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1 Introduction and preliminaries

The theory of special functions has a long and rich history and a key tool in the study of
special functions with reflection symmetries is the Dunkl operator. Various other classes
of Dunkl operators have become important, in the first place the trigonometric Dunkl
operators of Heckman, Opdam and the Cherednik operators [11]. The aim of this paper
is to study a Dunkl type generalization of some approximating operators.

Szasz operators [24] provide an extension to Bernstein operators [8] on the interval
[0, 00). In recent years, several authors have studied the Dunkl type generalization of Szdsz
operators (see [13, 14, 16—18, 22, 26]). Recently, several research papers have appeared on
Dunkl analogues of different operators (see [2, 3, 5, 9, 19, 25]).

Sucu [23] introduced a Dunkl analogue of Szasz operators. That s, for f € C[0, 00),x 2 0,
v=0andneN,

SE(f;x) = ! > (nx)€f<z+2w£), (1.1)

ey (nx) 7= v (£) n

where N is the set of all natural numbers and

o £

X
eyx) = . (1.2)
ZZO: Yu(6)
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The coefficients y,, are given as

2X0r+v+3) 220 (e + v+ 3)

v(20) = , v(20+1) = R 1.3
Yo(20) r+l) Yol ) I+l (1.3)
with the recursion
Yol +1)
_ WD ), 1.4
1206y 0 (14
where
0 if¢=0,2,4,...,
O = (1.5)
1 ife=1,3,5,....

Studies on Dunkl type generalizations [20] demonstrate an error estimation to the op-
erators which allow us to have a much faster approximation to the function which is being
approximated. Like Bernstein operators which are related to Dunkle type generalization,
possibly it can be used for approximate solution of dynamical systems, like [1, 6, 7, 15, 21].

In Sect. 2, we modify the Phillips operators [20] to (2.4) via a Dunkl generalization and
further define their Stancu type generalization (2.5). We obtain moments and central mo-
ments of these operators. In Sect. 3, we prove some Korovkin type and weighted Korovkin
type theorems for operators (2.5). Section 4 is devoted to a study of the rate of conver-
gence by means of the modulus of continuity, Lipschitz type maximal functions, Peetre’s
K-functional and the second order modulus of continuity.

2 New operators and their moments
Let {x,(x)} be a sequence of nonnegative continuous functions on [0, c0) as

1
Xn(%) = < - §> , neN, (2.1)
where
Kk ifk =20,
K, = (2.2)
0 ifx<O.

Moreover, suppose

eycnga)
Tn() = ev(nxu(x))

For f € C;(R*) = {f € C[0,00) : f(¢) = O(#*), ¢ > n,n € N}, we define

—ntn2+2u6‘g -1 t£+2u9[

o Nl [Ye N
P (f) = ))Z 0 /0 0 fOdt, v=0, (24)

ey (nxnx)) 4=

where e, (), v, and 0, are defined as in [23] by (1.2), (1.3) and (1.5), respectively.
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Lemma 2.1 Let ¢, = t'"Y, ¢ = 1,2,3,4,5 and J,,,(x) defined by (2.3). Then for x > 0,
Povler;x) =1 and for any x 2 ﬁ we have
1
(1) Puolenx) =x+—,
2n
, 1 1
(2) Pn,v (63395) =X+ — (3 + 2Ut7n,v (x))x - _jn,u(x)’
n 4n?
1
() Puvlesx) ="+ > (15— 4v T, (x)) >
n
1
t o (39 + 16V + 720 T, (%))x
1 (7 + 16V + 68v.T,,,, (%)),
8n3 ’
1
(4) Puoles;x) =x*+ = (14 + 4vg7,,,u(x))x3
n
1
tos (99 - 68V T, (x) + 8U%)x”

1
+ = (131 + 2940 7,0 (%) + 96V° + 16V° T, (%)%
2n3 ' '

+

e (=367 + 808U.T,,,, (%) + 4320° + 640> T, (%)).

Remark 2.2 Forany 0 S x < %, we have P, ,(es;%) = %; Poolessx) = n%; Polesx) = r%;

Puvlesx) = 4.

Here we also introduce the Stancu type generalization to the operators defined by (2.4).
Thus, for each f € C;(R*) the modified version of the operators (2.4) is defined as

i n2 o (Van(x))Z 00 gt ) £+200p—1 4 L+200; <nt + 0l>
S,u(f5%) = ds, 2.5
W @ @ / U EEEACTY A

where 0 < o < B. Note that if we take « = 8 = 0 in (2.5), then the operators S:;,U reduce to
operators defined by (2.4) and if take x,(x) = x in P,,,, then we get the operators defined
and studied in [20].

Lemma 2.3 Forx 20, S (e;x) =1 and forx 2 i, we have

n o
10 * ; = nv ; ’
Sy (e2;x) prw il (e2;%) + poy;
2° S (e')—LP (e')+2057n77 (e'x)+0172
nu 3, X) = (ﬂ+l3)2 n,v 35X (}’l+,3)2 n,u\€2, (I’l+ﬂ)2,
o o n’ 3an? 3a’n
3 S,,,U(ez;,x) = mpn,u(&bx) + mpn,u(esyx) + mpn,u(ebx)
ol
TR
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4 S, (es5x) = ﬁtpn,v(%; x) + (4:): ;) o (€43) + %ﬂ,u(es;x)
+ %va(@;x) + ﬁ.
Lemma 2.4 For0<x< 3., we have
W 8o = 2,
@) 8 fexx) = %};;‘2
3 8 fenx) = Ma—gg‘;m
@ S (esix) = 24 + 4o +(:l2+a;; 40> + ot

Lemma 2.5 Suppose n; = (e; —x) forj=1,2,3,4, where e; = t. Then for x > ﬁ we have

n 1+ 2x
1 S x) = (—— -1 ,
S (113%) <n+,3 )x+ 2(n+ B)

§ 2
285, (%) = [(Vlfw _ ﬁ . 1]x2
" 20m 20 +1
+ I:m(3 + 2an,u(x)) + m _ — IB ]
o+a? 1
’ (n+B)?  4ln+p)> U (),

n* 4n® 61> 4n
3 5:,u(n4;x):[ ] 4

i+ B e BP  napr mip

3
+ [(n L (14 + 4o + 4v Ty (%))

212 ey(—nx(x))
C (n+B)? <15 oo -ty ey (x)) )

6n 2+ 4o 3
+ W(B + 20+ 20T, (%)) — y :|x

2
[2(nn Bt (99 + 60 + 8V + 4(17 — da)4v T, ()

- ﬁ(% +16V +12(3 + a)(2 + )v T (%))

+ 120 + 1202 + 120%1% - 3ujn,,,(x))]x2

1
2(n + B)? (

n
————— (131 + 78a + 16a° + 3lav + 96v°
2(n+ B)*

+ (294 + 144a + 16V*)v Ty, ()

T on+ : 2n+ )3 (7 + 16V — 120 — 8¢ + (68 + 6)U Ty ()
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60%n
Tt pr (3+ ZUJ”’“(’C))}C
1
* Totn s (367 + 4320 + 640° 7, (x) - 56ar — 1280w
2
+1602(2a + 1) + (808 — 544a)v T, (%)) - e 30 S0 ).

Lemma 2.6 Suppose n; = (e —xY forj =1,2,3,4, where e, defined in Lemma 2.3. Then for
any0<x < 2—1n we have

oa+1
o= S, %) = —— -x,
n+p

2(oz+1)x+2+oz+o¢2
(n+p) (n+p)?’
4a+l) ;, 6R2+a+a?) ,
- X7+
(n+pB) (n+ B)?
46 + 60 + 30> + @) 24+ 24a + 1202 + 4o + ot
B (n+B)? x (n+ )

27 S, (%) = «* -

B)* Si,(nasx) =x*

As we can see from Lemmas 2.3 and 2.5, in our analysis of linear operators S; (-;-) we
have to know the behavior of the function x > e, (—nx,(x))/e, (nx,(x)) on [0, 00). By using
(1.2) to (1.5), here we consider the properties of the following ratio:

ey(—x) ®(v,2v +1,2x)

—2x >
) = = gy F20 (26)

when |v| < 1/2. Because of @(0,1,z) = 1, we have 7, ¢(x) = e">*, and the ratio (2.6) can be
expressed in the following form:
e, (—x) <D(U+1,2v+1,—2x) @ (v,2v + 1,2x)

= >
Jn®) = S = eav s L) dwilaila) ‘=0 @7)

According to (1.2) and (1.3) we get the values of the successive derivatives of the function
e, at the origin,

®(0) = k=0,1,2,...,

Yo (k)
ie.,

1 3
»(0) =1, ' (0)=¢€/(0) = ———, "(0)=€”(0) = ———————, etc.
e(0) @0=e0=175  @0=a0=arrerany
3 Korovkin type approximation
In the present section the results related to uniform convergence of the operators defined
by (2.5) are given via the well-known Korovkin and weighted Korovkin type theorems.
Let R* = [0, 00) and Cg(R*) denote the linear normed space with the norm

Wl Cpgeey = SUp|f()].
x20

Page 5 of 15
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Let

H = {f lim f(x)2 exists, x € [0, oo)}.

x—o00 1 +x

Theorem 3.1 Let the function f € C[0,00) N ‘H and the operators S;; (-;-) be defined by
(2.5). Then

lim S; (f5%) =f(x)
n—00 ’
uniformly on U, where U is any compact subset of [0, 00).
Proof We apply the well-known Korovkin’s theorem to prove the uniform convergence of

the operators S;; (-; ). Therefore, for £ = 1,2,3, we see lim,, .. S;; , (e¢; %) = x~1 uniformly.

Therefore, we have

lim & (e;;x) = 1; lim S (ex;x) = x; lim S (es;x) = x°.
n—00 "’U( 1 ) n—00 ”’U( 2 ) n—00 ”’U( 3 )
Hence the result is proved. d

We recall the weighted spaces defined by Gadziev [12]. We write B, (R*) for the set of
all functions such that

[f ()] < myo(x)

with [|[f [l = sup,>o %, where 1y is a constant depending on f, and x — ¢(x) is a contin-
uous and strictly increasing function such as o (x) = 1 + ¢2(x) with lim,_, o, o (x) = 0o. Let
Cs (R*) = B, (R*) N C(R*). Note that [12] the sequence of positive linear operators {L,},>;

maps C, (R*) into B, (R*) if and only if
|Lu(0;%)| < Ko ()

with o (x) = 1+ ¢?(x), x € R* and K is a positive constant. Let C2(R*) be a subset of C, (R*)
such that

Theorem 3.2 Let S;; , be the sequence of positive linear operators acting from C, (R*) into
B, (R*) such that

lim ”S;f}u ((pk(t);x) - " (x) ” =0, k=0,1,2.

n—00 g

Then, for all f € C2(R*), we have

lm |5, (7052) ~£ @], =0

n—00
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Proof Consider ¢(x) =%, o(x) =1 + %% and

S (es ) — x|
S* (er:x) —at | =sup 77 70
” Vl,U( (2] ) ”a xZI(; 1+x2

Then, by Korovkin's theorem, it is easily proved that lim,,_,  ||S}, (e¢; %) — x|, = 0, for
€=1,2,3. Hence, for any f € C2(R"), we get

lim ”SZ}U (f(t);x) —f(x) ||(7 =0. O

n—00

Theorem 3.3 Let S} (;-) be the operators defined by (2.5). Then for every f € C2(R*), we
have

lim 5, 5i2) 71, =0
n—0o0

Proof We prove this theorem in the light of 3.2. Take f(f) = e, defined by Lemma 2.3.
Then, for any f(t) € C2(R*), S} (e;x) — x“~! (¢ = 1,2,3) uniformly as n — oo. For £ = 1,
by applying Lemma 2.3, we get S;; (e1;x) = 1, so that

lim S} (ex;%) ~ 1, =0. (3.1)
Take £ =2 and x = 2—1n, we get

|80 e2i%) — ],

_ sup [Sinfex) =
+20 1+x2

Ii5 Pro(easx) —x + 55
= sup

*>0 1+ x2

[IA

n 1 X 1+ 2« 1
—1)su + su .
n+p @Igl+x2 2(n+/3)x;€1+x2

In the case of 0 S x < 5, we get

1
2n
| Snole2s2) — ],

IS (e25%) — x|

a T+.2
1 + X
0= 5

< max ‘S:'U(ez;x) - x‘

- 1
nggﬂ
oa+1
< max 4
1
0Sx< 5o n+pB
1 p
= maxjo +1, |0 — —|¢.
n+p 2n
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Then
nlirglo||82,v(e2;x) -x|,_ =o0. (3.2)
In a similar way if take £ = 3 and x = 2 , we get

I3, e -],

1S5 (e35 %) — |
ng 1+ x2
o2
|(n+f5)2 nv(eS:x)"' n+ﬂ)27)nu(62’x)+ B le

>0 1+ x2

A

2 2
<(n7 - 1) sup LN (2a +3+2vJ, U(x)) sup -

n+ B)? x>0 L+a?  (n+ ) 20 1

1
0+ By (4a+4a —jnu(x))igg

In the case of 0 Sx < ﬁ, we get

|85 (esi2) =],

S, (€2;%) — x|
= maxX —/———

2
1
m%<ﬂf 1+x

< max, |S (eg;%) — x|

0<x_ b
2+ata®
2+a+a’
(n+B)?
; . 2| =
nli)rgoHS;_U(eg,x) -x ||(r =0. (3.3)
This proves the theorem. 0

4 Rate of convergence
We denote the set of all uniformly continuous functions by C[0,00). Let &(f; §) denote the
modulus of continuity of f € C[0,00), i.e.

J)(f;g) = sup [f(xl) —f(x2)|; x1,%2 € [0,00),8 >0, (4.1)

[x1—x2|<8

which satisfies lim;__,, ®(f;3) = 0, and

1) = F)]| < ("‘1 . —%l )cb(f; 5). 42)
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In the light of Lemmas 2.5 and 2.6 we use the notation

VS (m23%) = 8, (), (4.3)

where
2(a+1) 2+a+a?, R 1
%= (n+ﬂ)x+ By ifOSx< 4,
Vl2
% 2 oy = 2 4 1]
(o) = {7~ s 2001 @4
+ [ (3 4 2070 () + 22 — 221
2 .
+ oE n+ﬂ2v\7nu(x) ifx 25,
and

: 1
1f0§x§ m

Tnw®) = T (nxn(x)) = ] 1
To(nx—3); ifx2 5

Theorem 4.1 For any f € C[0,0),
S5 (f5%) = f(®)| < 26(f3 840 (%)),
where 8,, v(x) is defined by (4.4).

Proof Using (4.1) and (4.2), we get

S:,U(f;x) _f (f x) f x)S* €1;X )
= S, (f(6) - f(x);%)
< S,’f,v([f(t) —f(x)|;x).

Since S;; ,(e1;x) = 1, by (4.2) we get

ERERCIEEN (RN
1., o
= <1 + gS,w(ml|;x)>w(f;5).
From the Cauchy—Schwarz inequality we conclude that

St (Imlsx) < Sz (er;%)3 87, (n23%)?
= 85, (m5%)2.

Therefore,
1 o~
|Ss (%) —f ()| < <1 + 53:,‘,U(nz;x)5>w(f;8).

Choose § = Sn,u(x) =/S;,(n2;%), then we get the result. O
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Here we use the usual class of Lipschitz functions and obtain the rate of convergence
of the sequence of positive linear operators S;; (-;-) (2.5). For £ >0, 0 < o = 1 and for the
continuous functions f on [0, 00), the class of Lipschitz functions Lip, ,(f) is

Lip, () = {f: [f(61) = f(2)| £ LIs1 - 215 L >0,0< 0 <1 (61,5 € [0,00)) ). (4.6)

Theorem 4.2 Foranyf € Lip, ,, we have

|85 (F52) = f ()] £ L(8,,0))°,
where gnvu(x) is defined by (4.4).

Proof By the Holder inequality and (4.6), we get

1S5, (F3%) —f@)| < S5 (F() - £ (0):)|
< Si (¢ )| )
S LS, o (Im1%x)

2-0 Q
2

S LSk, (ex) 2 (Sh, (Im1% %))

(SIS}

= E(S:,U(ng;x)) . O
The space of all continuous and bounded functions on R* is denoted by Cs(R*) and
C3(R*) = {y € Cp(R*) : ¢/, ¥" € Cs(R")}. (4.7)
The norm on C3(R") is given by
I llcz@ey = 19" [ cymey + 1V | cury + 1¥ @), (4.8)
where the norm for Cg(R") is
¥l cpme) = iglw(x)l. (4.9)

Theorem 4.3 Let {y € CA(R"). Then
| (1//:95) lﬁ(x)| Mo, (%) ||1//”C2 (R+)?

where [y, (%) = 8,0 (%) + M
Proof By a Taylor series expansion for ¢ € Cé(]Rﬂ we obtain

V(t) =Y + 9 (%) + lﬁ”(w)% where 71,7 are given by (2.5), (2.6),

1
[ () = ¥ ()| < Uy lml + S,
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where
L[l = Sl>1p|1/f/(x)| = Hw,”CB(]R+) § ||‘(p”C12;(]R+)’
x=0
Uy = SUpyl/f”(x)| = H v ”CB(]R*) S ||¢”C§(R*)'
x20
Therefore,
1
NAGERACIES (Iml + Enz)lll/fllcg(nm-

By using the linearity of S;; , we get

1
152, () - )| < (sz,u(mu;x) " 55:,v(nz;x>) ¥l

Therefore
Sk (%) = ¥ @)| = |Si, (W () =y )i x) | < Sk ([ () - v ()]s ).

From the Cauchy—Schwarz inequality

[T

Sk (Imlix) < (Sh,(m2%)) 2.

Thus, we have

3 8nv 2
S5, (%) - ¥ ()] (an,v(x) + %) 19z 0

The Peetre’s K-functional is a result of potential research work on the approximation
process presented by Peetre in 1968. Peetre was able to investigate the interpolation
spaces between two Banach spaces and interactions with the real interpolation on the
K-functional. For any f € Cp(R"), Peetre’s well-known K-functional property is defined as

Ka(f,8) = inf{ (IIf = ¥l cyer) + 8 w||c§(w)) Y e W2, (4.10)
where
W2 ={y|¥, ¢ and ¥" € Cp(R*)}. (4.11)

For any §>0anda positive constant € one has /C,(f; 5) < Qfa)z(f;g%), where

wo(f38%) = sup suplf(t+2h) = 2 (¢ + ) +£(8)]. (4.12)

1>
0<hei2 120

Theorem 4.4 Let f € Cg(R*). Then there exists a positive constant ® such as

S (fi%) —f()] < 2©{w2 (f; A”‘;(x)> + min(l; A”’;(x)) |[f||CB(R+)},

where Ly, (x) is given by 4.3 and w;(f; ’\"%(x)) is given by (4.4).
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Proof Take ¢ € C3(R*). Thus we get

|82 (F5%) —f )] S |82, (f = vs0)| + S (W32) = v ()] + [f (%) — ¥ ()|
<20f = ¥l + Ano @IV Il

Ao (%)
= 2(Ilf —Vllcpme) + ”; B(Rﬂ)‘

By taking the infimum over all ¥ € C3(R*) and by using (4.10), we get

S5, (f32) —f ()| < 2K (f ; A”’;(x))'
Now, for an absolute constant © > 0 in [10], we use the following relation:
Ko(fi8) £ D {n(f5V8) + min(G )y
where § = A” v®) This completes the proof. O

For an arbitrary f € C2(R") the following weighted modulus of continuity was defined

in [4]:
S Ay f (x + 1) - f(x)]|
OD= e L) 419
satisfying
lim £2(£;8) = 0 (4.14)
§—0
and
ey - f |<2<|t ax| 1)(1+82)(1 +22) (-2 +1)2(F). (4.15)

Theorem 4.5 For any f € C2(R*), we have

ISl =101 _ 1 o) 2 (5 00/m)

sup
2
x€[0,2,,1) 1+ X

where A is a positive constant and for x Z -

n? 2n o+ o’ 1
B = max{ Ty e T A T R PR e
n 20mn 200+ 1
G O 20T+ G~ }

and, for0 <x < L,

2 1) 2 2
Ql,w:max{l, (@+1) 2+a+a }

(n+p) (n+p)?
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Proof We prove it by using (4.13), (4.15) and the Cauchy—Schwarz inequality. We have

S0 (f5) = f ()|

<2(1+8%)(1+4%)R2(f; ) (1 +85,(25%) + S, ((1 + nﬁ%;x)). (4.16)
From Lemmas 2.5, 2.6 we easily conclude that

Sy o (123%) £ A1O(A0) (1 + % +27)

< Az(l +x+x2),

where A; and A, are positive constants, and for x 2> i

n? 2n o+’
an v = - 1; - n,v ’
' max{ Y T A T R e
n 20n 200+ 1
3+2vTu0 —_ 4.17
O 2t 1)
and, for0 < x < ﬁ,
2 1) 2 2
A :max{l, o+ ), T +026 }
(n+p) (n+p)
By applying the Cauchy—Schwarz inequality we easily see that
St <<1 ; n2>"75—1';x>
1
< * 3 « 12 :
<2(S;,(1+n43x)) (S,w <(§—2,x>) . (4.18)
Similarly for the constants A3z > 0 and A4 > 0, we have
1 1
(Si (L +n43%))2 S A3(1+ 2% +24° +a%)2, (4.19)
71 !
(S:,u (%,x)) < §A4O(an,v)% (1+x+x%)2. (4.20)

Finally, in view of (4.16), (4.18)—(4.20) and choosing § = O(y/Uy,), and A =2(1 + Ay +
2A3.A4), we easily are led to the desired result. a

5 Conclusion

In the present article, we have defined the operators (2.4) via a Dunkl generalization and
further defined their Stancu type generalization by (2.5) and obtained their moments and
central momemts of these operators. We have proved some Korovkin type and weighted
Korovkin type theorems for the operators (2.5). Furthermore, we have studied the rate of
convergence by means of the modulus of continuity, Lipschitz type maximal functions,
Peetre’s K-functional and the second order modulus of continuity. It is to be noted that, if
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we take & = 8 = 0 in (2.5), then the operators S; , reduce to operators defined by (2.4) and
if we take x,(x) = x in P,,,,, then we get the operators defined and studied in [20].
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