix—px = 0 has no nontrivial solutions for any u € (0, y]. From Definition A.9 and
(2) of Proposition A.4, we know that i’;,(Bl +yhy,) = i);,(Bl) + v{,(Bl). Since B () < By(t) <
Bi(t) +y Iy, we have i(By) + Vp(B1) < ih(Ba), £h(Bs) + V(Ba) < th(By + v I2,). S0 v(Ba) =0
and #,(B,) = ,(By) + Vj(By). O

Remark 3 Noticing that Theorem II1.2.1 in [7] considers the eigenvalue of operator —A; +
By, it is easy see that Corollary 3.7 reduces to ([7], Theorem I11.2.1) as P = I,,, T = 1.

Similarly to Theorem 3.4, we have the following.

Theorem 3.8 Under the hypotheses of Theorem 3.5, assume, in addition, that
(Hs1) H'(t,0) =0, H(t,0) = 0 and there exists By, € L*([0,1], LJ(R*")) such that By, >
By, §,(Bor) > (B1) + v (B1), and (3.6) holds.
Then (3.7)—(3.8) has at least one nontrivial solution.

3.3 Second order Hamiltonian systems satisfying Sturm-Liouville boundary
value conditions
As a third example, consider the BVP (3.9)—(3.11):

~(A@®«) =Bix - V'(t,%) =0, (3.9)
x(0)cosa — A(0)x'(0) sina = 0, (3.10)
x(1)cos B — A(1)x'(1)sin B =0, (3.11)

where A e C([0,1], £,(R")), A(t) is positive definite for ¢ € [0,1], and B, € L*([0,1],
L (R") with v} , 5(B1) #0,0<a <7, 0<f <.
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Theorem 3.9 Assume that V € C}(R",R) and satisfies
(V1) H(¢,x) is convex in x € R” for almost every t € [0,1];
(Vi) there exists Iy € L*([0, 1], R") such that for all x € R" one has

V(t,x) = (x,10(2)); (3.12)
(V3) there exist By € L([0,1], Ly(R")) and y € L'([0,1],R*) such that By > By,

vj\,a,ﬂ(l_?z) =0, ij\'a'ﬁ(éz) = ij\'a'ﬂ(él) + vj\,a,ﬂ(Bl)’ and for every x € R" and a.e.
t € [0,1] one has

V(t,x) < %((Ez —Bl)x,x) +y(8); (3.13)

(Vy) fol V(t,x)dt — +00 as ||x||;2 — 00 and x € ker(As — By).
Then (3.9)—(3.11) has at least one solution.

Proof Let X = L*([0,1],R"),
D(A3) = {x € C*([0, 1], R") |(A(8)x) € L*([0,1], R"),  satisfies (3.10)—(3.11)}.
Define Az : D(A3) — X by (Asx)(t) = —(A(£)x'(2))’. Using the results presented in [5,
Sect. 3.3], it is possible to show that A3 is self-adjoint and o (A3) = 04(A3). In particular, if
At)=1,, 0 =0, B =7, wehave 0(43) = 04(A3) = {K>n2|k € Z}.
Set ®(x) = fol V(¢,x) dt for x € X. Because of Proposition 3.2 and Proposition 3.10 and

Proposition A.12 the rest of the proof of Theorem 3.9 is similar to Theorem 3.1. O

Proposition 3.10 For any B € L*°([0, 1], L;(R")), there exists €y > 0 such that for any € €

(0, €0] we have

vf\yayﬂ(B +el,)=0= vj\,a’ﬁ(B —el,),
ii\‘a,ﬁ (B—e€l,) = if\,a,ﬂ (B),

By o,pB+€ly) =iy o 5(B) + vy, 5(B).
In particular, if vi, , 5(B) =0, we have i , 5(B + €l,) = i} , 5(B) for all € € (0, ).
Similarly to Theorem 3.4, we have the following.
Theorem 3.11 Under the hypotheses of Theorem 3.9, assume, in addition, that

(V5) V'(t,0) =0, V(t,0) = 0 and there exists By, € L*([0,1], Li(R")) such that By, > By,
ii\,a,ﬁ(Bm) > ii\,a'ﬁ(l_ﬁl) + vf\yayﬂ(Bl), and

1 -
V(t,x) > 5((301 - By)x,x) VxR with small |x|. (3.14)

Then (3.9)—(3.11) has at least one nontrivial solution.
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3.4 Second order Hamiltonian systems satisfying generalized periodic boundary
value conditions
Finally, we consider the BVP (3.15)-(3.17):

—x"—Bix-V'(t,x) =0, (3.15)
x(1) = Mx(0), (3.16)
x'(1) = Nx'(0), (3.17)

where B; € L*®([0, 1], L,(R")) with v$,(B;) #0, M,N € GL(n) and MN7 = I,.

Theorem 3.12 Assume that V € C(R",R) and satisfies (V1), (V) and
(Vs)) there exist By € L®([0,1], L(R") and y € L'([0,1],R*) such that B, > B,
vj\,I(Bz) =0, ijw(Bz) = ij\,I(Bl) + vaI(Bl), and for every x € R" and a.e. t € [0,1] (3.13)
holds;
(Va1) fol V(t,x)dt — +00 as ||x||;2 — 00 and x € ker(A4 — By).
Then (3.15)—(3.17) has at least one solution.

Proof Let X = L*([0,1],R"),
D(A4) = {x € C*([0,1],R")|x” € L*([0,1], R"), x satisfies (3.16)—(3.17)}.

Define A4 : D(A4) — X by (A4x)(t) = —x”(¢). Using the results presented in [6, Sect. 7.1], it
is possible to show that A, is self-adjoint in X and o (44) = 04(A4) C [0, +00). In particular,
if M =N =1,, we have 0 (A44) = 04(A4) = {(2k)*m? |k € Z).

Set ®(x) = fol V (¢, x) dt for x € X. Because of Proposition 3.2 and Proposition 3.13 the
rest of the proof of Theorem 3.12 is similar to Theorem 3.1. g

Proposition 3.13 For any B € L*°([0, 1], L;(R")), there exists €y > 0 such that for any € €

(0, €0] we have

vy (B+el,)=0=v},(B—€l,),
5,8 — €I,) = i5,(B),

i5,(B + €l,) = i5,(B) + vy, (B).
In particular, if v (B) = 0, we have i5,,(B + €I,,) = i5,(B) for all € € (0, €].

Remark 4 Note that L*([0, 1], R") c L?*([0,1],R"), L2([0,1],R*) C L'([0,1],R*). If M =N =
I, T =1, By =0I, < By = &?I, < 27)%1L,, Iy € L*([0,1],R*") and y € L*([0,1],R"), then
Theorem 3.12 reduces to ([16], Theorem 3.6). Moreover, as B; = (2kw)%l, < By = an?l, <
(2(k + 1)7)I, where k € N, then Theorem 3.12 reduces to ([16], Theorem 3.7). Clearly,

our result generalizes Theorems 3.6—3.7 in [16].
Similarly to Theorem 3.4, we have the following.

Theorem 3.14 Under the hypotheses of Theorem 3.12, assume, in addition, that
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(Vs1) V'(t,0) =6, V(t,0) = 0 and there exists By, € L®([0, 1], L;(R")) such that By, > By,
i8,(Bo1) > i5,(B1) + v$;(B1), and (3.14) holds.
Then (3.15)—(3.17) has at least one nontrivial solution.

Appendix

In this section we recall some results from [5, 6] related to index theory for unbounded lin-
ear self-adjoint operator equations. Let X be a real infinite-dimensional separable Hilbert
space with norm || - || and inner product (-, -). Let A : D(A) — X be unbounded self-adjoint
and o (A) = 04(A) = {* € R|A belongs to the point spectrum of A}. For any B;, By € L(X),
we write By < B, with respect to X; (a subspace of X) if and only if (Byx,x) < (Byx, x) for
all x € X;\{0}; and write B; < B, w.r.t. Xj if and only if (B1x,x) < (Bax, ) for all x € X;. If
X = X, we just write By < B, or B; < B,.

Definition A.1 ([5], Definition 3.1.1) For any B € £,(X), define
v4(B) = dimker(A — B).

v4(B) is called the nullity of B, where dim ker(A — B) = dimension of ker(A — B) and ker(A —
B) = {x € X|Ax = Bx}.

It was proved in [5] that the nullity v4(B) is finite.

Definition A.2 ([5], Definition 3.1.2) For any By, B, € L£4(X) with B; < By, define

I4(B1,B2) = Y va((1-)By +ABy);

1€[0,1)

and, for any By, B; € £(X), define
14(B1, By) = 14(B1, k1d) — 14(B,, kId),
where Id : X — X is the identity map and kId > By, kId > B, for some real number & > 0.
Let By € L;(X) be fixed and let i4 (By) be a prescribed integer associated with By.

Definition A.3 ([5], Definition 3.1.3) For any B € L(X), define
ia(B) = ia(Bo) + I(Bo, B).

ia(B) is called the index of B and i4(By) is called initial index. Generally, the initial index
can be any prescribed integer and the index i4(B) depends on B, and the initial index.

Proposition A.4 ([5], Proposition 3.1.5)
(1) Forany B,B1,By € L(X),14(B1,Bs) and ia(B) are well-defined and finite;
(2) for any By, By € Li(X), I4(B1,By) = ia(By) — ia(By);
(3) for any By, By, B3 € L(X), 14(B1,B2) + I4(Ba, B3) = 14(B1, B3);
(4) for any B1,By € L(X), if B1 < By, then v4(B1) + ia(B1) < ia(B2).
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Let By € Ls(X) be given. From Lemma 3.2.1 in [5], we know that A — By : Y — X is
continuous, ker(A — By) is finite-dimensional, R(A — By) is closed and X = ker(4 — By) ®
R(A - By), and the operator Ag := (A — By)|r-gy) : R(A —By) N Y — R(A - By) is invertible
and the inverse Ay' : R(A - By) — R(A —By) N'Y <> R(A - By) is compact and self-adjoint.
For any B € L,(X) with B — By > € for some constant € > 0, we define a bilinear form:

qas,(%y) = —(Ag'%y) + (B=Bo) 'x,y), Vx,y € R(A - By). (A1)
By Proposition 3.2.2 in [5] we have
R(A - Bo) = E}(BIBo) @ E{ (BIBo) @ E;(B|Bo), (A2)

such that g4 g, is positive definite, null and negative definite on E} (B|By), Eﬁ (B|Byp) and
E;(B|By), respectively. Moreover, Eg (B|By) and E} (B|By) are finite-dimensional.

Definition A.5 ([5], Definition 3.2.3) Forany B € L(X) with B—Bj > € for some constant
€ >0, we define

i4(B|Bo) = dim E; (B|By), va(B|B) = dim ES (B|Bo).

This relative index is a kind of Morse index. It plays an important role in the relationship
between Morse index and the index (i4(B), v4(B)).

Lemma A.6 ([5], Theorem 3.2.4) For any B € LX) with B — By > € for some constant
€ >0, we have

(1) va(B|Bo) = va(B),

(2) a(BIBo) = 14(Bo, B) — v4(By).

As a first example, consider the following first order Hamiltonian system:

—Jx = B(t)x, (A.3)
x1(0) cosa + x,(0) sina = 0, (A4)
x1(1) cos B +x5(1)sin B =0, (A.5)

where B € L®([0,1], L(R*"), 0 <a <m and 0 < B <7, x = (x,%) € R x R", ] =
(17" Let X = ([0, 1, R*"), D(A) = {x € H'([0, 1], R*)|x satisfies (A.4)—(A.5)}. Define
A : D(A) — X by (Ax)(¢) = —Jx(¢). It is easy to check that A is self-adjoint and o (A) =
04(A) = {B — a + krr|k € Z}. For any By, B, € L™([0,1], L;(R?*")), we write B; < B, if
B1(t) < By(t), for a.e. t € [0,1]; and we write By < B, if B1(¢) < B,(t) and B;(t) < By(¢) on a

subset of [0, 1] with positive measure.

Definition A.7 ([5], Definition 3.4.1) For any B € L*°([0, 1], L;(R?")), we define

v}, 5(B) = dimker(A - B),

o

1, 5(diag(0,1,}) = 5, 5(0),
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i, 5(B) = I, 5 (diag{0, 1)) + £, 5 (diag{0, 1.}, B),
and

Ey(BuB)= > vl ,((1-3)B1+1By) asBy<By,
1€[0,1)

E,4(B1,By) = £, ,(By, kid) ~ £, ,(B,, kid),

for every By, By with kId > By, kld > B,.

Proposition A.8 ([5], Proposition 3.4.2; [6], Proposition 8.1.1)
(1) Forany B € L*([0,1], Ls(R?")), ngﬂ is the dimension of the solution subspace of
(A.3)-(A.5) and

(i, BV, 5(B) €Z % {0,1,2,...,m}.
(2) For any By, By € L([0,1], L,(R*)), if By < By, then i, 5(By) < i, 4(B2) and

i 4(B) + V] 4(B)) <&, 4(By) + 1), 4(B): if By < By, then i, y(By) + 1, 4(B)) < 1, 4(Bo).
(3) Forany B € L*([0,1], Li(R")),

(v5 5B, 5 5(B)) = (V] 4 (diag{B, 1)), £, 5 (diag{B, 1,}))-
As a second example, consider the following first order Hamiltonian system:

—Jx = B(t)x, (A.6)
x(1) = Px(0), (A7)
where P is symplectic, i.e.,, PTJP = J. Let X = L2([0,1],R?*"), D(A) = {x € H'([0,1],R?")|

x satisfies (A.7)}. Define A : D(A) — X by (Ax)(¢) = —Jx(¢). It is easy to check that A is self-
adjoint and o (A) = 04(A) = {; + 2jmli = 1,2,...,m;j € Z}, where {u;}72; < (0,27] such

that, for some non-zero & € R*, (e7/*P — I,,)&; = 0 and (&, &)ren = 0if p; = pj for i 7.
Definition A.9 ([5], Definition 3.5.1) For any B € L°°([0, 1], £;(R*")), we define

Vj(B) = dimker(A — B),

1p(B) = 1p(0) + £,(0, B),

and

L(B1,By) = Y vp((1-2)Bi+1By) as By <By,
1€[0,1)

E(By, By) = Ey(By, kid) — Ey(By, kid),
for every By, By with kId > By, kld > B,.

Proposition A.10 ([5], Proposition 3.5.2)
(1) Forany B € L°([0, 1], L{(R*")), we have vi(B) € {0,1,2,...,2n}.
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(2) Forany By,By € L([0,1], L(R?")), if By < By, then #,(By) < #(B,) and
1p(B1) + Vp(B1) < Ip(Ba) + Vp(Ba); if By < By, then i(By) + Vi(B1) < ip(Bo).

As a third example, consider the following second order Hamiltonian system:

—(A0)x) = B(t)x, (A.8)
x(0)cosar — A(0)x'(0) sin = 0, (A.9)
x(1)cos B — A(1)x'(1)sin B = 0, (A.10)

where A € C([0,1], L;(R")), A(¢) is positive definite for ¢ € [0,1], B € L*([0, 1], L,(R")),
0O<a<mand 0 < B <m. Let X = L2([0,1],R"), D(A) = {x € C2([0,1],RN)|(A(t)x) €
L%([0,1], R"), x satisfies (A.9)—(A.10)}. Define A : D(A) — X by (Ax)(t) = —(A)X/ ().
From Sect. 3.3 in [5], we can check that A is self-adjoint and o (A) = 04(A). In particular, if
A(t)=1,,a =0, B =m,wehave 0 (A) = 04(A4) = {K*n?|k € Z}.

Definition A.11 ([5], Sect. 3.3) For any B € L*([0, 1], L;(R")), we define

vf\’a'ﬁ (B) = dimker(A — B),

£ a5 (B) = Z Uy gp (B + AL).

A>0

Proposition A.12 ([5], Propositions 2.3.3 and 3.1.5)
(1) Forany B € L*([0,1], Ls(R")), we have Vies €10,1,2,...,1}.
(2) Forany B1,By € L*([0,1], L(R")), if B1 < By, then iSA,a‘ﬁ(Bl) < ii\,a,ﬁ(Bz) and
isA'a’ﬂ(Bl) + Vf\,a,ﬁ(Bl) < isAyayﬂ(Bz) + Uj\ya,ﬁ(Bg); if By < By, then
o p (B1) + Vi g 5 (B1) < s 0 5(Ba).
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