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Abstract

This paper presents a fundamental solution method for nonlinear fractional
regularized long-wave (RLW) models. Since analytical methods cannot be applied
easily to solve such models, numerical or semianalytical methods have been
extensively considered in the literature. In this paper, we suggest a solution method
that is coupled with a kind of integral transformation, namely Elzaki transform (ET),
and apply it to two different nonlinear regularized long wave equations. They play an
important role to describe the propagation of unilateral weakly nonlinear and weakly
distributer liquid waves. Therefore, these equations have been noticed by scientists
who study waves their movements. Particularly, they have been used to model a large
class of physical and engineering phenomena. In this context, this paper takes into
consideration an up-to-date method and fractional operators, and aims to obtain
satisfactory approximate solutions to nonlinear problems. We present this
achievement, firstly, by defining the Elzaki transforms of Atangana-Baleanu fractional
derivative (ABFD) and Caputo fractional derivative (CFD) and then applying them to
the RLW equations. Finally, numerical outcomes giving us better approximations after
only a few iterations can be easily obtained.

Keywords: Atangana-Baleanu fractional derivative; Caputo fractional derivative;
Approximate-analytical solution; Nonlinear regularized long wave model; Elzaki
transform

1 Introduction

In recent decades, many studies have been performed on modeling with noninteger or-
der calculus. These illustrative studies and developments in applied sciences have found
out that fractional calculus has a great importance in mathematical modeling due to the
memory effect. Hence, fractional calculus theory and its informative applications are at-
tracting attention all over the world every day. New fractional operators that have dif-
ferent features have been defined and used extensively to model real-life problems. The
emergence of the new operators in the literature can be considered as a result of the re-
production of new problems that model different types of real-life events. For this reason,
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approaching real-life problems in terms of their fractional order versions has facilitated
modeling and solving them with a proper method. Therefore, this approach has been ap-
plied to a very wide area of science, for example, to physical and chemical problems [1-5],
in engineering sciences [6—10], to financial instruments [11-14], in geosciences [15], to
epidemic models [16—24], in the analysis of biological models [25, 26], etc. However, in
recent years some novel fractional derivative operators without singular kernel have been
investigated by using the exponential function [27], Mittag-Leftler function [28, 29], gen-
eralized Mittag-Leffler [30, 31] function, and normalized sinc function [32]. Especially
these fractional operators have been preferred by the researchers who want to model and
solve a real-life problem. Since these operators include a non-singular kernel, a problem
coupled with them can be resolved easily and accurately. Furthermore, in terms of the
integral transforms of these operators, numerical computations can be easily performed.
Many researchers have studied these fractional operators, see, e.g., [33—60]. In the liter-
ature, there are some integral transform methods that can be applied to the solution of
fractional differential equations. In this context, Elzaki transform (ET) is one of the inte-
gral transforms [61]. Some important solution methods related to the real-life problems
and their numerical simulations obtained via the new integral transformation have been
investigated by several researchers [62-66].

In this paper, two different fractional homogeneous nonlinear RLW equations are con-
sidered. In the literature there are several special versions of the RLW. Some scientists
obtained that the RLW equations are better models than the classical Korteweg—de Vries
(KdV) equation [67]. We apply the Elzaki transform coupled with the classical Caputo and
ABC operators to two special RLW equations. Then we obtain their approximate solutions
and analyze the numerical simulations of the solutions. The nonlinear RLW equations are
given by [68, 69]

ADIG (5, 1) — G 0) + (¢2(§ : t)) -0 W
with the initial condition

$(x,0) =x (2)
and

sDIP (1) + hu(x, 1) — Pra(, 1) + G (%, )u(, ) + é[e('%*‘“)qﬁxt(x, 1], =0 (3)
with the initial condition

¢(x,0) = exp(—x), (4)

where (x,£) € R x [0, T],0 < g < 1, and }D{ represents the classical Caputo or Atangana—
Baleanu operator of order q.

The reason for dealing with fractional-order systems is the memory and hereditary
properties which are complex behavioral patterns of physical systems giving us a more
realistic way to model nonlinear regularized long-wave models. In the fractional-order
models, the memory property allows for the integration of more information from the
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past which predicts and translates into the models more accurately. Also, the hereditary
property describes the genetic profile along with age and status of the immune system. Be-
cause of such properties, fractional-order calculus have found wide applications in model-
ing dynamics processes in many well-known fields. On the other hand, the physical struc-
tures and illustrative applications of such problems have been extensively considered in
the literature. The nonlinear RLW equation plays an important role in the study of non-
linear dispersive waves on account of its description to a wide range of important physical
phenomena such as shallow water waves and ion-acoustic plasma. Especially fractional
versions of these models have been studied by many researchers [6, 70]. For more details
on the physical importance of the RLW equation, see Stoker and Waves [71].

The rest of the paper is organized as follows: In Sect. 2, some preliminary results re-
quired for the formulation of the problem are provided. Sect. 3 provides the description
of the method via a new integral transformation. Main results, numerical simulations, and
graphical representations are presented in Sect. 4. Finally, Sect. 5 concludes all the major

findings of the present research study.

2 Preliminaries
In this section, we present some fundamental concepts of fractional derivatives with and
without a singular kernel, their Elzaki transform, and fractional integrals.

Definition 1 The Caputo fractional derivative (CFD) is given as [72]:

ul"™ (1)
mqfO tnqﬂmdn, m-1l<q<m,

§ DI (u(t)) = )

d[m Ll(t) q=m.

Definition 2 The Atangana—Baleanu fractional derivative in the Caputo mean (ABC) is

given as [28]:

N(g) [* _ )
oDl ) - 12 [ e[ -L=0 an ©

where u € H'(a, 8), B > @, g € [0,1]. In Eq. (6), N(g) represents a normalization function
that equals to 1 wheng=0and g = 1.

Definition 3 The fractional integral of the ABC operator (Atangana—Baleanu fractional

integral) is presented by [28]

ABIq q ! _ q—ld .
ABTY (1)) = (q)u(t) T /m u(n) (e = n)i diy @)

Definition 4 The Elzaki transform defined for the exponential function is given in the set
A [61,73] as

A= {u(t) :3Z,p1,p2 >0, |u(t)| < Zel%‘,ift e (-1) x [0, oo)}. (8)

For a selected function in the set, Z is a finite number, but p;, p» can be finite or infinite.
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Definition 5 The Elzaki transform of a given function u(t) is defined as [73]

E{u)}() = U(w) = /O et ude, )
where t >0, p1 < < ps.

Theorem 1 (Convolution theorem for the Elzaki transformation, [74]) The following
equality holds:

Eluxv}= l<‘f{u}<€'{v}, (10)
1)
where E{-} is the Elzaki transform.

Definition 6 The Elzaki transform of the CFD operator g DI(u(t)) is given by [75]
B m-1
E{§ DI (u(t) } (@) = 0 U (w) - Y o***uP(0), (11)

k=0

where m—1<g<m.

Theorem 2 The Elzaki transform of the ABC fractional derivative (5Dl (u(2)) is given by

qoi+l-g\ o

LD (u(0) (@) = — D (U(w)—wu(O)), 12)

where E{u(t)}(w) = U(w).

Proof By Definition 2, we have the following:

N t t—n)
(2D ()} (@) = 5{ % /0 W (n)E, [— 7 Z) } dn } (). (13)

Then, considering the definition of Elzaki transform and its convolution, we have

O R ey e e

1-¢g 1-
N@ 1, , qt1
-1 elwwlele| - |}

N(q) [ U(w) R qt?
ﬂfﬂir‘m@ﬂﬂe”@ftzV4

. N(@w [&(w) )
_qaﬂ+1—q w

wu(O)]. (14)
O

Lemma 1 ([69]) The solution of the specially-defined homogeneous generalized RLW prob-
lem (1) with the initial condition (2) is given by ¢(x,t) = 1.

Lemma 2 ([68]) The solution of the specially-defined homogeneous generalized RLW prob-
lem (3) with the initial condition (4) is given by ¢(x,t) = exp(—x + 2t).
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3 Description of the method via a new integral transformation

In this part of the study, we will present the fundamental methodology which has been
used in this study. To investigate this methodology, we take into account the following
general form of a fractional nonlinear PDE:

sDio(x, 1) + L{p(x, 1)) + N{p(x, 1)) = 0(, 1),

(15)
(x,2) € [0,1] x [0, T, k-1<gq<k,
with initial condition
aZ
Btf (%,0) = uy(x), z=0,1,...,6 -1, (16)
and the boundary conditions
¢(07 t) = VO(t)¢ ¢(1)t) = )/1(75), t=> 0, (17)

where ., 0, ¥, and y; are known functions. In Eq. (15), we represent the linear part of
the equation with L(-), the nonlinear part with N(-), and ;D! denotes the ABC or Caputo
fractional derivatives. We characterize the recursive steps for solving the suggested prob-
lems (1)—(2) and (3)—(4). Using the Elzaki transform of the CFD in Eq. (11) and ABC in

Eq. (12), we consider E{p(x, )} (w) = £ (x, w) for Eq. (15). Then we can obtain the trans-
formed functions for the Caputo fractional derivative

E(x,0) = 01((x,0) - E{L{p(x, 1)) + N(op(x, 1))}) + ©*¢(x,0). (18)

In addition, we get the transformed functions for the ABC derivative as

- (qa)q+1—q

E(x, ) = NG ) [0(x, ) — E{L{p(x, )} + N(p(x, 1))} ] + 0 (,0), (19)

where £{0(x, )} = 6(x, w). Also considering the Elzaki transforms of the boundary condi-
tions, we get

Eln®}=£00), En®}=£Lo), o=o. (20)

Then, applying the perturbation method, we achieve the solution of Eqs. (15)—(17) as

fnw)=) x'Enw), £=012.... (21)
The nonlinear part in Eq. (15) can be computed from

N{p@0) =Y x ®c(x 1), (22)

=0

and the components @, (x,t) are given in [42] as

1 9 > .
D, (Po, P1y...,Ps) = i {N(Zwt(piﬂ , €=0,1,2,.... (23)
’ i=0 1=0
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Substituting Egs. (21) and (22) into Eq. (18), we get the solution components for the Ca-

puto operator:

Y xEm®) = - xof (5[L<Z X e, r)> ) AP, t)})
e=0 e=0 =0
+a(0(x,0)) + 0’ $(x,0), (24)

and substituting Eqgs. (21) and (22) into Eq. (19), we get the recursive relation which gives

the solution for the Atangana—Baleanu operator:

Y xE )
e=0
qgoi+1—-gq = =
=—x (Tq))HL@x ¢e(x,t)>+;x @(x,t)H
qol+1-q\ - 9
<Tq))9(x,w) + w ¢(x,0). (25)

Then, by solving Eqs. (24) and (25) with respect to x, we identify the following Caputo
homotopies:

x°:Eo(x, 0) = 01 (0(x, ®)) + 0*P(x,0),
x" &1 o) = o E{L(go(x, 1) + Po(x, 1)},

X2 E(xw) = —a)qg{L<¢1(x, t)) + D1 (x, t)}, (26)

Xn+l : §n+1(x) w) = _wqg{L(¢n(x: t)) + @y, t)}
Moreover, we define the following ABC homotopies:

X’ o, @) = (%, 0) + (m) :

Ng )/

. q41—
0B o) = —(%)5{4%@ 1) + Bolx, 1)),
X2 Ex(x,0) = {%)5{4@(& 1)+ &1 (x,0)}, (27)
K B (6, ) = —(%)S{wa, D)+ B, (x, )},

when x — 1, we obtain that Eqgs. (26) and (27) show the approximate solution for problems
(24) and (25), thus the solution is given by

Aulx,0) =Yy & (% 0). (28)

=0

Page 6 of 18
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Applying the inverse ET to Eq. (28), we obtain the approximate solution of Eq. (15),
P, 1) = pu(x,t) = EH{ Au(x, ). (29)

4 Main results and numerical simulations

In this section, we examine the Elzaki transform by considering the problems given in
Eqgs. (1)—(4). First, we solve problem (1) with the initial condition (2) by using the Elzaki
transform method coupled with the Caputo derivative operator. We get by applying the
Elzaki transform

2
E(x,0) = 1€ {%t(x, - (@) } + 0’ (x,0). (30)

At this step, we apply the Elzaki perturbation transform method to Eq. (30) and get

Y xEww) = quE{ (Z X“E:(x, w)) }
e=0 xxt

=0

[ee]

- Xaﬂg{z X ®e(x, t)] + ¢ (x,0). (31)
=0
Now if we apply the inverse Elzaki transform to Eq. (31), we have

D Xl t)=xET {aﬂs{L<Z X“ e, t)>} }
e=0 e=0

—p&1 {aﬂsiz X De(x, t)} } + &% (x,0)}. (32)
=0

In Eq. (32), the @.(-) values are functions that show the nonlinear terms given in Eq. (23)
and they are examined by this way:

Do(9) = Po(@o)xs
D1(p) = do(@1)x + P1(P0)xs

33
Dy (@) = Po(@2)x + D1(D1)x + D2(d0)xs (33)

Then, we have the solution steps for the Caputo operator by considering the correspond-
ing powers of x:

%0 olx,t) = 5’1{a)2x} =x,

) . xt1
x' o) = £ o E{@o( O} =~
2q
X% dalx,t) = € o E{ D1 (%, 0)}} = %,
(34)
5 6t

x93 0) = £ E{ Do D =~
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| (4 D)txelmeDa

n+l | __¢c-1 =(=1)t
X" funle ) = =€ E{ @l O} } = ()™ S,

Therefore, the approximate solution of the problem is given by

¢ 2124 6t%
+ - +
'g+1) I'(2q+1) I'(3g+1)

o1 (4 1)1glrDa
O i )

Px,t) = x(l -

+ (35)

giving the integer-order (g = 1) solution of the problem, ¢(x,t) = ;.
On the other hand, we consider the problem by using the Elzaki transform coupled with

the Atangana—Baleanu operator. First of all, we apply the Elzaki transform to the problem:

E(x, ) = (%)5{@”(& £ - <¢2(;, t)) } + @2P(x,0). (36)

We apply the Elzaki perturbation transform method to Eq. (36) and get

ZX E(x )= (M) !(Zx Es(x,w)) t}

_%%)g{?ﬁ@ﬁx,t)} + w2P(x,0). (37)

Now if we take the inverse ET of Eq. (37) and have

gzoj;qusg(x,t): :(%lq) { <ZX 9. (st >”
]

+ & o ¢ (x,0)}. (38)

In Eq. (38), the &.(-) terms are nonlinear polynomials that have been mentioned in
Eq. (23). Following the same steps to obtain nonlinear polynomials, we get the following:

X% o, t) = EHow?x} = x,

rontnn =& (2= e @utmo) |

% < qt? +1_)
" N@\rg+n 1

x>l t) = —51{<%>5{¢1(& t)}}

_ 2x (qtq)z 2q(1 - q)t? )
~ (N(9)? <F(2q+ 1) * I'(g+1) +(1-¢q) );




Yavuz and Abdeljawad Advances in Difference Equations (2020) 2020:367 Page 9 of 18

N(q)
x  B1P3Ar*(g+1)+r2q+1))
(N(@)? I'(qg+1)I'(3q+1)
x <t2‘7q2(1 —q) (14T (g +1) + I'(2q + 1))

L CTE —5-1{(M>5{¢2(x, t>}}

~ (N(9)? g+ 1)I2q+1)
— 2\2
P s -a?)

Therefore, the approximate solution depending on the ABC operator is the following:

Px,0)= Y ¢po(x,1)
=0

~ 1 qt1 2 (qt?)?*  2q(1-q)tt
"‘(1_1\Tq><r<q+1)*1‘”1)*(N<q))2(r(2q+1)+ [(g+1)

L —q)Z)) R (t?’qq3(41"2(q+ 1)+ I'(2q+1)) N 10g(1 - ¢)*t
(N(@)? I'*(g+1)I'3q+1) I'(q+1)
x (tzqqz(l —q)14I*(g+ 1)+ I'(2q + 1))) N
(N(9))? I'*(q+1)I'(2q +1)

+5(1 - q)"’) -

X

giving the integer-order (g = 1) solution of the problem, ¢(x,t) = ;.
The following Figs. 1 and 2 show the behavior of the solutions for different values of
fractional order for Caputo and Atangana—Baleanu operator, respectively. For both Ca-

puto and AB operators, the wave damping has been observed over time. In addition, it is

0.10

[ ]
PN
N ey
\ \.\.
NN\ \\ \.
\ X ® S
\*\ \'\ \.\
A ® [ |
\\*\ T =y
K\ ™ e
= 0.09 4 ¥
z NN e
< \ Tk
A Tk
—m—q=1.00 Al T
—m—q=0.99 A *\-\\*
—8—q=0.90 A ~—
—%—q=0.70 ~a  *
—A— q=0.65 Ta
0.08 41— . . . )
0.00 0.05 0.10
t
Figure 1 Simulation of ¢ (x,t) for Caputo fractional operator when x = 0.1
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0.11
—8—q=100 —M—q=099 —#—q=090 —k—q=070 —d—q=065
0.10 - g
.ﬁ_l%_.m——liﬁ|_ﬁ
.——-l:.:
._“1.
T —e
—eo— oo
0.09 - —e—o__o
= 0.08 +
X
= *-
ke,
* ﬁ*%‘_*ik e
Kk
0.07 - S SR
A —%
—a_,
— A,
—A—a
~A— A
0.06 - A—a
0.05 T T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
t
Figure 2 Simulation of ¢ (x, t) for Atangana-Baleanu fractional operator when x = 0.1

observed that for the AB operator the wave damping is slower than for the Caputo oper-
ator.

Secondly, we obtain the solution of the problem in Egs. (3)—(4) by using the Elzaki trans-
form method coupled with the Caputo and ABC derivative operators. We apply at first the
Elzaki transform of the Caputo derivative to Egs. (3)—(4):

é(xr w) = wqg {¢xx(x¢ t) - ¢x(x’ t) - %[e(izx+4t)¢xt(x: t)]x - ¢2(x: t)d’x(x’ t)}

+ 0P (x,0). (39)

At this step, we apply the Elzaki perturbation transform method to Eq. (39) and get

Zxﬁég(x,w)qwqe{<Zx8§s<x,w)> —(foégoc,a») }
=0 =0 xx £=0 x

- Xaﬂg{z X5 P (x, t)} + ¢(x,0). (40)

e=0
Applying the inverse Elzaki transform to Eq. (40), we have

5 oo se el oina)
=0

=0

_Xg‘l{qu{ZXSQ?g(x,t)}} +5‘1{a)2¢(x,0)}. (41)

e=0
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In Eq. (41), the @.(-) values are functions that show the nonlinear terms given in Eq. (23)

and they are examined by the following way for the problem (3):

Do(¢) = ¢ (do)xs
D1() = 5 (1)x + 20081 (o)

42
D3 () = B3 (B2)x + 20091 (1) + (D7 + 20002) (b0 42)

We obtain the recursive relation for the Caputo operator by considering the corresponding

powers of x:

x%: polx,t) = E’I{a)ze”‘} =e

X' i 0) = EHIE [ L{go(x, )} } - E7H{wE{ Do, 1)} }
- e (2]} - £ ote e )
—X —3x ¢t
=(2e " +e )F(q+1)’

X%@@n:gwmaq@@mn_gqma@@ﬁ”

_ o1 q 3x
=& {a)E{( * 1+ 187 4+ 5¢” q+1 H (43)
_ 5—1 i€ 673x+4t + 5675x+4t qtq "
2 I'g+1)
124 5
=(4e* +18e +5e) ———— — [ + =&
rq+1) 2¢

1_
2Dy, (20

I'(q)

Thus, the approximate solution of the problem is given by

2 2
x,t)=e*+ (2" + e + (4™ +18¢™ + 5e™¥) ——
1) ( )F(q+1) ( )F(2q+1)
1-2¢ 2t 1\ig
5 212 fm(-1)27 1, (-21)
- <e‘3" + —e‘s") ! 21 +oe, (44)
2 I'(q)

where J,(x) is the Bessel function of the first kind and Eq. (44) gives the integer-order
(g = 1) solution of the problem ¢(x, t) = exp(—x + 2¢).

In Fig. 3, it can be observed that only a few components of the series obtained by
Elzaki transform method are needed to get close to the exact solution. It has been ob-
served in Fig. 4 that, as the value of the fractional parameter decreases, the wavelength
increases.
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—— Exact Solution
—— Approximate Solution
04}
o~~~
= o3f
o)
-
0.2
0.1

15 20 25 3.0 35 4.0

Figure 3 Comparison of the exact solution and the approximate solution given in Eq. (44)

T 7 q=0.99, 0.97, 0.95, 0.93, 0.90

L
=035

#(x, 1)

Figure 4 Behavior of the solution with respect to the different values of g

On the other hand, we consider the problem by using the Elzaki transform coupled with
the Atangana—Baleanu operator. First of all, we apply the Elzaki transform to the prob-

lem:

- _[(gq0'+1l-q _
E(x o) = (7]\[@ )5{¢xx(x, £) - p(x,1)}

x & { —% [e72 4 g, (x, t)]x}

x E{~¢*(x, )ps(x, )} + W’ P(,0). (45)

Page 12 0f 18
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Then, we apply the Elzaki perturbation transform method to Eq. (45) and get
oo
= qol+1—gq
cEinar=x(r179)
; ’ N(g)

[ell(Sree) (Sreee) ]
AL Gl

_X(%)g:;f@g(w)} + 029 (x,0). (46)

If we take the inverse Elzaki transform of the last equation, we have
S b 1) = £ ("“’“1“’)5 U3 v nten
X Pe\X, 1) = X N7 X Pe\X,
=0 N(q) =0
1-q
— & <q“’ - ) ‘b, (x,1)
* { N ZX

Ho?ep(x,0)}. (47)

In Eq. (47), the @.(-) terms are the nonlinear polynomials that have been mentioned in

Eq. (23). Following the same steps to obtain nonlinear polynomials, we get

Xo tpolx, t) = E’I{a)ze”‘} =e¥,

$ ) = 5-1{ (%)s{w - ol £ 2x+4f>(¢o>xt]x}}

2| (qei+1-¢g
-& {(Tq))g{‘po(x,t)}}
_e3x+26"( t1 i1 )
TN \r@ )

q _
x2:¢>2(x,t)=5‘1{<%)5{(¢1)m (é1)s - [”x*‘“ ($1)xc], ”

_ qol+1—¢q
e |(“Rg Jetemol)

de™* +5e7* + 1873 [ g*tM (1-q)2qt? (1-q)
N*(q) Ir'eqg+1) TI'(g+1)
(15e7* + 6e73%)
6F(q 11)N2( )

(F (@)1 - g)e* e

1

+q(21 quZt\/—< )2 ]%+q(_2t))),
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Therefore, the approximate solution depending on the ABC operator is the follow-

ing:

e yer 4e™ + 5e™>* 1 18e™
olxt)=e "+ ——— q

N(q) ﬁq)ﬂ_ N2(q)

( q*t* (1 -q)2qt? (1- )2) (157> + 6e~3%)

r'(2q+1) * I(g+1) " 6I(g-11)N2(q)
x (F(q)(l — ettt q(zl‘z‘fe”\/z? (—%) qu_;ﬂ,(—zt))) to, (48)

giving the integer-order (g = 1) solution of the problem, ¢(x, t) = exp(2¢ — x).

In Fig. 5, we have given the comparion of the exact solution and the approximate solu-
tion given in Eq. (48) and in Fig. 6, it can be seen the solutions to the problem which is
given by Eq. (3) with respect to the different values of fractional parameter in the sense
of Atangana—Baleanu operator. By taking account of the findings of the paper, we can
observe that only a few components of the series obtained by the perturbation method
coupled with the Elzaki transform provide almost the exact solution. Moreover, this study
differs from the others on the nonlinear RLW equation in that it has pointed out the differ-
ence in the behaviors of two fractional derivative operators and it has employed the Elzaki
transform of the AB operator. On the other hand, the scheme that has been defined in the
second section identifies the components of the series solution. It is possible to calculate
more components in the scheme to increase the approximation accuracy. Numerical re-
sults show how a high degree of accuracy, and in most cases the n-term approximation
¢(x,t) is accurate already for pretty small values of #. In this context, we have used only
the first three components ¢(x, £) = ¢o(x, £) + p1(x, £) + P2 (x, £) to approximate the exact so-
lution and to generate the surfaces shown in all figures in this paper. It can be regarded as
a major advantage of the solution method to obtain the solutions even with fewer terms.
Another advantage of the method is in simplifying the calculations by avoiding the diffi-
culties and massive computational work compared with traditional numerical methods,
because the homotopy Elzaki transform method (HETM) appears to be very promising

L5y — Exact Solution
—— Approximate Solution
o~~~
= 1.0
o
-
05F
-05 0.5 1.0 15 2.0
X
Figure 5 Comparison of the exact solution and the approximate solution given in Eq. (48)
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Figure 6 Behavior of the solution with respect to the different values of fractional parameter
(@=1.0,0.9,0.7 — bottom to top)

for solving nonlinear partial differential equations without linearization, perturbation, or

discretization.

5 Conclusion

The present work computes the approximate solutions of some special regularized long-
wave equations of fractional order by utilizing a new integral transform technique, namely
Elzaki transformation. Firstly, we have defined the Elzaki transformation of the Atangana—
Baleanu fractional operator and have applied it to the suggested problems. The reliabil-
ity and effectiveness of the employed scheme lie in the fact that it has a strong ability to
provide a suitable convergence region for the solution. The high accuracy of results and
simple solution procedure establish the dominance of this computational scheme over
other existing numerical techniques. In addition, we have demonstrated the differences
between the Caputo and Atangana—Baleanu fractional operator in finding the approxi-
mate solutions of the mentioned illustrative problems. The numerical outcomes reveal
that the fractional derivative operators used in this study are very useful for modeling
real-life problems and they have great advantages when considering their Elzaki trans-
form to interpret some illustrative physical problems. Especially, the Atangana—Baleanu
fractional operator has some additional advantages due to its nonsingular and nonlocal
construction. It is pointed out by some researchers that Mittag-Leffler function is more
effective in modeling the physical and engineering problems than the power function, and,
since the AB operator has a nonlocal kernel, it provides better explanation of the memory
within structure and media with distinct scales. As a different point, it can be stated that
the utilized scheme for approximate solution is highly efficient and useful to handle many

nonlinear equations describing real systems.
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