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1 Introduction

Fractional calculus has gained importance due to the adequate analysis approach in real
world problems. It is generally used in medical sciences [27], material sciences, fluid
mechanics, edge detection, and electromagnetics [12, 16, 25, 26]. Numerous physical
phenomena having memory and hereditary characteristics can be efficiently interpreted
through the fractional calculus approach [21]. There are various publications which are
based upon the study of fractional differential equations and have also highlighted their
respective applications, see [4-6, 19, 23, 24].

There are various real world problems which are expressed as both linear and nonlinear
system of fractional order differential equations. The solution technique, along with the
applications of such systems, can be seen in [12, 14, 20].

Several definitions of fractional order derivative are introduced by famous researchers
like Euler, Fourier, Abel, Sonin, Letnikov, Laurent, Nekrasov, and Nishimoto. Also, the
most popular definitions for it are Riemann—-Liouville, Caputo, and Griinwald—Letnikov
definitions. Some other definitions for fractional derivatives and fractional integrals are
also provided in [16, 19] by Kilbas and Miller.

Here are some of the well-known definitions on which we have focused throughout in
our article:

+ Riemann-Liouville derivative:

1 d"

o _ ¥ _ p\y—a-1 _ .
D”f(x)_—l“(n—a)dx”/o (x—1) ft)ydt, n-l<a<mn; (1)
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« Caputo derivative:

Dif(x) = ﬁ/:(x - t)”_a_lf(t)(”> dt, n-l<ua<umn 2)

« Grinwald-Letnikov derivative:

1541

DS () = Jim B Z(—w‘(‘;‘)/(x—jh). (3)
j=0

A few properties of these fractional order derivatives are similar to those of the classi-
cal order derivative. However, there are few drawbacks, e.g., D%(1) = 0 does not fulfill in
Riemann-Liouville derivative. And for Caputo derivative, we have to assume that f is dif-
ferentiable, otherwise we cannot apply this definition. It is also important to note that
Liouville’s theorem in fractional case does not hold as well. In short, all fractional deriva-
tives are deficient in some mathematical properties, like the product, chain, and quotient
rules. For a review about various properties of these fractional order derivatives, one can
see [26].

Due to these issues, a new definition of fractional order derivative is required, which can
fulfill more mathematical conditions as compared to the previous ones. Recently, Khalil
and Horani have introduced a new well-defined and simple definition of fractional or-
der derivative known as conformable fractional derivative [7, 15, 34]. This definition de-
pends on the basic limit which is defined for classical order derivative. They have also
established various properties like the product, quotient, and chain rules, and addition-
ally mean value theorem of conformable fractional derivative. Some other new ideas on
conformable derivative can be seenin [1, 2,9, 11, 28, 30, 31, 33]. However, the conformable
fractional derivative is not considered to be the same as a fractional order derivative, it is a
first-order derivative multiplied by an additional simple factor. Hence, this new definition
appears to be a natural extension of the conventional order derivative to arbitrary order
without memory affect. A recent new approach in defining fractional operators with non-
singular Mittag-Leftler kernel with memory affect can be found in [8].

With the popularity of fractional calculus approach in mathematical modeling, control
theory has also utilized it in the controllability analysis. For a review on fractional con-
trollability, one can see [10, 18, 22, 32]. In these articles the controllability criterion and
conditions with different fractional order derivatives are discussed.

With this motivation, in this article, we have used the definitions of conformable frac-
tional derivative, conformable fractional integrals, and some fundamental results of con-
formable fractional calculus. By using the definition of conformable fractional derivative,
we will demonstrate the Liouville’s theorem, the controllability conditions for a time-
invariant system.

The methodology of our work in this manuscript has two strategies: the first is a direct
technique and the second uses a transformation into state equations. We will also define
a conformable fractional transition matrix and the fundamental matrix.

For obtaining the controllability conditions, we will study sequential linear conformable
fractional differential equations of order no. We will revise some results about the exis-

tence and uniqueness for order no sequential linear conformable fractional homogeneous
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and nonhomogeneous fractional differential equations defined in the following form:
Ty + ay Ty 4 4, s TPy 4. 4 agy =0

and
Ty + P )T, 'y + -+ p1(O Toy + po)y = £ (©),

with
y(to) = Yo, Toy(to) = y1, cets Tg’ly(to) =y,1, a<ty<bh,

respectively [3, 13]. There are several ways to solve the conformable fractional differential
equations, some of which are the same as those involving the classical order conformable
derivative.

2 Basic concepts
Here, basic results and a few definitions on conformable fractional calculus will be revised.

Definition 1 ([1]) Let a € R. For a function f : [a4,00) — R, the conformable fractional
derivative T¢ of f of order « € (0,1] is given by

1-a
Tof(t) = !iirg)f(t +elt- Z) )=/ forall ¢ > a. (4)
In particular, if 2 = 0 then (4) becomes
1-a) _
T, f(t) = g%w (5)

If a given function f satisfies Definition 1 for all ¢ > a, then f is called an «-differentiable
function.

Lemma 1 ([15]) Letf, g:[a,00) — R be a-differentiable functions at a point t > a, then
L. T3(g) =/T3(@) +&T5(f);
2. ng(é) = ‘w, where g #0 for all t > a;
3. Iff is differentiable, then

()
T*(F)(t) = (t —a) ™ 2=,
00 = (-
Remark 1 The a-derivative is a linear operator, that is,

T + B) = ATL(f) + BTE(Q)-

Definition 2 ([15]) The a-fractional integral for a function f, is defined as

@mm=f;2m,

where the integral is the usual improper Riemann integral and « € (0, 1).
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Remark 2 The a-fractional integral is a linear operator if ¢ > a:
IS + Bg) = Mg (f) + BL;(Q).

Lemma 2 ([15]) For any continuous function f in the domain of I, we have
T (N@) =f@).

Lemma 3 ([1]) IZT5(f)(2) = f(¢) - f(a), where f : (a,b) — R is an a-differentiable function
and 0<a <1.

Let us consider the following conformable fractional linear homogeneous differential
equation:

Tay +P(t)y =0, (6)
and conformable fractional nonhomogeneous differential equation
Toy +p(t)y = q(t), )

where y € C', p(t) and q(t) are real-valued continuous functions.
If we have a conformable fractional initial value problem

Tyy + p(t)y = q(t), y(to) = yo, (8)

where p(t) and q(t) are assumed to be continuous and defined for all t € (a,b), then there
exists a unique solution of the initial value problem (8).

Lemma4 ([13]) Lett* 'p(t), t* 'q(t) € C(a, b), and y be a continuously differentiable func-
tion. Then, the initial value problem

Toy +p(t)y =q(0),  y(to) = yo, )

has a unique solution on the interval (a, b) where t, € (a, D).
Let us consider a second-order conformable fractional equation of the following form:
ToToy +a1Tyy + agy = r(t), (10)

where ay, a; are real constants and r(¢) is a nonzero continuous function, and a homoge-
neous fractional differential equation of the form

ToTyy+a1Tyy +agy=0. (11)

Definition 3 The conformable fractional Wronskian W, [y;,y] for two independent
functions y; and y, is defined as

4! Y2
@]
(1a) J’za)

Wa [)’1;)/2] =
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Lemma 5 Ify; and y, are two linearly independent solutions of conformable fractional ho-
mogeneous equation (11), then the particular solution y, of corresponding the conformable
fractional nonhomogeneous equation (10) is

5, (@) = I(K(x, O)f (),

where

| 71(2) y2(t) |
71(x) y2(x)

Koo =y bl @

(12)
Let us consider the linear sequential conformable homogeneous fractional differential
equation of order no given by

Té”)y + dyo1 Tlff’_l)y + dy_n T(i"_z)y +--+agy=0, (13)

where the coefficients ag,a1,...,a, are real constants, o € (0,1) and Tli") =Ty Ty Ty If
y is n times differentiable, then there exist # independent solutions ¥1,ys,...,y, for the
homogeneous equation (13). For « = 1, equation (13) becomes an nth order linear homo-
geneous differential equation. Let us discuss the nonhomogeneous case

Té”)y + a1 To(t”‘l)y +o+ a1 () Ty +aot)y =£(2),
¥(to) = o, (14)
Toy(to) = 1, T2 y(to) = yu-1, a<to<b.

Note that for @ = 1, equation (14) becomes an nth order linear nonhomogeneous differ-
ential equation.

Now, we will define the conformable fractional Wronskian for the particular solution of
(14).

Definition 4 ([3]) If equation (13) has # linearly independent solutions y1,%s,...,¥, then
the function

! ¥ . Y
() () ()
" Y o Y
Wa[yl;yZ:~~:yn] = . . . .
y(l(nlna) yg(nil)w o ygn;na)

is called the conformable fractional Wronskian.

Theorem 1 ([3]) If y1,2,...,Yn are linearly independent solutions of the na-order linear
conformable fractional differential equation (13), then the particular solution for (14) is

n x we
yp(x) = Zym/ % dt,
m=1 a

here W*(x) = W*(y1,¥2 ..., Yn) (%) and W, = det(W*) after substituting (0,0,...,1) into the
mth column.
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It is important to mention here that there are some problems with the previous tech-
nique. For example, it is a fact that for complementary solutions of (13), we have to change
this equation into a classical order differential equation, which becomes a lengthy process.
Moreover, for the particular solution y, of (13) it is necessary that y1,%»,...,¥, are linearly

independent. Here we make the following changes of variables for equation (14):
x1 =Y, x = Ty, X3 = T‘fy, oo Xyl = T;’_ly. (15)

Therefore, we can write

ToX1 = X2,
Toxy = X3,
vey
Taxn—l =Xn,
Taxn = —Ap-1Xp — **° — A1X2 — PaoX1 t q(t)’

in the matrix form as:

X1 0O -1 0 o .- 0 X1 0
X9 0 o -1 0 --- 0 X9 0
Ta + . . . . . . = . ’
Xp-1 0 0 0 o .- -1 Xp-1 0
| % | |4 a1 ax a3z - apa || Xn | _Q(t)_
so that
Tox(t) + P(t)x(t) = Q(¢), (16)
where
_ " _
X2
#(8)=1] |,
Xn-1
X |
0 -1 0 0 0]
0 0O -1 0 0
PO=|
0O 0 0 O -1
|40 41 d2 43 - dp- |
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and

QW) =| :
0
| 4(?) |

Equation (16) is called the state representation of equation (14). The choice of state vari-
ables is by no means unique. In fact, the choice is limitless. So, the existence of the solution
and its uniqueness of are firstly addressed for this state equation representation.

To solve the nonhomogeneous conformable fractional vector differential equation
Tox(t) = A(t)x + q(2), (17)
we first solve its corresponding homogeneous portion, that is,
Tox(t) = A(t)x. (18)
For this, we need a linear conformable fractional differential operator.

Definition 5 Consider a set A consisting of all # by 1 continuously differentiable vector-
valued functions on a certain used interval /. Let B be a set consisting of all # by 1 con-
tinuous vector-valued functions on the same interval I (A and B are linear spaces). Let us
define L, : A — Bas

Lo§(8) = To§(2) — A()5(9),
for t € I, then L, is called a conformable fractional vector differential operator.
Lemma 6 The conformable fractional vector differential operator L, is linear, that is,
Lo[Mx + Aoy)(£) = AL [%](2) + A2Lo [y](2),

where x and y both are n by 1 continuously differentiable vector-valued functions and A1,
Ay are arbitrary real constants.

Theorem 2 If (Ao, &) be an eigenpair for the matrix A of order n x n, then
[l
E(r) = &,
is a solution of T,&(t) = A(2)é on R.

Proof Let us consider

E(t) = 0T &
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Applying the «-conformable derivative on both sides, we have
TLE(0) = €% ok,
As (Lo, &) is an eigenpair,
e %Axo = AT & = A&(b),
for t € R, and the proof is completed. d

Example 1 We will solve the conformable fractional differential equation given as

0o 1
Tyx = X.
-4 -5

The characteristic equation of A can be written as
450 +4=0+1)(A+4)=0

and the eigenvalues are A; = —1 and A, = —4. The first eigenpair for A corresponding to
A =-1is

L)

Similarly, the eigenpair for A, = —4 is

L)

Hence from Theorem 2, the vector functions v; and ¥, are of the form

Vi) = e [_ﬂ NCIS [_14} .

Since 1 and v, are linearly independent on R, the general solution x(t) is of the following

form:

|1 - | 1
x(t) =cre @ +cye @ , telR.
O-c H : M

Let us define the matrix conformable fractional equation as

T, X(t) = A()X, (19)

where both X(¢) and A are n by # continuous matrix functions on an interval /. We say that
a matrix function ¥ is a solution of (19) on [ if ¥ is a continuously differentiable # by n
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matrix function on 7 such that (19) holds for all ¢ € I; and then ¥ is called the conformable
fractional fundamental matrix for conformable fractional vector differential equation (18)
fortel.

The next theorem establishes the relationship between (18) and (19).

Theorem 3 Let A be a continuous n by n matrix function, and W (t) be defined on an
interval I as

l,[/(t) = [1/f1(t), I/fZ(t)r'-"wn(t)]) tel

Then W (t) is the solution of the conformable fractional differential matrix equation (19) on
L ifand only ifeach column 1 (£), Y2(2), ..., ¥,(t) is a solution of the conformable fractional
vector differential equation (18) on I for 1 < i < n. Moreover, if W(t) is the solution of the
conformable fractional differential matrix equation (19) then x(t) = ¥ (t)c is a solution of
the conformable fractional differential vector equation (18) for any constant vector c of
ordern x 1.

Proof Assume that v;, i = 1,2,...,n are solutions of (18) on I. Then the n by n matrix
function ¥ is of the following form:

l,[/(t) = [1/f1(t), Iﬁz(t)w«ﬂ/fn(t)]» tel

As ¥ is a continuously differentiable matrix function, we can easily obtain T, ¥ (¢) = AW (¢)
for t € I. Hence it is proved that ¥ is a solution of conformable matrix differential equation
(19). Next, for the converse part, suppose that ¥ is the solution of conformable matrix
differential equation (19). We have to prove that ;s are solutions of (18).

As W is a solution of conformable matrix differential equation (19),

Ta [wl(t)’ ‘[IZ(t)’ LR 1;[fn(t):l = [A‘[fl (t),Alﬂz(f)» cee rAwn(t)}

This implies that

T (t) = Ay (8),
Ty s (t) = Avra(t),

vey

Toz wn (t) = Awn (t)r
and this shows that ;s are solutions of (18). Next assume that ¥ (¢) is the solution of con-
formable fractional differential matrix equation (19) and let ¢ € I. Consider x(¢) = ¥ (¢)c.
Then

Tox(t) = Ax(t),

for ¢t € I, which proves the theorem. d
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Theorem 4 (Fractional Liouville’s theorem) IfW(¢) = [1(2), ¥2(2), ..., ¥u(2)] is the matrix
function of n solutions of the conformable differential vector equation (18), then for t; € I,

£
det W () = ek’ A det w ().

Proof We will prove this result for # = 2. Suppose v (t) and () are two solutions of (18)
on [ and ¥ is a matrix function of the form

w(t) = [v1(8), ¥ (0],

where
Y1 (2) Y1a(2)
d =
yi) |:1ﬁ21( )i| and (0 |:W22(t)]
Let
h(t) = det W (¢) = Y)Yt fortel

Yor(t)  Yoa(t)

Taking the conformable fractional derivative of both sides, we get

Y1 (t) Y12(t)
TOyn(t) Toyxn(t)|

TOY11(t)  TOYna(t)

TOn(t) =
Y1 (2) Yoo (£)

or

V() Yt

TOn(t) = .
O =lanranll G v

After simplifying, we have
T2h(t) = u[A(2) | h(2).
Solving this conformable differentiable equation results in

T h(t) - tr[A(0)]h(z) = 0. (20)

h
—u[A@h() _ e_fzo AR

Multiplying equation (20) with e “, we can write

JL tr[A(s)]A( ) t tr[A(s)]h(s) dS

el s BT () — e o aA@]h) = 0.

Thus

t tw[A(s)]h(s) ds

T,[h®)e o s “]=0.
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Applying I® on both sides, we have

fz tr[A s)] h

ht)e = ¢o, (21)

and at ¢ = £y we can write

to tr[A s (s) ds

h(to)e o = co,

which implies that /(zp) = co. Substituting the value of ¢y into equation (21), we get

t tr[A(s)]h(s) x) 1h(s dS

h(t)e lo st P ),

[ IAGIG) 4 ) .
or h(t) = e’o 1= "h(ty), which can be written as

h(e) = e 4OV p(ty), fortel,
or equivalently,
det () = & "A0) det w (1), fort e,
which completes the proof. 0

With the above theorem, we can write a corollary that helps us observe the behavior of
detw(t) forallt el.

Corollary 1 If W is the matrix function with columns Y1 (t), ¥2(¢),..., ¥, (¢) of n solutions
of the conformable differential vector equation (18) on I then either

1. Foralltel,det¥(t) =0, or

2. Forallt el, detW(t) #0.

Proof There are two cases which we will study, namely, either 1 (¢), ¥2(f), ..., ¥, (t) are
linearly independent or linearly dependent. The first case holds if and only if the solutions
Y1(8), Y2(t), ..., ¥a(t) of conformable vector differential equation (18) are linearly depen-
dent on /, while the second case holds if and only if the solutions v (£), ¥2(£), ..., ¥, (¢) of
conformable differential vector equation (18) are lineally independent on /.

For case 1, assume that ¥ (¢), ¥2(t), . .., ¥, (¢) are linearly dependent. As v (¢), ¥2(t), ...,
Y,(2) are linearly dependent for all £ € I, then they are linearly dependent for ¢ = ;. By the
definition of linear dependence of vectors, we have

ayi(t) + ca¥n(t) + -+ cu(t) =0,
where not all ¢;s are zero. This is equivalent to

Y(ty)c=0, forc+#0,
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implying that zero is an eigenvalue of ¥ (¢)). As we can write the determinant of any matrix
as the product of its eigenvalues,

det¥ (&) = 0,
and, by Theorem 4, we have
det W (£) = e A6 degw (¢) = 0, fortel.
Next, for the converse part, we assume, for all ¢ € /, thatdet ¥ (¢) = 0. By Theorem 4,
e 1AW o U(ty) =0, foralltel,
or equivalently,
det ¥ (ty) = 0. (22)

By the fact which we have already used that the determinant of any matrix is actually equal
to the product of its eigenvalues, we have zero as an eigenvalue of ¥ and we can write

¥(tg)x=0, forx+#0.

This implies that columns V1 (£), ¥2(%), - . ., Wu(Zo) of ¥ (£) are linearly dependent. As ¢y €
I is arbitrary, so this part is true for all £, € I, proving that v (£), ¥2(¢), ..., ¥ (¢) are linearly
dependent for all t € 1.

Now if Y1 (£), ¥2(2),..., ¥,(t) are linearly independent, by the definition of linear inde-
pendence of vectors, we have

(8 + ca¥a(t) + -+ + cuPu(t) =0 only when all ¢;s are zero.
This implies
¥(t)c=0, where cisa zero vector. (23)

In (23), it is clear that ¥ (¢) is invertible, that is, det W () # 0. Now, for the converse part, if
detW (¢) #0 then for all £ € I, Y1 (¢), Y2(2), ..., ¥, (¢) are linearly independent. O

Definition 6 A matrix function ¥, is said to be a conformable fractional fundamental
matrix for the conformable fractional vector differential equation (18) if ¥ is a solution of
the conformable fractional matrix equation (19) on I such that det W (¢) #0 on I.

Theorem 5 A matrix function W, is a conformable fractional fundamental matrix for
the conformable fractional vector differential (18) if and only if the columns of ¥ are n
linearly independent solutions of (18) on I. If W is a conformable fractional fundamental
matrix for the conformable differential vector equation (18), then the general solution x of
conformable fractional vector differential equation (18) for t € I is given by

x(t) =¥ (t)cy,
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where ¢y is an arbitrary constant vector of order n x 1. There are infinitely many con-
formable fundamental matrices for the conformable differential vector equation (18).

Proof Consider that the columns of ¥, are linearly independent solutions of (18) on 1.
Since the columns of ¥ are the solutions of (18), then, by Theorem 3, ¥ is a solution of (19).
Since the columns of ¥ are linearly independent solutions for (18), from Corollary (1) we
have det ¥ (¢) = 0 on I. Hence ¥ is the conformable fundamental matrix for conformable
differential vector equation (18).

Next, for the converse part, we assume that ¥ is the conformable fundamental matrix for
the conformable differential vector equation (18). Then by the definition of conformable
fundamental matrix, ¥ is the solution matrix of equation (19) on I such that det ¥ (¢) #0.
From Theorem 3, columns of ¥ are solutions of (18). Since det ¥ (¢) # 0 and columns of ¥
are solutions of (18), by Corollary 1, columns of ¥ are linearly independent. Since for any

nonsingular # by n matrix Xy, the solution of the IVP
T, X() =A®X,  X(to) = Xo,
is a fundamental matrix for (18). Next assume that ¥ is a conformable fractional funda-

mental matrix for (18). Then by Theorem 3, x(¢) = ¥ (¢)c is a solution of (18). Now consider
that z is an arbitrary, but fixed solution of (18). Here we define

co =¥ (to)z(ty), toel.

Then z and ¥ (¢)cy are solutions of (18) which have the same vector value at ¢y. Hence, by

the uniqueness theorem, we have z(¢) = ¥ (t)co. Therefore, for ¢ € I,
x(t) = ¥(t)c,
where ¢ is an arbitrary constant vector, defines a general solution of (18). O

Example 2 For the conformable fractional vector differential equation

-2 3
Tyx= |: 5 3:| x, (24)

find the conformable fractional fundamental matrix ¥ and write the general solution of
this equation (24) in the term of ¥.
Solution. For the matrix A, the characteristic equation is as follows:

A2—a-12=0,

and the respective eigenvalues and eigenvectors are A; = -3, A5 = 4, [_31], and [;] From
Theorem 6, the vector functions vy and v, defined as

(= [ _31} and yo(t) = e M ,



Younas et al. Advances in Difference Equations (2020) 2020:449 Page 14 of 26

are solutions of (24), and the matrix function ¥ (t), given by

3—3% 4%
() =), wz(n]{eya y }

3t Pl
—e o 2e*a

is a matrix solution of conformable fractional matrix equation corresponding to (19). Since
det¥ () = Te's # 0, this implies that ¥ is a conformable fractional fundamental matrix of

(24) on R. Also, from Theorem 5, the general solution of (24) is given by
x(t) = ¥(t)c,
for t € R, where c is any 2 x 1 constant vector.

Theorem 6 IfV is a fundamental matrix for (18), then @ = W C is a general conformable
fractional fundamental matrix of (18), where C is a nonsingular constant matrix of order

nXxmn.

Proof Consider that ¥ is a conformable fractional fundamental matrix for (18) and let
® = U, where C is any n x n constant matrix. Then @ is a continuously differential
function on I and

T, ®(t) = T,¥()C
=A@ ()C
= A(t)D(¢).
Hence @ = ¥ C is a solution of the conformable fractional matrix equation (19).

Now for the general conformable fractional fundamental matrix, assume that C is a non-

singular matrix. Since
det @ (t) = det[¥ (£)C]
= det[ ¥ (¢)] det[C]

40,

for t € I, ® = ¥C is a conformable fractional fundamental matrix of (18). Now the only
remaining thing to prove is that any conformable fractional fundamental matrix is of the
correct form. suppose that @ is an arbitrary, but fixed matrix of (18). Let £ € I and Cp =
WL(£))®(ty). Then Cj is a nonsingular constant matrix

@ (ty) = ¥ (to) Co,
therefore, we have @(¢) = ¥(¢)C. O

For the solution of conformable fractional time-invariant system, we need to define con-

formable fractional matrix exponential function and its properties.
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Definition 7 For the matrix A of # x n order, the conformable fractional matrix exponen-

tial function defined by ¢*% is the solution of conformable fractional initial value problem
T, X = AX, X(0) = Lyscn.

In the following theorem we will give some properties of the conformable fractional

matrix exponential function.

Theorem 7 Assume that A and B are n X n constant matrices. Then

1. TﬂeA“ = =AeA% A4

2. det[eA & ] #0, for t € [a,b).
3. IfAB = BA, then "% B=B eA“’é’) fort € [a,b).
4 IfAB=BA, then A2 8 _ gasn e
5 AL =a® oo AK(t-a)®
: = 2ik=0 " oFp
6. If A has n distinct eigenvalues, say, A1, Aq, ..., Ay, then there exists a non-singular

matrix P such that

(t—-a)® (L a)* (t-a)¥ (t—-a)® _
e’ @ =Pdiag{e" @ ,e"2 w ..., @ [P

Proof We will show that all these properties hold, as eA% is differentiable. From
Lemma 1, it is obvious that property 1 holds. Since eA# is an identity matrix and at
t =a, det(I) =1 #0, from [29, Corollary 2.24]. So, - ] #0 for all ¢ € [a,b). Hence
property 2 is satisfied. To establish property 3, let us consider

t—a

llf(t):eA(

(25)

Now, when applying T4 to equation (25), we have

(t-a)®

B-BAe* =

alI/(
=eA¢AB—ABeA%
- A(A BB

=AY (2).

So ¥ becomes a solution of the conformable fractional matrix equation 75X = AX. Also
W (a) =0, so by [13, Theorem 4.2], ¥(¢£) = 0. Hence

eAM BB (ta*
For property 4, we assume that AB = BA and consider

W)= AT B e S
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Then, by using equation (25),

(t-a)*
o

(t—a)® (t=a)® (t—a)® (t—a)®
ToW () = AN ST 5 4 B B (4 + B)eUHD)
(t—a)® o (t-a)® (t-a)®
(B[ S )

= (A +B)Y¥ (1),
for t € [a,b). Also, ¥ (a) = 0, so by the uniqueness theorem [13], ¥ (¢) = 0. Hence

_ Y
eA(t—::)a eB G ;)a _ e(A+B) (t Z)

We know that e! = Z,ﬁoAk—t!k. Replacing ¢ by =2, we obtain

oty A a) (26)

ke
arK:
k=0 k

This implies that property 5 is satisfied. Property 6 can be simply proved as in the classical
order case. O

By using the above definition and properties, we prove the following theorem.

Theorem 8 Cousider fractional nonhomogeneous system

Toy(t) = Ay(t) +f(2),

where 0 < o <1, where y and f : [a,b) — R” are vector functions and A is an n x n constant
matrix. The general solution of the fractional nonhomogeneous system is

t t )
Y= C fe“ A F ) s — @) ds,
where C is a constant vector and

eA (t—él)a _ iAk(t — ﬂ)ka

=~ akk!
Proof Here the fractional nonhomogeneous system T45y(t) = Ay(t) + f(£) can be written as
Toy(t) - Ay(@) =f (o). (27)

4 =2
Multiplying equation (27) with integrating factor e« ~ on both sides, we can write

—A(t ﬂ)

To(e A y(1) = 4 £ (1),

Applying fractional integration on the both sides, we have

T (e o () =4 (e™ e ®).
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Lemma 3 now yields

t-a)* ¢ s—a)
A5 (1) = y(a) = / A f(5) (s — @)@ ds,

or
[ a
y(t) = a y(a)+/ A f(s Y lds
(ta® a-1
=t « C+ —a)* " ds,
Ak —a ka
=2 k0 Skkl) 0

Now, we move towards the solution of the linear conformable differential equation
Tox(t) = A(t)x(2). (28)

For this, we construct a Peano—Baker series. By the definition of conformable integral, the
Peano—Baker series becomes

v(t, 1)
_ LA
_I-F/(tsl—'fo)l_"‘d(Sl

/ A(y) ASy)
(61 —to) S, (82— o)t

dd, dé,

A(y) ASy) St A(S)
/ (61 —to) S, (82— o)™ /z (8k — to)1 @ iAoy dby - (29)

Theorem 9 For ty € I and vector x, the conformable linear state equation (28) with con-
tinuous A(t) has the unique and continuously differentiable solution

x(t) = lI/(t(),lf)x().
If we have the equation
Tox(t) = A(t)x(t) + B(£)F(¢),

where A(t) and B(t) are n x n matrices and x(t), F(t) are n x 1 vectors, then we can guess
the solution of the form
t
x(£) = W (Lo, t)xo + / W (t,, )W (to, 8)B(8)F(8)(S — to)* ' dé.
to
For time-invariant conformable fractional linear state equation, we can write the approx-

imating sequence (31) as

xo(t) = %0,
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x1(2) = x0 + AI®x
¢ dé;
1o (61— t)1™®

(t—to)*
1l

=X +Axg

=Xo + Axo

’

and

x2(8) = x0 + A%, (2)

t [x0 + Axg (Sl;to)“]
=X0 + A/ W d81
to 1 0

t S —t 2a-1
—xg+ A [ s+ A% /%d&
to (81— to)1=@
(t—to)* (t—to)™
1lo 22

=X + AXo +A%X,

’

and so on. The general term of this sequence is

x(t) = x0 + AI%x;_1 (2)

¢ xk-1(81) dé1

=x0+A
0 o (81— to)1™
=X + Ax, (£ - o) + A% (t—to)* coog ARy 4():_%)/@
T 0" 212 O ka2
= I+A(t_t0)a +A2(t_t0)2a +~-~+Akw X
1l a2 ko2 |77

the limit of the sequence is the familiar solution

Thus in this case the transition matrix is just a conformable fractional matrix exponential
function. Thus if we have the system

Thx(t) = Ax(t) + BE(¢),

where A, B € R™" matrices and x(t), F(t) are n x 1 vectors. Then we can guess the solution
of the form

(t— LO

x(t) = g + f A A sy (5 — 1) ds.

3 Controllability

In this section, we will discuss the concept of conformable fractional controllability of
time-invariant system

Tx(t) = Ax(t) + BE(¢), t€ [to, b0+ 7], (30)
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where x(t) € R”, Be R, A € R"*", and F(¢) is a control vector of order m x 1. For given
to, %0, and T > 0, we construct a sequence of # X 1 vector functions {x;(£)}32, defined on

[£0, to + T] which can be interpreted as a sequence of approximate solutions of the equation
with xo(¢) = xo,
x1(8) = w0 + I (A(D)x0(2))

s +/tA(51)x0(51)d51
Ty G-t

xi(t) = %0 + 1 (A(Oxr-1(2))
Ty G-t

or we can write

xk(2) = xo + IO A(£)xg
+ IéOA(t)Ié"A((Sl)xO + -
+IOA(DIOA(S,) - - 10 A(Sk-1)%0

LA®S
- ( 1)9610 s,
t (61— to)1™®

LOA@G) /51 A(82)x0
+ dsyddy + - -
/zo (81— t)1= Jyy (82— o)1 2

LOA(S) A8
’ /to (81 —to)t— /; (82 — o)t~

-1 A(8k)x0
. —————dbxddy_1 -+ déy. 31
/to 0 — o= ki 1 (31)

So, using all of these calculations, the Peano—Baker series becomes

v(t, 1)

LOAG)
=] —ds
* /r (61 —to)e

bOAG) nASy)
ddydé; + - --
’ ./r (61— to)= J (Ba—to)ie 2! ’

CoAG) (M AGY e AGs)
+/r (sl—ml—w[ <az—to)1—a”'/f B = tyie ok A1 by (32)

Definition 8 System (30) is said to be controllable if one can reach any state from any
admissible initial state and initial control.

In simple words, we can say that a given system (30) is controllable on [ty, ¢] if given
any initial state X(¢y) = Xy there exists a continuous control signal F(¢) such that the cor-
responding solution of system (30) satisfies X(r) = 0.
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Theorem 10 The linear conformable state equation (30) is controllable on [ty, tf] if and

only ifthe n X n matrix

(t=tp)®
o

b 1)
Galto,ty) =10 (44 BBTeA”

)
/ A BT AT S (e, (33)

is invertible.

Proof Suppose W (t, ) is invertible. Then given an n x 1 vector X, choose

F(t) =

t)xOr le [tOth]'

Then the control signal is continuous for ¢ € [£y, ] and the corresponding solution of (30)

with x(¢y) = %o can be written as

(t=tp)® L) 6-tg)
@ X + / ed @ e Ao BE(8)(5 — to)* 1 db.
to

At t = ty, we can write

(tr—tn)* tr-tg)* [l (5=to)®
#(t) = A w1 A / A5 BR(8)(6 — o)~ d. (34)

to

Consider that there exists F(t) of the following form:
T (t— ZO
F()=-BTe"" 3~ G\ (to, o, £ € [to, 7).

Then equation (34) becomes

(tr—to -0 Y (5-t9)* (6-10)*
x(tr) = AT xg—et T / e BBTe" W‘l(to,tf)xo ds,
to

or

(tr fo

x(tr) = eA

(tr—tg)*
_At (

(tr—to)* (tf to
=" xo-et T G(tOrtf)G !(to, 7)o,

b -t (5-19)®
f e o BBTefAT Fa - t())OF1 d(S) Wﬁl(to, tf)xo,
7

0

(tr—to)* (tr—t0)*
= © X0 - X0,

=0.

Thus the conformable fractional linear state equation (30) is controllable.
For the converse claim, assume that (30) is controllable on [y, 7] and the Gramian ma-
trix G (¢, tr) is not invertible. Since G, (fo, ) is not invertible then there exists a nonzero
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n x 1 vector x, such that

nga(Z-Or lf)xa = 0:

a
0

i (t—tg)* T (t-t9)%
/ %l BBTA o xa(E— )% L dt = 0.
1

As the integrand in this expression is a nonnegative and continuous function

(t=tg)*
2T A8 BJI2(¢ - to)*~, it follows that
(t—tg)*
0=xTe* <« B. (35)

Since the conformable state equation is controllable on [f, #], choosing X, = X, there

exists a continuous control vector F(¢) such that

(tr-t0)” -0 Y (6-tg)*
0= gy A / e BE()(6 - 10)* ™
to

(tr-19)* i
=t (xa+ / e
to

So, we can write

T BE(8) (5 — )" d5).

¥ (5-tg)®
X, = / AR B(S — 1) F(5) db. (36)
to

Multiplying equation (36) by xI on both sides and using (35), we have

i (5-t9)*
xlx, = — / xTe e B(s — to)* 'F(8)ds = 0,
£

0

and this contradicts the fact that x, # 0. |

In the above theorem, G, (fo,t) is called the conformable fractional controllability

Gramian and it is positive semidefinite, that is,
XZG(Y (tO; tf)Xa > 0.

Corollary 2 The linear conformable state equation (30) is controllable on [ty,t;] if and

only if the n x n conformable fractional controllability Gramian matrix is positive definite.
Proof The proof follows from the above theorem. O

Lemma 7 There exist analytic scalar functions 1 (t), Ao (t), . .., dy_1(£) such that

n-1
(t=tg)®
A =Y Ak, (37)
k=0
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(t=t0)?
Proof 'We know that the solution of T%x = Ax with X(0) =1 is A& . So, we can prove
that there exist analytic scalar functions A;(£), A2(£), ..., A,_1(£) such that

n-1 n-1 n—1
D oTEMOA =Y @AM,y 0A =1, (38)
k=0 k=0 k=0

According to Cayley—Hamilton theorem,
A’ = —6{0] - tllA — = dn_lAn_l,

where ag, a1, ...,a,1 are the coefficients of characteristic polynomial of A. Then (38) im-

plies that
n-1 n-2 n-1
Y Ta@AN =Y @A = Y ada (A"
k=0 k=0 k=0

n-1 n-1
= D WA =) a1 (DA = aghua (O, (39)
k=1 k=0

n-1
Zxk(omk =1
k=0

By equating the coefficients of like powers of A, we get the time-invariant linear state

equation
Ao(2) 0 - 0 -ap Ao(2) Xo(0)
A.l(t) 1 --- 0 —a, )\1(1‘) )xl(O) 0
. =], o A P
)\n—l(t) 0o - 1 —an-1 )\n—l(t) )"n—l(O) 0

Thus there exists an analytic solution of this linear state equation, which shows that the
existence of analytic scalar functions A1 (£), 12(2), ..., A,_1(2) satisfying (39), and hence (38).

So, we can write

n-1
(t=10)*
A =Y Ak, .
k=0

For the necessary and sufficient condition, we also need a matrix of order n x nm of the

following form:
[B AB .- A"-lB]. (40)

Theorem 11 System (30) is controllable for t € [ty, ty] if and only if the n x nm controlla-
bility matrix satisfies the following condition:

rank[B AB .- A"-lB]zn. (41)
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Proof We will prove that the rank condition (41) fails if and only if the # x nm conformable
fractional Gramian matrix

(t=t)¥

b -tg)®
W(to,tf)z/ A BBT A (- 1) dt
4]

is not invertible. Assume that the rank condition (41) fails, then there exists a nonzero
vector x, such that

7 [B AB ... A"—lB] -0,
implying that
xIA¥kB=0, forallk=0,1,...,n—1. (42)

Also, we can write

i (t-tg)® (t=tg)¥
xIW (to, ty) = / xler @ BBTeN @ (t— o) dt.

a
to

Using Lemma 7, we can write

L n-1 o
(t-tp)
X W (to, ty) = / xZZAk(t)AkBBTeAT @ (t—to)* L dt
b k=0
t n-1 T(t—to)a
= / xﬁZAk(t)xZA"BBTeA o (t—to)* L dt.
t k=0

From equation (42), it is clear that
T
X, Gy (2o, tf) =0.

This shows that the conformable fractional Gramian is invertible and, according to The-
orem 10, it is clear that system (30) is uncontrollable.

Conversely, assume that the given system (30) is not controllable. Then from Theo-
rem 10, the conformable fractional Gramian is not invertible, and so there exists a nonzero

vector x, such that
T _
%, Go(to, tr)xa = 0.

This implies, as in the proof of Theorem 10, that

(t=t9)*
0=xTe" B, teltot]. (43)

If we substitute ¢ = £y in equation (43), we obtain 0 = xZB and, after taking conformable
fractional derivative k times and evaluating the result at ¢ = £y, we get

xI'AkB=0, k=0,1,2,...,n—1.
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Therefore
7 [B AB ... A’HB] -0,
proving that the rank condition (41) fails. This completes the proof. O

Example 3 Consider the differential equation of an LC circuit

d’q 1 e

dq 1 pn.& 44
a2 T 1ct e (44)

where L is inductance, C is capacitance, g(t) is current, and e is a constant driving force.
Let o] = L% be the natural angular frequency. Then the conformable fractional transform
operator [17] is

d? 2(1-c)
R S (45)

By using relation (45), equation (44) becomes

TP4(t) + w2 q(t) = epwi®. (46)

We want to check whether the system is controllable or not.
For this, we introduce the state variables

X1 =4, % = Toq.

Then we see that the state representation of equation (45) is

X1 _ 0 1 X1 0
T, Lz] = |:—a)(2)“ 0} |:x2i| + [a)ga] eo, (47)

0 1 0 e .
where A = [7(1)(2)0( 0], B= [w%a ], thus the controllability matrix becomes

(B AB]:|: 0 “"z)a] (48)

w%“ 0
Since w3* = (%)“ # 0, controllability matrix (48) has full rank, that is,
rank[B AB]=2.

Hence, by Theorem 11, system (47) is controllable.
In the case of harmonic source with angular velocity w, the equation becomes

d? 1
d_tz + L—Cq(t) = ey COS WL. (49)

By using the relation (45), equation (49) becomes

TPq(t) + 02 q(t) = eoy® ™ cos wt. (50)
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Now the conformable state representation of this equation is

X1 0 1 X1 0
Ty = 2 +| 2@-1) | €0COSWL.
X2 —y 0 X2 g

0
Here A= _ 0?%(1 é], B= [w(Z)(a—l) ], so the conformable controllability Gramian becomes

0 2(a-1)

,
B AB] = 0
[ ] 2D 0

As 02V = (7£)*7* #0, the conformable fractional Gramian has rank 2. This implies that
(50) is controllable.

4 Conclusions

In this article, we have studied the sequential conformable linear equations. Using the
conformable fractional derivative approach, we have developed the conformable control-
lability Gramian matrix, the conformable fundamental matrix, and the conformable con-
trollability matrix. Our results are innovative compared to all the previous results obtained
in the conformable case and are application-based as well. They will be highly helpful for
the researchers in the future.
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