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1 Introduction
In this paper, we study the oscillation of a class of second-order nonlinear differential equa-

tions,
rO(Z®)°) +f(tx(c®)) =0, t>t>0, (1)
where z(t) = x(¢) — p(t)x(7(£)), « > 0, and « is the ratio of two odd integers. The following

assumptions are satisfied:
(H1) r,p € C([to,0),R),r(t) > 0,0 < p(t) < po < 1.

(H,) © € C([to,00),R), T(t) < t,lim;_ o T(t) = 00.
(H3) o € C!([to,00),R), 0 (£) <t,0"(t) > 0,lim;, o, o' (£) = 00.
(Hs) f € C(R,R), uf(t,u) >0 for all u #0, and there exists a function g(t) € C([t, o0],

[0,00)) such that |[f (¢, u)| > q(£)|u*].

Second-order and third-order differential equations are widely used in population dy-
namics, physics, technology and other fields. Many scholars have studied the oscillation
of second-order differential equations [1-10]. Similarly, many scholars have studied the
oscillation of third-order differential equations [11-14]. On this basis, this paper studies
the second-order neutral differential Eq. (1), Some new oscillation criteria are established

by using the Riccati transformation technique.

2 Lemmas

In order to establish the oscillation criterion of Eq. (1), we will give three lemmas.
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Lemma 2.1 Assume that
el 1
/ r a(t)dt = o0 2)
to

and x(t) is an eventually positive solution of Eq. (1). Then z(t) has the following two possible
cases:

(i) 2(2) >0, 2'() >0, (r(®)(z'(£))*) < 0;

(i) z(¢) <0,7Z'(t) >0, (r(t)(Z(8)*) <O.

Proof Since x(t) is an eventually positive solution of (1), there exists a £; > £ such that
x(t) > 0, for t > t;. From (1), we have

(rt)(Z(@®)*) <0
hence r(£)(z/(¢))* is decreasing function and of one sign, therefore z/(¢) is also of one sign,
that is, there exists a £, > #; such that, for ¢t > 5, Z/(¢£) > 0 or Z/(¢) < 0.
If Z'(t) > 0, we have (i) or (ii). Now, we prove that z'(¢) < 0 will not happen.
If Z/(t) < 0, we have
V(t)(—z,(f))a > V(tz)(—Z/(tz))a =K >0,
where K = r(t,)(=Z'(£))* > 0, that is,

2(t) < —kara(z).

Integrating this inequality from £, to ¢, we have

z(t) < z(ty) — ki /tr_é(s)ds

5}

by condition (2), lim;_, » z(£) = —00. We will consider the following two cases.
Case 1. If x(¢) is unbounded, then there exists a sequence {¢,,}, such that lim,,_,  £,, = 00

and lim,,,_, o x(£,;) = 00, here x(¢,,) = max{x(s) : to < s < t,,}. Hence, we have

x(r(tm)) = max{x(s) g <s< r(tm)}

< max{x(s) : to <8 <ty } = x(tm).
We get
2t ) = %(tm) — Plt) (T (6) = [1 = plt) |(5) > 0.
This contradicts lim;_, o 2(£) = —00.

Case 2. If x(t) is bounded, then z(t) is bounded, this contradicts lim,_, o, z(£) = —0o0.

Hence, z(t) satisfies one of the cases (i) and (ii). O
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Lemma 2.2 Assume that x(t) is a positive solution of Eq. (1) and z(t) satisfies case (i) of
Lemma 2.1, then

) = RO (02 (1), (%) <o,

where R(t) = f; ra(s)ds, T > to.
Proof Fort>T > t;, we have

2(t) = 2(T) + / (£)2'(s) PR ds > ra (0Z() /T t 7 (s)ds = R()ra (£)2 (t).
Vot S

Thus, we conclude that

z(t) '_ Z(£)R(t) — z(£)R'(¢) - Z' (£)R(¢) —R(t)ré(t)z’(t)r‘é(t) o
(W) ) R2(2) = R2(2) e -

Lemma 2.3 Assume that x(t) is an eventually positive solution of (1) and

t 1 t L
lim sup/ ( / q(u) du) ds > po. (3)
t—o00 Lo () r(s)

Then the impossibility for z(t) satisfies case (ii) of Lemma 2.1.
Proof Assume that z(t) satisfies case (ii) of Lemma 2.1, we have
—z(t) = —x(t) + p(D)x(z(2)) < p(t)x(z(8)) < pox((2)).

That is,

x(z(0) = —iz(t).

Po
We deduce that
M)z L2 @), (o) = ——a(r (0 0)).
bo bo

From (1) and (H,), we have
(r&)(Z(®)") + qt)(x(a ()))" < 0.
We get
(r&)(Z(®)") +q(t) (-pio) Z(t7 (o)) <0

Integrating this inequality from s to ¢, we conclude that

r@®)(Z ()" =r(s)('(s)" - l% / q(w)z* (v (o () du < 0.
0 s
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That is,

—Z(s) < i<ﬂ/ q(u)Z“(T_I(U(u)))d”)E'

Integrating this inequality from t71(c (£)) to ¢, we get

(@) = < Pioz(r_l(a(t))) ./rt @) <r(1s) / 4 du) _ s

Since z(t) < 0, we have

/It oo <r(s) /f (u)du)ldsfpo.

This contradicts (3). Thus the impossibility for z(¢) satisfies case (ii) of Lemma 2.1. O

3 Oscillation results
Theorem 3.1 Assume that (2) and (3) be satisfied. If there exists a positive function p €
C([to, 00), (0, 00)), such that, for all sufficiently large T > to,

* = r(t)(p'(£))*+! _
/to [P(t)Q(t) - m] dt = 0o, (4)

=N RY (o (1))
where Q(t) = Q(£) ey
tory.

), Q(t) = q(O)[1 + plo ()], p(t) = p(t) 52, then Eq. (1) is oscilla-

Proof Assume that x(¢) > 0. From Lemma 2.1, z(¢) satisfies one of the cases (i) and (ii).
Case (i). Suppose that case (i) holds, from Lemma 2.2, we have

z(t)  z(t(2))

-7 <

R(t) = R(z(®)

That is,

We get
£(0) = (0~ pO(£(0) = (0~ pOE(£(0) = 5(0) - pOR(r0) 5 0.
That is,
0= [14p0 P a0 [1+ o)t

where p(
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From (1), we conclude that
(r&)(Z(®))") + qt)x* (o (1)) <O.
Then we have
(r&)(Z®)%) +q@®)[1+p(c®)] 2 (o)) <0.
That is,
(r®)(Z®)%) = -QW®)z" (o (t)), (5)

where Q(¢) = q(£)[1 + p(o (1))]*.
We define a function w(t) of the generalized Riccati transformation by

pOr(t)(Z (£)”
w(t) = ————"—.,
z*(¢)
z(o(®) < z(1) z(a(t) < R(o(t)
Then w(t) > 0, from Lemma 2.2, we have 3 @ = RO’ that is, 2 Ro

Using the inequality [2]

04 9(—) BO+1
Bu — Auﬁ —_— , 06>0,A>0,B€eR,
=@+ A7

we have

/ o / o)/ / a+l
W) = p'(0) r(t)Z(f(g)) 4 () (r(t)(f((tt))) ) o t)ar(i)ofi((tt)))

_ro z*(o(8)) o
<o w(t) - p()Q(8) ()  (p(Or)e
)

t
ot RO®) @
< MO - P OO - o @

> o' (t) a asl
<-p(®)Q(t) + >0 w(t) - GO wa ()

r(e)(p'()**!
(@ + 1) p(2)

a+l
w ()

=—p(t)Q(t) +

where Q(1) = Q1) 5Z54L).

Integrating this inequality from T to ¢, we have

. / a+1
w(t)sw(T)—/T(P(S)Q(S)_%> ’

From (4), we get lim w(t);_, o, = —00, this contradicts w(t) > 0.
Case (ii). If z(t) satisfies (ii), then due to Lemma 2.3, Eq. (1) is oscillatory. O
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Theorem 3.2 Assume that (2) and (3) are satisfied. If there exists a positive function ¢ €
C([to, 00), (0, 00)) such that, for all sufficiently large T > t,,

oo o+1 t
/to [Q(t) - gle((tﬂ eXP[(a +1) /T ,ﬁis(l) ds} = 00, )

then Eq. (1) is oscillatory.

Proof We use the counter-evidence method, suppose we have a non-oscillatory solution
x(t) of Eq. (1), as above, suppose that x(¢) is a positive solution of (1), by using Lemma 2.1,
z(t) satisfies one of (i) and (ii), we discuss each of the two cases separately.

Case (i). Assume that z(£) has property (i), we obtain (5). We define a function V(¢) of a
generalized Riccati transformation by

r()& @)

Vo= z%(t)

1

Then V(¢) > 0, using the Yang inequality I%ap + %Ibq > ab, 1% + = =1, similar to (6), we

Q|

have
o FOE @)Y ar®)( ()
e 0
-Q() - W() Ve (1)
—[Q@) - ¥ ()™ (0)] - (o + 1>r-%(r)[i¢““(r) F—y (t)]
a+1 a+1
—[Q@) - & (™ ()] - (@ + Dr & p@) V(2).
That is,

V(t) + ( + Dra (0p@) V() < —[Q() - e ()9 (2)].
We get

L ols) ’
rl/a()

[0 - # e O] expla + 1) / s ds

[V’(t) + (o + 1)r‘é(t)go(t) V(t)] expl(a + 1)/

That is,

(V(t) . exp[(a +1) /tr_é (8)p(s) ds]>/

=-[QO) -7« (W) O] explia + 1) / 1/0,()

Integrating this inequality from 7 to t, we get

0<V(@©)- exp|:(oc +1) / tr"%(s)tp(s) ds]
T
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< V(1) - / (Q(t)—r F 09 (0] explie + 1) / f,ff()) )dr

This contradicts (7).
Case (ii). If z(t) satisfies (ii), then due to Lemma 2.3, Eq. (1) is oscillatory. O

Example Consider the following equation:

((%(6) - pa(t 1)) + qox} (£~ 2) = 0. ()

Comparing Eq. (8) with Eq. (1), let 7(t) =1, o = %, tt)=t-1,0(t)=t-2,49(t) =q0 >0,
p(t) = p < 1is a positive constant. Choose p(t) = £, ¢(t) = 1, we now verify (3):

t 1 t 1o t
lim supf ( f q(u) du) ds = lim supf qo(t—s)’ds = gl > po.
t—oo Jrl(o() r(s) t—oo Ji-1 4

Therefore, if % > po, obviously, the conditions of Theorem 3.1 and Theorem 3.2 are
satisfied, then Eq. (8) is oscillatory.
Then the conditions of Theorem 3.1 and Theorem 3.2 are satisfied.
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