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significance. In this paper, two interconnected bidirection MNNs are constructed; for

this type of neural network system, each node in their network will be affected by the
corresponding node in another network, then the synchronization problem of
unidirection MNNs is extended to bidirection MNNs. In order to achieve
synchronization of the bidirection MNNs, we adopt the method of impulsive coupling
control, and together with the appropriate Lyapunov function, we deduce the
relationship of the synchronization error system at the adjacent two impulsive
moments, through iteration, and we finally obtain sufficient conditions to realize the
global synchronization of the two interconnected bidirection MNNs. We illustrate the
effectiveness of the results by simulation.
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1 Introduction

As an important subject, neural networks (NNs) have attracted more and more attention
of scholars. Because of their superior performance, they have been widely used in asso-
ciative memory, signal processing, optimization, machine learning and so on. Common
dynamic behaviors just like periodicity, synchronization, chaos, multi-stability, dissipa-
tion, stability, self-association and other dynamic behaviors have been widely studied, and
new results are still emerging (see [1-3]).

As an important dynamic behavior in neural network, synchronization is of great sig-
nificance [4]. At present, there are many excellent research results in neural network syn-
chronization. Ramirez et al. [5] study master—slave synchronization, and propose poten-
tial solutions to the problem that master—slave synchronization control scheme cannot
induce synchronization. In Ref. [6], a new impulsive pinning strategy involving pinning
ratio has been proposed to study pinning synchronization under impulsive control. In
Ref. [7], Feckan et al. study the synchronization of a nonlinear fractional system, and ana-
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lyze the time response and chaotic behaviors of this system. Alsaedi et al. [8] have studied
the finite-time synchronization of a class of complex dynamical networks with Marko-
vian hopping and time-varying delay. Generalized multi-synchronization is studied in Ref.
[9]. Cruz-Ancona et al. [10] study the problem of generalized multi-synchronization in a
master—slave topology in the framework of differential algebra and design a control proto-
col that can solve the problem of leadership following consensus. A class of sampling-data
synchronization is given in Ref. [11], which is through the method of sampling-data syn-
chronization control to make the system with time-varying sampling period achieve syn-
chronization, the sampling period in [11] is time-varying, switching between two values
according to random probability, it is a synchronous way which is defined by the charac-
teristics of the controller.

The dynamic behavior of multiple neural networks (MNNs), which is composed of mul-
tiple sub-networks, has been more and more concerned in the past 20 years, and the com-
mon examples are the robot group [12], the unmanned aerial vehicle group, and the mi-
gration of fish stocks. The synchronization behavior of MNNs is embodied as a common
behavior for each sub-network with different initial state. In the multi-network synchro-
nization scheme, the coupling between each subnetwork has great effects, resulting in syn-
chronization under various coupling schemes, such as linear coupling. Lu and Chen [13]
use variational methods to study the local synchronization of linear coupled NNs, which
is also an earlier study of coupled networks. Liu and Liao [14] study a class of finite-time
driven-response synchronization problems for a general delay memory neural network
(DMNN) with interval parameters, fuzzy logic system models, and nonlinear coupling,
and they present a unified condition for finite-time synchronization of a fuzzy DMNN
with nonlinear coupling. As for fixed topology coupling, Wang and Cao [15] study the ex-
ponential synchronization of a class of coupled NNs with probabilistic time-varying delay
coupling and time-varying impulsive delay based on random memory. Mathiyalagan et al.
[16] study the impulsive synchronization of a class of BAM NNs based on time-varying
delay. Li and Cao [17] study the synchronization of inertial memristor system with linear
coupling, and use a variety of methods, such as differential inclusion method and matrix
measure method, the coupling topology is also fixed. In practical applications, some links
are broken, or new links are generated; then the coupling topology is not always fixed,
for instance, in limited communication channel, links are usually changed as needed to
reduce redundant connections and save resources, so a concept of switching topology is
proposed to describe the sudden change of the connection topology of NNs. Because the
study of switched topology meets the needs of network change in practical applications,
it motivates many scholars. In NNs with switching topology, synchronization is one of the
dynamics we have to study. In this regard, Yang et al. [18] study a class of multi-recursive
NNs with impulsive coupling control and give sufficient conditions for global synchroniza-
tion in which the coupling topology is variable and introduce the concepts of sequential
connection and common connection to describe the switching mode of coupling topology.

In many studies, the coupling scheme has always been effective, but we may only need
coupling in some times, and the communication bandwidth is limited, so this kind of cou-
pling scheme causes a lot of unnecessary cost waste. Therefore, if the coupling between
NNs only occurs at some discrete time (such as impulsive time), then the cost of the appli-
cation can be effectively reduced, so it is necessary to study the impulsive coupling control
scheme. In [18-21], the impulsive coupling control is used to switch the coupling topol-
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ogy at the impulsive time, so as to achieve better control effect and practical significance.
In the non-impulsive time, each node is independent, and information exchange only oc-
curs at the impulsive time, which greatly reduces the waste of communication resources.
There are examples of this in real life, for example, a synchronous flash of fireflies, the
flash of each firefly in a population as an impulsive coupled signal, which finally achieves
a synchronous flash.

The structure of the NNs is complex and diverse. For bidirectional NN, as early as 1987,
a bidirectional associative memory (BAM) NNs with bilayer is first proposed by Kosko.
What is special about this type of neural network is that its u-layer is not independent of
the v-layer, but is closely linked through the respective neurons. Because of this particular-
ity, this type of NNs has been used in the fields of artificial intelligence, signal processing,
combination optimization and image processing. For this network model, in [22], Cheng et
al. investigate the Mittag-Lefflfler synchronization and stability of fractional-order BAM
NNs. Similarly, for this characteristic of the BAM NN, if we apply it on the MNNS, then
we can combine the characteristics of the two networks, which is also very meaningful.

In practice, it is inevitable to study the NNs with time-delay, because of the limited
switching speed of the amplifier and the limited information processing speed, thus a
large amount of complex dynamical behaviors can be generated. And in the neural net-
work model study, if the type or size of the time-delay is different, then the results may
also be completely different. The common delays in currently studies are discrete delay,
time-varying delay, state-dependent state delay, and infinite time-delay [23].

According to the above discussion, in this paper, we study the synchronization problem
of bidirectional MNNs with time-delay under impulsive coupling control. Through the
impulsive coupling controller, we finally achieve the synchronization of the two MNN:S.
The coupling controller in this paper makes the two networks to be coupled only at the
discrete time, the coupling topology will switch with time, and it is sequential connection.
The two MNNSs are not only affected by their respective impulsive coupling controllers,
but also by the corresponding nodes of another network. Generally speaking, the main
work of this paper can be summed up in the following two points:

(1) The synchronization problem of two interconnected bidirection MNNs with
impulsive coupling control is studied. Because impulsive control is adopted,
communication resources can be saved. In addition, the design of impulsive
coupling controller is more convenient through coupling intensity selection.

(2) We give the sufficient conditions of MNNs with time-delay to achieve global
synchronization under impulsive coupling control.

The remaining part of this paper is organized as follows. Section 2 gives some prelimi-
naries on graph theory, the system of bidirection MNNs and impulsive coupling controller.
Section 3 derives sufficient conditions for global synchronization of the continuous-time
MNNs with impulsive interactions. Section 4 gives a numerical example to substantiate
the theoretical analysis. Finally, the conclusion of this paper is given in Sect. 5.

2 Preliminaries

2.1 Graph theory

A graph G = (V,E) is composed of two sets: V is the set of nodes, and E C V x V is the
set of edges. Each graph G = (V, E) has a unique nonnegative matrix A = (a;;)nxn € RNXN

corresponding to it where a;; > 0 represents the connection relationship between node i
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and node j, (i,j) € V x V. The union of two graphs G; = (V, E;) and G, = (V, Ep) is defined
by G1 UG, = (V, E; U Ey).

Given a graph G = (V, E) and a nonempty subset N C V, the neighbors of N are defined as
the set M(N, G) = {j € V\N|Ji € N, such that (i,) € E}. If the set N is a singleton, then M(N, G)
represents the neighbor of one node.

If (J”, G; contains a spanning tree (a detailed introduction is provided in [19]), then the
sequence of graphs (G;)!"; is jointly connected. If the set of Vi satisfies vy C V(1 < k <
m + 1) and Vi1 C Vi U N(Gg, Vi) where V; is a singleton, V.1 =V, then the sequence of
graphs (G;)!"; is sequentially connected. It is also T-sequential connected with the period
T = m. For some more properties of jointly connected and sequentially connected cases
refer to [18, 19].

Remark 2.1 Note that each graph of G; has the common nodes. In addition, we can see
that, if the sequence of graphs (G;)"; is T-sequentially connected, then the information
spread process of nodes is given by the spanning tree of the sequence of graphs (G;)?;.
At the same time, if a sequence of graphs (G;)/; is sequentially connected, then it is also
jointly connected, but the converse is not true.

2.2 Model description

Let V¥ =V = {1,2,...,N} be the sets of nodes. In this paper, we study two interconnected
bidirection MNNs system and consider each MNNs consisting of N NNs. Each of the NNs
corresponds to a node, and the state equations of the ith and the jth NN are given by

d is " i .

xdt(t) = —csx;s(E) + ;ﬂstﬂ(yﬁ(t)) + ; byf T (vji(t — 71)) + L(8) + i (2), (2.1)
a is

y:it(t) csy;s Z Qs 8j x;} Z bs,gl xl] ) + Js( ) + Vjs(t); (22)

or in compact forms

dx;(t)

o - Cm) Af (5(6)) + Bf™ (3t = 7)) + 1(®) + ui(2), (2.3)
v
% = —Cy(t) + Ag(x:(8)) + B (wilt — 1)) + I() +v,(8), (2.4)

where i € V¥, j € V7, £ > £y, xi(t) = (%1 (£), xi2(8), ..., %in(t)) € R” and y;(¢t) = (1 (£), yj2(2), .
¥jn(t)) € R" are the state vectors of the ith NN and jth NN of the two MNNs, respectlvely.
C =diag{cy, ¢y, ...,¢u}, ¢ >0and € = diag{cy, ¢a, ..., ¢, }, ¢; > 0 are self-inhibitions of the two
neurons. I(¢£) € R", J(t) € R" represent the input or bias, u;, v; are control inputs of two
neurons, respectively. 7; > 0, 7o > 0 are the transmission delays and let T = max{t, 72}
FOi®) = AOLO)LGRED, - fiDn@)), gu(®) = (@ @xa @), @), ..., gxu(®)"
and f* (5;(t—11)) = (7 (G (= TN 5 OpaE=T1))s oo £ Gyn(E— 7)), @7 (i =) = (@F 6 (£
T9), g3 Xio(t = T2), ..., G Xin(t — 7,))7 are activation functions, and A = (@il nxns A = [@i]nscns
B = [bjluxn» B = [b;]4xx are the connection weight matrices and delay connection weight
matrices of the two NNs.

Given an impulsive instant sequence {1, t,%3,...} satisfying 0 < # < tx,1(k € Z*) and
ty — o0 when k — oo. For the distributed impulsive controllers of the ith and jth nodes,

Page 4 of 22
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we assign
+00 N
wit) =) (xi(t) -3 di/(t)F(t)x;(t)) 8(¢ - tr), (2.5)
k=1 j=1
+00 N
VICED (y,»(t) -3 a,i(t)A<t)yi(t>)a(t — 1), (2.6)
k=1 j=1

8(+) is the Dirac impulsive function; I'(f) = diag{y1(¢), y2(t), ..., yu(tx)} and A(tx) =
diag{X1(¢k), A2(tk), - - .» Au(tk)} represent the coupling gains between two nodes with y;(¢) >
0 and A;(t) > 0. D(#) = (dij(tx))nxn and D(tx) = (0:(tx))n xn represent the impulsive cou-
pling matrices with

dij(tk) = 0, i#j, .
Y dit) =1, Viev*,
0;(tx) = 0, i#j, -
Z,I'Zl 0;(tx) =1, VieW.

In algebraic graph theory, G(D(tx)) and G(®(#)) are the adjacent matrices of the directed
weight graphs G} and G}.

Under impulsive controllers (2.5) and (2.6) with the conditions (2.7) and (2.8), then con-
trolled systems (2.1) and (2.2) can be described in the following forms:

Li0 — _Cuy(t) + Af () + Bf (it — 1) + 1), t# tx, 09
xit0) = YO0y di () T (t)a (),
DO _ _gy(t) + Aglw0) + Bt (xilt - 1)) + IO, 4t 010
A 2?21 05 (i) At)yi(te),

where x;(t;) = x;(tx), y;(t;) = y;(tx)-

We use D(#;) and D () to describe the coupling topology of NNs (2.9) and (2.10) at im-
pulsive time #. The graphs G} and G, correspond to matrices D(t) and D (t;), respectively.
Coupling matrices D(t;) and D (#) can switch at impulsive time £ with period. It should
be noted that G} and G{ may contain selfloops, which means the conditions d;;(¢x) > 0 and
0;:(tx) > O exist.

Remark 2.2 Through (2.7) and (2.8) we can see that the couplings of the two MNNs only
occur at the impulsive time £, and each node of the two MNN:Ss is independent at other
times. In addition, there is an interaction between the corresponding nodes of the two
MNNE, so that there is also an interaction between the two MNNs. Then how to syn-
chronize the two networks through certain conditions will be a problem we will discuss

later.

Remark 2.3 Compared with the controllers used in articles [24-26], the controllers in

these three articles are all used in single-layer network, but the system in this paper is a



Wang et al. Advances in Difference Equations (2020) 2020:332 Page 6 of 22

bidirection MNNs system, for which one needs to consider the coupling between nodes
at the impulsive time, so this type of controllers may not be suitable. The controllers used
in this paper can be regarded as a generalization of this kind of controller in MNNS.

Note that when each NNs in MNNs (2.9) and (2.10) satisfy

lim ||xi(t) —x,'(t)” =0, ijev,

t—00

tlim lyi®) -y@®)| =0, ije?,
— 00

then MNN s (2.9) and (2.10) are globally synchronized.

Let Ymax = MaXgs1ien {Vilt)}s Amax = Maxg=1,ien{ri(f)} and y = —=In(Vimax), A = —=In(Aax)
are called coupling strength of G} and G}.

For the continuous activation functions f;(x), g;(x) and f; (x), g/ (x), Assumption 1 is
made.

Assumption 1 There exist p; >0, p; >0and ;> 0, [/ >0 such that

i) ~ i )] < pilx— 9,
|7 @) - £ )] <Pl -,
lg(x) —g(»)| < hlx -yl
@) -g" )| < [la-yl,

for any x, y € R and i = 1,2,...,n, j = 1,2,...,n. Denote P = diag{p1,p2,...,pPu}, P* =
diag{p},p3,...,p.} and L = diag{l}, l»,...,1,}, LY = diag{l],/3,...,1}.

2.3 Definitions and properties
In this paper, we give some concepts of the convex set [19]. Given a set M € R”, then the
convex hull of M is defined as

n n
co(M) = Zaixi:Zai =l,a,>0,x,e M,n>1;.
i=1 i=1

We define the diameter of M as

diam(M) = sup |x—y|.
x,yeM

Given two sets M1, M, C R”, define
M1 +M2= {x+y:xeM1,yeM2}.

It is obvious that diam(M; + M5) < diam(M;) + diam(M,).

Let e;(£) = x;(t) — x(£), i,j € V¥, ¢(¢) = y:(¢) — ;(¢),i,j € V7, The state error between NNs
of (2.9) and (2.10) are defined as ||¢;(¢) || and [|e;(¢)]l, | - || represent the 1-norm. Besides, let
()1l = supg, c(_r07 lles(t + OV, 11e5() 1| = supg,c(_r ) lI€5( + 62) [l and hye = trs1 — i, hine =
infrez+ {r}, Msup = SUPgey+ 1k}, 0 < T < Dt
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Lemma 2.1 Foranyi,j€{1,2,...,N}and t € (ty, txs1], k € Z*, we have

ley(@] = [2() ] expl-rte -0,

les@] = & (&) ]| exp{-r(e - 2},
where r # 0 and satisfies

7 — Cmin + |AP|| + ||BP’ H exp{rt} <0,

7= Comin + |UL]| + | BLT | exp{rt} <0,
in which cpin = Mini<j<,{c:}, Cmin = Miny<j<x{c;}.

Proof Let

V() = ez (0)|| exp{r(t - tx)},
B(t) = ||es(@) | exp{r(t - &)},

and W(¢) = max{V(¢),0(¢)}.
According to (2.9) and (2.10), when ¢ € (¢, tx+1), we have

dey(t) _dxi(2) B dx;(t)
dt dt dt
= —C(x:(t) - %;(®)) + A[f () - f (:(®)) ]
+B[f" (e =) =f" (it - 7)),
dey(t) B dy,(t)  dy;(t)

dt  dt dt
= —C(yi(2) - y;(0)) + A[g(%(®)) — g(x:(1)) ]
+ %[g’ (%(t - 12)) —g" (wilt - rz))].

Then

dv dey
% = sign(ei;‘(f))T% exp{r(t -t} + V(@)

= —sign(e;(®)" C(xi(0) - x,()) exp{r(t - )}

+ V(@) + sign(e; () A[F (57,(8) — £ (7:(8)) ] exp{r(e — 1))

+ sign(e;(6) BT (3t - 7)) = (il - 7)) Jexp{r(t - 1)}
< (r = coin) V(0) + |1AP] [ 5:(8) - ()| exp{r(¢ - 1)}

+ || BP™|||y:(t — 1) = y;(t — 71) | exp{r(t - &)}
< (r - cmin)V(t) + |AP|D(t) + | BP|| B (¢ - 71) expfrr}

< (r - cmin + |API)W(¢) + | BP*|W(t - 1) exp{rt}.

(2.11)

(2.12)

(2.13)

(2.14)

Page 7 of 22
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Let

W(e) = sup W(z +0).

6e[-1,0]

Then one has
W(t) > W(t) > 0. (2.15)

From (2.13) and (2.15) we have

dv dey
% - sign(ei/(t))T% exp{r(t =)} + V()

< (= cmin + IAPI)W(2) + | BP* |[W(t - 11) exp{rt}

< (r = cmin + AP + | BP" || exp{rt})W(?)
0.

IA

(2.16)

Let V(t) = SUPp, e[_r,0] V(¢ + 61), from (2.16) and using the Lyapunov—Razumikhin method,
we can get

av(z)
— <0, Vt Licy L] ,
T € (tr, trs1)

then we can get

V(e) < V() < V(¢) = |e;(8)

hence
Jay(0)] = [2(e") | exp{-rte 20},

Similarly we can get

% = sign(eij(t))T% eXp{r(t - tk)} +r0(2)

< (r— Cmin + ||RUL]|| + ||%LT || exp{rr})W(t)
0

< (2.17)
and

[&@)| < [[&(&)] exp{-r -0},
which mean (2.11) and (2.12) are true. 0

Remark 2.4 The result of the Lemma 2.1 is important in the subsequent proof, it estab-
lishes the relationship of |le;;(£)|| and ||e;(#)|| in two adjacent impulsive interval, so we can
go through the iteration to derive them up to time ¢ = ¢;.
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3 Main results
3.1 Globally synchronization
Theorem 3.1 Assume that Assumption 1 holds and the model satisfies the following con-
ditions:
(1) There exist two integers T > 1 and ¥ > 1, such that each sequence of graphs
{G"}]m,;hl and (G)} m,;‘lz ., are sequentially connected for Vm € N*. Furthermore, for

any i € Vi, ,j € Vy,,, there exist a; € (0,1) and o € (0,1), satisfying

Zdij(tk) > a, (3.1)
jevi
Zaji(tk) > . (3.2)
iev{

(2) r #0 satisfies the inequalities (2.13), (2.14) and

Pl exp{-rgm - Ty}(1-(@)") <1, (3.3)

o~ exp{-rq, - ‘SA}(l - (ag)z) <1, (3.4)

where @y = tons1)T+1 — tnT+15 Gm = Eome1)T41 — bmza1 and p = max{1,exp{rt}}. y and
A are the coupling strength of G* and &, respectively, then MNNs (2.9) and (2.10) are
globally synchronized.

Proof By the condition (1), we can see that the graph sequences {G"}]m,;;+1 and {G}} lmr;%H

are sequentially connected.
First, consider the condition of m = 0, namely, concentrating on the moments of ¢ = #
withk=1,2,...,Tork=1,2,...,%. Since {G} }k , and {Gk}k | are sequentially connected,

we may suppose that

VI’§+1 Vx U N(Gk’vk)

V., SV UN(GL )

where V}, V] are singletons and V%.,; = V¥, V,; = . For any i € V},, and j € V;,, from
(2.9) and (2.10) we have

N
t) =Y dy(t) T (60 (t)

j=1
:Zdij(tk)r(tk)xj(tk)"' Z di(t) I ()% (te), (3.5)
jevy JEVA\VE

N
)= Z 0ji(ti) A (k)i ()

i=1

=D 0t Ayt + Y ilt) Alte)yi(t)- (3.6)

ey ; Y
IEVy iEV\Vy
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Let §i(tx) = Zjev" dy(t), nj(ti) = Z,evy vjiltx) and dy(ty) = dl;(tk) 2i(ty) =

then we have Z vt dl,(tk) =1, e D}, (t) =1 and

Zdt] tk)r tk)x} tk gi tk)Zdl] tk tk x} tk)
JEVE jevy
D 0t Alt)yilte) = m(t) Y ilte) Alta)yiti).-

i) Py
lEVk lEVk

Similarly, denote ¢;(tx) = 1 — &i(&) > 0, ¥;(&) = 1 — n;(tx) > 0 and

At
. , JEVAVY,
dl'j(tk) =1 oW
0, jEVY,
0ji(tk) . ¥
. , 1eV\V,
0;i(t) = Vi) oy ¢
0, i€V
Obviously
D odit) = Y dgt)+ Y dylt) =1,
jEVF JEVR\VE Jjevg
Dot = > vt + > lt) =1,
eV ie\ﬂ\\/{ iev{
then we have
> dy =
L] -
jevms o(tx)
_ Zjevx\v’lg dij(tk)
1-¢ilti)
B Z}'EV"\V% dl](tk)
1- Z;eva]g dy(ti)
=1,

v Zievy\v{ 0;i(tx)
Z 0i(tx) = T
SNG4 k
Zievy\v{ Dl’i(tk)
1 - n;(t)
Zievy\v{ 0;i(tx)
C1- Zz’ev{ a/'i(tk)

-1,

a/t(tk)

(3.7)

(3.8)

Page 10 of 22
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and
D7 Ayt (b)) = ¢t Y di(t) T (8t
/ev"\vi jevx\vi
N v
= ¢i(tr) Y dy(t) T () (), (3.9)
j=1
D 0ilt) A)yite) = Y)Y ilta) Alt)yilt)
iEV\v} ieV\v}
N
= (80 D 0 t) Alt)yilt). (3.10)
i=1

From (3.1), (3.2), we can get &;(tx) > oy and n;(£) > o2, combining (3.5), (3.7), (3.9) and
(3.6), (3.8), (3.10) we have

N
xi(t7) = Zdi;(tk)F(tk)xj(tk)

j=1
= o Y dg(t) Tt () + (8lte) — o) Y diy(t) T (8 k)
jevy jevy

N
1 Ct(tk) Z z/ tk)x/ tk)
j=1

N
tk) = Zaﬁ(tk)/\(tk)yi(tk)

i-1
=) Z 3i(t) Alt)yi(te) + (mj(te) — o) Z ;i) At)yi(te)
ievﬁ iev{

N
(1= mi(t)) Y 0julte) Alte)yi (L)
i=1

Let
[Gilt)-oldy(t) .
Gigg=1  Tm IV
Y ) -z () .
LA, jevi\,
. [ﬂj(fk)l—fljiéji(fk), ieV{,
iltk) = PR
PR, e\,
then we get
N
Zdij(tk) = Zdzj(tk)+ Z dy(ty)
j=1 jevi JEVA\VE

(00 = 1) Yo di(tr) (1= 6] o (i)
= +

1-a; 1-0ag
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_ [&i(t) — o] + [1 - &i(ty)]

1- (041
= 1,
Za,l(tk) =D vt + Y vilk)
zevi zeVy\V{

[n(tx) — 2] Zievz 0uitr)  [1-n(t0)] Zyevy\vi 0;iltr)
= +
1-ay 1-a;

() = el + [1 = (8]
- 1- (6%}

= 1,
and we can write (3.5), (3.6) as follows:

xi(t7) = o Y dy(t) T (8 (te) + (ita) — ) Y (b I (ta) o (8x)

JjevE jevy
N

]- é‘l tk Z l/ tk Xj tk)
j=1

N
=1 Y dy(t) T () (t) + (1 =) > dilt) T () (t),

jevy j=1

= Z it) A )yi(te) + (nj(te) - a) Y Billa) Ata)yi(t)

e
;evk evy

N
(1= mi(80)) D dult) Alte)yilte)
i=1

N
=ay Z 6/i(lfk)A(lfk)}’i('fk) +(1-ay) Z 0;i (tx) Ati)yi (t).

i) i=1
lGVk

Let

Sk(t) = CO((xl(t)),evx),
S(t) = o((%:(t)) )

S0 (61) = (1) o)

and

Mi(®) =20( (D) 7):
M(@) =eo((50)) )
M () =eo(05(60) e )-

Page 12 of 22
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Then we have

xi(t;) € an L (t)S () + (1 = ) I (1) S (t),

Yi(87) € aa AR M) + (1 = o2) A(tr) M ().
We can also get

St () Sl (t)S(te) + (1 - ) I () S (t), (3.11)

M (8) S ap At Mi(tr) + (1 — a2) Ate) M(&). (3.12)
Furthermore, let

Ay = diam(Sk(£)), A} = diam(S} (£)),
E; = diam(S(&)), E} = diam(S(£{)),
Ag = SUPy, c[—qy,0) diam(Sk (tx + 61)), A,’; = SUPg, c[—qy,0) diam(S{ (€ + 61)),

Ey = supy oo 0y Ham(S(t +61)),  Ef = supy, ¢(_r, o) diam(S(¢ +61)),

Vi = diam(M (), Vi = diam(M (),
Ry = diam(M (%)), R} = diam(M(2})),

Vi = SUPy, ¢ [ 1y 07 diamM(M (L + 62)), @,j = SUPg, c[—ry 0] dlAM(M (] + 62)),

Ry = SUPy, e[ 1, 0] diam(M (¢ + 62)), R} = SUDg, ¢ [, 0y diam(M (¢ + 62)).
From (3.11) and (3.12) we can get

A]J; = Ynax 1 Ak + Vmax(1 — 1) Ex, (3.13)

V]:r = )‘-max‘XZVk + )\max(l - aZ)Rlo (314)

According to Lemma 2.1 we have

Ak+1 = Ak+1 = eXP{—V(t - tk)}A/t =p eXP{—V(tkH - tk)}AZ) (3 15)
En < Exo < expl—r(t — t)}Ef < pexpl—r(tea — t)}Ef,
Vi1 < Viar < exp{—r(t — )}V < pexpl—rtia — t)}Vy, (3.16)
Ris1 < Riwr < exp{—r(t— )R} < pexp{~r(tis — t)}R},
since max{ty, T2} < v < &1 — t. In addition, according to (2.9), (2.10), we have
E]: =< VmaxEkv (317)
R} < AmaxRs. (3.18)

Combining (3.13), (3.15), (3.17) and by iterations, one obtains

A]t = Vmax¥1 Ak + ymax(l - al)Ek

Page 13 of 22
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= PCXP{—"(tk - tk—l)}Vmax X [OlIA]t_l + Vmax(1 = oll)Ek—l:l

=p exp{ 7tk =t 2)}ynz1ax X [a%AZ_z + Vmax(l - a%)Ek—Z]

" exp{_r(tk - tk—vl)}yrrélx X [ai/l A;;—yl + Vmax(l - arl)Ek—vl]r

foranyl<v; <k<T.
Also combining (3.14), (3.16), (3.18) we can get

6/? = )Lmaxazﬁk + Amax(1 — O52)I~ek
=p eXp{_’”(tk - tk—l)}kmax X [a26]:_1 + Amax(1 — C(Z)I}k—l]

< 0" exp{—r(tk — b)) } M2 X [52 VL, + Amax (1= @3?) Ricyy |,

forany 1 <v, <k <%.
So,whenk=T,v;=T-1and k=%, v, =% -1, from (3.15) and (3.16), we can get

Ary < eXP{—l’(tT+1 - tT)}A}
T-
a4

< 0" exp{=rq0} Ve [0 AT + Vinax (1 -] 1) Er ], (3.19)
Vo1 < exp{-r(ts,1 — )} Vi
<,o exp{— rqo}kmdx[ ;I +Amax(1 o 1)i€1]. (3.20)

Since V{ and V{ are singletons, A;=0,V; =0,

Therefore
AT < Yimax@1 AL+ Vimax (1= @1)E1 < Yimax(1 = 1) Ey (3.21)
and
Vi < hnax® Vi + Amax(1 = 02)Ry < Amax (1 — 02)Ry. (3.22)

Therefore, (3.19) and (3.21) imply

At < p" expl-rqo} v it [of ™ Vimax (1 = @1)E1 + Vinax (1 — ] 1) E1]
< pTexp{-rqoly,L (1 -l )Ex
< pTexp{-rqo— Ty}(l - o:lT)El, (3.23)

from (3.20) and (3.22) we can get

V‘I+1 =p eXP{ VCIO})»maX [ zi_lkmax(]- - QZ)RI + )\max(l - azz_l)iel]
=p eXP{ rqO})\‘de (1 - a%)jél
< p*exp{-rqo - TAH(1 - a3 )R;. (3.24)
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It follows from (3.23) and (3.24) that

Aty <€k, (3.25)
Ve < &Ry, (3.26)
where

e1=plexpl—rgu - Ty}1-of),
€ = ,oT exp{-rq,, — ik}(l - af).

Since V.., = V¥, Vrypr1 =V”, we have A7,; = Er,1, Vx41 = Rx,1, hence (3.25), (3.26) imply

Erg <eak, (3.27)

Rz, < €R;. (3.28)

Now, we get the relationships of Er,1 and Ej, R<,; and R;, So when m = 1, similar to the
analysis of (3.25) and (3.26), we can obtain

Eyrii < €Eria,

Ryzi1 < €Rxy1.

By iterations, we can get

mT+1 = EIE(m—l)T+1 <= G{HEI;

iem‘3+1 = 6211~e(m—1)$+1 <---= E;niel'
Hence, limy,_ o0 Eprs1 = 0 and limy,_ 0o Ryrs1 = 0, which means lim,_, o max ||x;(¢) —
% (D)l =0, i,j € V¥ and lim,_, o, max ||y;(£) — y;(¢)|| = 0, i,j € V* then MNNs (2.9) and (2.10)
are in global synchronization. O

Remark 3.1 The NNs models in this paper are slightly distinct from the general NNs
model. By observing the models (2.9) and (2.10) we find that the two networks are not only
affected by the impulsive coupling control of their own sub-networks, but also each node
is affected by the corresponding node of another MNNs. Compared with other network
models, this model has more complex dynamic behavior. In addition, impulsive coupling
control is used in this paper, which saves communication resources more than continuous

coupling.

Remark 3.2 Theorem 3.1 offers a sufficient criterion under which global synchronization
of MNNs models (2.9) and (2.10) can be achieved with conditions (1), (2) and Assump-
tion 1. How to make the sufficient conditions more general present challenges for future
research.

Remark 3.3 The impulsive sequence in this paper is a set of given random sequences, but
in order to achieve global synchronization, not all impulsive instants need to be coupled,
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so the number of control can be further reduced. In the existing methods, we can use an
event-triggered scheme to further reduce the number of impulsive sequences, but how
to design this event-triggered scheme to work more efficiently is also a direction we will

consider in our next work.

Remark 3.4 For proving the synchronization of general networks, we mainly prove the
stability of the error system which is composed of a drive system and a response system.
However, the synchronization of MNNs requires the trajectory of all nodes to converge
to one track. In this paper, we define two convex hulls A(¢) and V(¢£), which introduced in
Sect. 2.3 (the definition of the convex hull of M), then the diameter of A(¢) and V(¢) means
the maximum error between nodes, when the diameter of the two convex hulls tends to
zero, the maximum error between the nodes tends to zero, and this means that the two

MNN:Ss are synchronized.

Remark 3.5 The main proof ideas of this paper can be summed up as follows: Firstly, we
give the relation between the error of impulsive instant £ (é;(¢{)) and the error of non-
impulsive instant ¢ € (f, tx.1] (e;(£)) by Lemma 2.1, then we get the relationship [|x;(£) -
(O i,j € V¥, |lyi(®) — y; ()]l i,j € VW between the maximum error at impulsive instant &
and at ¢ € (f, tx.1], respectively. In other words, we get the relationships of Ay, A} and Vi,
V;. Next, we derive the expansion rates of A(t) and V(¢) in an impulsive interval (¢, t,1],
and A(¢), V(t) will be reduced by impulsive coupling. By conditions (2.15), (2.16), we can
see that the decreasing rates of A(t) and V(¢) are larger than their expansion rates, then

the two MNNs are able to achieve synchronization.

4 Numerical example
In this section, in order to prove the validity of the appeal theorem, we give the following

numerical simulation.

Example 4.1 Consider the MNNSs (2.9) and (2.10) with N =4

@i — _Cxi(e) + Af((0) + BfT (ot — 1)) + 1(8), ¢ # @)
xi(tf) = Zﬁl di(ti) T (tr)%;(t),
DO __ey(6) + Aglai(®) + Be (it — ) + IO, ¢4t )
yi(t]) = o8 0ltr) Altr)yi(t),

where x;(¢) = (x4 (8),x2(¢))7, ¥i(8) = 0 (8), ij(t))T are the state vectors. It is assumed that
f@) =f7(®) = (ilx1), o(x2) 7, g0) = g7 0) = (@ 1), &2¢2)) 7, and fi(x:) = (1/2)(Jo; + 1| = |x; -
1)),i=1,2,g(y;) = (1/3)(ly;+ 1| - |y;—11),j = 1,2. The delays of 7; and 7, are set to be 0.1. We
give the initial states by x1;(s) = 0.2, x12(s) = 0.5, x21(s) = 0.1, x22(s) = 0.65, x31(s) = —0.35,
%32(8) = =3, x41(8) = 0.7, x42(s) = =0.6, y11(s) = 0.2, y12(5) = 0.3, y21(s) = 0.4, y22(s) = 0.15,
¥31(8) = —0.5, y32(s) = 0.8, ya1(s) = —0.45, ya2(s) = —0.1, s € [-0.1,0].

Taking
10 _3am g9
Al B= 40 33 ,
V2 02 ¥

10

@)
Il
—
o al
—_
tn o
L 1
h
Il
1
e
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State

x1(1)
x1(2) |
x2(1)
x2(2) | 4
x3(1)
x3(2)
x4(1)
x4(2)

(0] 2 4 6 8 10 12 14 16
Time
Figure 1 State trajectory of (4.1) without control
1.5
—y1(1)
1r —y1@) | ]
~ y2(1)
0.5/ —y22) | A
K \\\\ e
e — v32) | |
——— — — a1
V —
o 05 4
=
R .
1.5 4
2l ]
25F 1
-3
0 2 4 6 8 10 12 14 16
Time
Figure 2 State trajectory of (4.2) without control

2 0
¢= ,
0 25

ﬁn 10 _ A+
A = 20 , B = 15
0.5 2r 0.1

0.1

4+1

}7
15

from Figs. 1, 2, 3, and 4, we can see that, if we have MNNSs (4.1), (4.2) without the impulsive

coupling controls, then the synchronizations cannot be obtained.

Next, consider the switching topology shown in Figs. 5 and 6 connected by choosing
VE= {1}, V§=1{1,2,3}, V§ ={1,2,3,4} and Vj = {1}, VJ = {1,2,3}, V¥ = {1,2,3,4}. We

can show that {G},,;,

J Y
Gg(m+1)} and {G2m+1’ GZ(

m+1)

} are sequentially connected (also jointly

connected). The matrices corresponding to the graphs are given as

1

0.5
D(t2m+1) =

0 0 0 0.7
05 0 0 0
. Dt -
0 03 0 (Emen) = |
0o 0 1 0

0 03
0 0
1 ol
0.8 02
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N
[\ [—20]
||
4 - \ q
\

3.5 | 4
e °[ | |
< \

& \ S

251 \ 4

\
\
\
2r \ 1
15 b
1 I I I I I I I
0 2 4 6 8 10 12 14 16

Time

Figure 3 Variation of A(t) in Example 4.1 of (4.1) without control

4.5 T

a4+ N g
[\
[
3s5r| \ 4
. o | 1
g |
* 25 ff \\\ |
| \\
2 )‘» \\ q
0 2 4 6 8 10 12 14 16
Time
Figure 4 Variation of V(t) in Example 4.1 of (4.2) without control
1 0 0 O 08 0 0 0.2
0 08 02 O 0 0
D(t: = , D(¢ =
( 2m+1) 0.9 0 01 0 ( 2(m+1)) 0 1 0
0 0 0 1 0 04 0 0.6

Noting that d;; (£2m+1) = 0.5, 9i1(t2m+1) = 0.9 for any i € V5 and i € Vg. Also we have
Zjev§ dl']‘(tg(m+1)) =1, Zjevg Dlj(tz(m+1)) =1 for any ie Vg, ie Vg, then let o1 = 0.5, a3 = 0.9.
From conditions (2.13) and (2.14) of Lemma 2.1, we solve the following inequality groups
by MATLAB:

r—cCmin + |AP| + ||BP’ || exp{rt}=r-15+5.0707 + 0.2666 x exp{rr} <O,

7 —cmin + ||”L|| + ||%Lr || exp{rt} =r—2.5+3.4074 + 0.1920 x exp{rt} <0,

then we can get » <= —1.0797, choose r = —6, then p = max{1,exp{-6 x 0.1}} = 1. Let g,,, =
qm = 0.6, then the impulsive sequence satisfies fy(;+1) — f2m+1 = 0.3. In order to get the
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)
O
)

(@) ¢ = tam1 (b) t =ta(m+1)

Figure 5 Communication topology among four NNs of G*, m € Z*

®

ONO

(a) t = tomt1 (b) t = ta(m+1)

Figure 6 Communication topology among four NNs of @, m € Z*

conditions (3.3), (3.4) of Theorem 3.1, then solve the following inequality groups:

p” exp{~rqu — Ty}(1 - (1)) =1 x exp{-6 x 0.6 - 0.6 x y}(1-0.5%%) <1,

p~ exp{-rgm — TA}(1 - (a2)¥) =1 x exp{-6 x 0.6 - 0.6 x 1}(1-0.9°¢) < 1,

we can get y > —7.7969, A > —10.6544, let y = -7, » = —10, then by the definitions ymax =
maxis1,ien {Vi(t)} Amax = Maxi>1,ien{ri(te)} and y = —In(Ymax), 2 = —In(Anax), wWe can get
Ymax = €Xp{7}, Amax = exp{10}, then the coupling gains relative to the switching topologies
of {G*} and {G”} are given by

P |08 0 Py | 080
=g 0.0029 | 2mDI= 00,0029 |

M| 080 Ay | 08O
2= 0.0057 | 2mDI=0 00,0056 |

then the conditions (1), (2) of Theorem 3.1 are satisfied, MNNSs (4.1) and (4.2) can reach
global synchronizations with impulsive coupling controls under switching topologies of
Figs. 5 and 6. The state trajectories of all MNNSs are illustrated in Figs. 7 and 8. We can
see that the two MNNs achieve synchronizations finally. Moreover, the max state errors
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1
x1(1)
x12) |
x2(1)
x2(2)

= x3(1) |
x3(2)
x4(1) | |
x4(2)
jo)
S 1 1
(2]
151 ]
2+ B
25 4
-3 L
0 2 4 6 8 10 12 14 16
Time
Figure 7 State trajectory of (4.1) with control
—yi()
— 1@ | A
y2(1)
—y2(2
y3(1) | 7]
¥3(2)
— A | |
— )
[}
= ]
n
15F ]
2+ 4
25 1
-3 L
(0] 2 4 6 8 10 12 14 16
Time
Figure 8 State trajectory of (4.2) with control

between four NNs of (4.1) and (4.2) are defined as

’

A(t) = max ”x,'(t) —x;(¢)
1<ij<4

V() = 1133;”%(15) -0

Then A(t) — 0 and V(£) — 0 as ¢ — oo, which are shown in Figs. 9 and 10.

5 Conclusion

This paper discusses the global synchronizations of the two interconnected bidirection
MNN s with time-delay via an impulsive coupling controller in which the coupling topol-
ogy is variable. After satisfying certain conditions, the two MNNs which affect each other
and achieve synchronizations under the action of impulsive coupling. Compared with con-
tinuous coupling, impulsive coupling can reduce communication bandwidth. In addition,
we give the principle that the model can achieve synchronization under the impulsive cou-
pling controller. Each of the two networks in this paper is not only affected by impulsive
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Figure 9 Variation of A(t) in Example 4.1 of (4.1) with control
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€ |
1.5 ‘\‘ 4
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Figure 10 Variation of V() in Example 4.1 of (4.2) with control

coupling, but also affected by the corresponding nodes in another network. The present
studies on this kind of problem are few, so the research in this paper has some significance.
At the same time, as described in Remark 3.3, the communication data can be further re-
duced by designing a suitable event-triggered scheme to determine the impulse sequence,

this will be considered in the future.

Acknowledgements
The authors are thankful to the editor and the anonymous reviewers for their valuable comments and suggestions.

Funding
This work is supported by the Natural Science Foundation of China under Grants 61976084 and 61773152.

Availability of data and materials
No availability of data and material.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to this work. All authors read and approved the final manuscript.



Wang et al. Advances in Difference Equations (2020) 2020:332

Author details
'College of Applied Mathematics, Hubei Normal University, Huangshi, 435002, China. *College of Mathematics and
Statistics, Hubei Normal University, Huangshi, 435002, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 5 February 2020 Accepted: 22 June 2020 Published online: 06 July 2020

References

1.

20.

21

22.

23.

24.

25.

26.

Mohanty, R, Mallik, B.K., Solanki, S.S.: Automatic bird species recognition system using neural network based on spike.
Appl. Acoust. 161, Article ID 107117 (2020)

. Ali, S, Zhang, JR, Azeem, A, Mahmood, A.: Impact of electricity consumption on economic growth: an application of

vector error correction model and artificial neural networks. J. Dev. Areas 54(4), 90-104 (2020)

. He, C, Li, JM.: Event-based aperiodically intermittent pinning synchronization control strategy for linearly coupled

complex networks. Nonlinear Anal. Hybrid Syst. 36, Article ID 100836 (2020)

. Pikovsky, A, Rosenblum, M., Kurths, J.: Synchronization: A Universal Concept in Nonlinear Sciences, vol. 12.

Cambridge University Press, Cambridge (2003)

. Ramirez, J.P, Garcia, E.,, Alvarez, J.: Master-slave synchronization via dynamic control. Commun. Nonlinear Sci. Numer.

Simul. 80(2020), Article ID 104977 (2019)

. He, W, Qian, F, Cao, J.: Pinning-controlled synchronization of delayed neural networks with distributed-delay

coupling via impulsive control. Neural Netw. 85, 1-9 (2017)

. Feckan, M, Sathiyaraj, T, Wang, J.R.: Synchronization of butterfly fractional order chaotic system. Mathematics 8(3),

446 (2020)

. Alsaedi, A, Usha, M., Syed Ali, M., Ahmad, B.: Finite-time synchronization of sampled-data Markovian jump complex

dynamical networks with additive time-varying delays based on dissipative theory. J. Comput. Appl. Math. 368,
Article ID 112578 (2020)

. Martinez-Guerra, R, Cruz-Ancona, C.D,, Pérez-Pinacho, C.A.: Generalized multi-synchronization viewed as a

multi-agent leader-following consensus problem. Appl. Math. Comput. 282, 226-236 (2016)

. Cruz-Ancona, C.D, Martinez-Guerra, R, Pérez-Pinacho, C.A.: Generalized multi-synchronization: a leader-following

consensus problem of multi-agent systems. Neurocomputing 233, 52-60 (2017)

. Shen, B, Wang, Z,, Liu, X.: Sampled-data synchronization control of dynamical networks with stochastic sampling.

|EEE Trans. Autom. Control 57(10), 26442650 (2012)

. Yang, SF, Guo, Z.Y,, Wang, J.: Robust synchronization of multiple memristive neural networks with uncertain

parameters via nonlinear coupling. IEEE Trans. Syst. Man Cybern. Syst. 45(7), 1077-1086 (2015)

. Lu, WL, Chen, T.P: Synchronization of coupled connected neural networks with delays. IEEE Trans. Circuits Syst. |,

Regul. Pap. 51(12), 2491-2503 (2004)

. Liu, Y.C, Liao, X F.: FLS-based finite-time synchronization of delayed memiristive neural networks with interval

parameters and nonlinear couplings. Phys. A, Stat. Mech. Appl. 553, Article ID 121890 (2019)

. Wang, WW, Cao, J.D.: Synchronization in an array of linearly coupled networks with time-varying delay. Phys. A, Stat.

Mech. Appl. 336(1), 197-211 (2006)

Mathiyalagan, K., Park, JH., Sakthivel, R.: Synchronization for delayed memristive BAM neural networks using
impulsive control with random nonlinearities. Appl. Math. Comput. 259(15), 967-979 (2015)

Li, N, Cao, J.D.: Synchronization criteria for multiple memristor-based neural networks with time delay and inertial
term. Sci. China, Technol. Sci. 61(4), 612-622 (2018)

. Yang, SF, Guo, Z.Y,, Wang, J.: Global synchronization of multiple recurrent neural networks with time delays via

impulsive interactions. IEEE Trans. Neural Netw. Learn. Syst. 28(7), 1657-1667 (2017)

Chen, JJ., Zeng, Z.G,, Chen, BS.: Effects of subsystem and coupling on synchronization of multiple neural networks
with delays via impulsive coupling. IEEE Trans. Neural Netw. Learn. Syst. 30(12), 3748-3758 (2019)

Chen, Y, Yu, W, Li, F, Feng, S.: Synchronization of complex networks with impulsive control and disconnected
topology. IEEE Trans. Circuits Syst. Il, Express Briefs 60(5), 292-296 (2013)

Jia, Y, Wu, H.Q, Cao, J.D.: Non-fragile robust finite-time synchronization for fractional-order discontinuous complex
networks with multi-weights and uncertain couplings under asynchronous switching. Appl. Math. Comput. 370,
Article ID 124929 (2020)

Cheng, WK, Wu, AL, Zhang, J.E, Li, BLL: Adaptive control of Mittag-Leffler stabilization and synchronization for
delayed fractional-order BAM neural networks. Adv. Differ. Equ. 2019, Article ID 337 (2019)

Li, L, Chen, W.S, Wu, X.J.: Global exponential stability and synchronization for a novel complex-valued neural
networks with proportional delays and inhibitory factors. IEEE Trans. Cybern.
https://doi.org/10.1109/TCYB.2019.2946076

Li, X.D., Martin, B.: An impulsive delay differential inequality and applications. Comput. Math. Appl. 64(6), 1875-1881
(2012)

Li, X.D., Shen, J.H., Rakkiyappan, R.: Persistent impulsive effects on stability of functional differential equations with
finite or infinite delay. Appl. Math. Comput. 329, 14-22 (2018)

Li, X.D,, Yang, XY, Hang, TW.: Persistence of delayed cooperative models: impulsive control method. Appl. Math.
Comput. 342, 130-146 (2019)

Page 22 of 22


https://doi.org/10.1109/TCYB.2019.2946076

	Synchronization of bidirection multiple neural networks with impulsive coupling control
	Abstract
	Keywords

	Introduction
	Preliminaries
	Graph theory
	Model description
	Deﬁnitions and properties

	Main results
	Globally synchronization

	Numerical example
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


