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1 Introduction

In modeling in the biological, physical, and social sciences, it is sometimes necessary to
take account of optimal control or time delays inherent in the phenomena (see for example
[4, 16]). The inclusion of delays explicitly in the equations is often a simplification or ideal-
ization that is introduced because a detailed description of the underlying processes is too
complicated to be modeled mathematically, or because some of the details are unknown.
More generally, how does the qualitative behavior depend on the form and magnitude
of the delays? In this paper we examine how we can apply the distributed delay term for
knowing the behavior of growth of solutions for a coupled nonlinear Klein—Gordon sys-
tem with strong damping, source terms.

We consider the following system:

Uy + mu® — Au— w1 Ay + fotg(t —s)Au(s)ds

+patg + [ | pa(0)lue(x,t - 0)do = filw,v),  (x,1) € 2 x R,
Vi + MV — AV — wy Av, + foth(t —8)Av(s)ds

+ ave + [ na(0) v t —0)do = o(u,v),  (x,0) € 2 xRy,
u(x, t) =0, v(ix,t)=0, x€ds2,
ur(x, —t) = folx, t), ve(x, —t) = ko(x, )  (x, ) € £2 x (0, 1),

(1.1)

u(x,0) = uo(x), u(x,0) = up(x), x€82,

v(x,0) = vo(x), ve(x,0) =v1(x), x€ 82,
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where £2 is a bounded domain in R” with smooth boundary 9£2 and the source terms are

defined as follows:

filw,v) = ayu + v (u +v) + by |ul? | v|P*?, 12)

folu,v) = ar|u + v (u + v) + by [v|P v |ulP+? '
and my, my, w1, Wy, 1, U3, 41,01 > 0, and 71, 75 are the time delay with 0 < 7; < 73, and
W2, La are L= functions, and g, & are differentiable functions.

Viscous materials are the opposite of elastic materials that possess the ability to store
and dissipate mechanical energy. As the mechanical properties of these viscous substances
are of great importance when they appear in many applications of natural sciences, many
authors have given attention to this problem since the beginning of the new millennium.

In the case of only one equation and if w; = 0 (i.e., Ay, = 0), and 1 = g = 0. Our prob-
lem (1.1) has been studied in [7]. By using the Galerkin method they established the local
existence result. Also, they showed the local solution is global in time under suitable con-
ditions and with the same rate of decaying (polynomial or exponential) of the kernel g.
They proved that the dissipation given by the viscoelastic integral term is strong enough
to stabilize the oscillations of the solution. Moreover, their result has been obtained un-
der weaker conditions than those used in [11]. In [12], the authors proved the exponential

decay of the following problem:
t
Uy — AU+ / gt —s)Au(s)ds + alx)u; + |ul” .u=0. (1.3)
0

This later result has been improved in [7], in which they showed that the viscoelastic dis-

sipation alone is strong enough to stabilize the problem even with an exponential rate.
In many works on this field under assumptions of the kernel g. For problem (1.1) and

with @1 # 0, for example, in [18], the authors proved a blow-up result for the following

problem:

uy — Au+ [ gt —s)Au(s)ds +uy = [ulP2u, (x,t) € R" x (0,00), 14)
u(,0) = up(x),  u(x,0) = ma(x), '

where g satisfies fooo g(s)ds < (2p — 4)/(2p - 3), initial data were supported with negative
energy like that [ uou; dx > 0.
If (w > 0). In [29], the authors considered the following problem:

uy — Au+ [° gt =) Au(s)ds — Au, = |ulP>u, (x,t) € 2 x (0,00), 5)
u(x, 0) = uo(x), t(x,0) = 1 (x). '

Under suitable assumptions on g that there were solutions of (1.5) with initial energy, they
showed the blow-up in a finite time. For the same problem (1.5), in [30], Song et al. proved
that there were solutions of (1.5) with positive initial energy that blows up in finite time. In

addition, in [19] the authors showed a blow-up result if p > m and established the global
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existence of the following problem:

Uy — Au + foocg(s)Au(t —8)ds — e1Auy + eoug|uy|2 = esululP?,
ulx,t)=0, x€08,t>0, (1.6)

u(x,0) = uo(x), u:(x,0) = up(x), x€ 8.

In the case of coupled of equations, in [2], the authors studied the following system of

equations:

g — Avt+ vy |2 = fi(u,v), (1.7)
Vi — AV + v v 72 = fo(u, v),

with nonlinear functions f; and f; satisfying appropriate conditions. Under certain restric-
tions imposed on the parameters and the initial data, they obtained numerous results on
the existence of weak solutions. They also showed that any weak solution with negative
initial energy blows up for a finite period of time by using the same techniques as in [17].

In [6], the authors considered the system:

e = Au+ (alul + bV Vg |u "> = fi(w, v), 18)
Vi = Av + (alul’ + BV W vl = fou, ), '
where they stated and proved the blow-up in finite time of solution under some restric-
tions on the initial data and (with positive initial energy) for some conditions on the func-
tions f; and f5.
Later, in [23], the authors extended the result of [6], where they considered the following

nonlinear viscoelastic system:

Uy — A+ foocg(s)Au(t —s)ds + (a|lul* + b|v|)uu |2 = fi(u,v), 1.9)
Vi — Av+ [5° h(s) Av(t = s)ds + (alul” + bIvI)ve|v,|™% = f(u, V) '

and proved that the solutions of the system of wave equations with viscoelastic term, de-
generate damping, and strong nonlinear sources acting in both equations at the same time
are globally nonexisting provided that the initial data are sufficiently large in a bounded
domain of £2.

To complement the above works, we are working to prove under appropriate assump-
tions that the solution of problem (1.1) grows exponentially:

. 2(p+2) 2(p+2)
tlirglo Nl + VUl 5  gOES to 00. (1.10)

The paper is organized as follows. In Sect. 2, some necessary assumptions related to the

problem are given. Then, in Sect. 3, the main result is proved.

2 Assumptions

We consider the following assumptions:
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(Al) g, h:R, — R, are differentiable and decreasing functions such that

g(®) =0, 1- fooog(s) ds=1;>0,
h(t) > 0, 1- [ h(s)ds=1>0.

(A2) There exist constants &1, &, > 0 such that

gt <-&g@), t=0,
W(t) <-&h(t), t=>0.

(A3) o, g : [T1, 2] = R are L* functions so that, for all § > %,

28-1\ [7
Qg—)/lmwmw<m,
151

25 -1 =
(T)/ |M4(Q)|dQ < 3.
7

3 Main results
In this section, the blow-up result of solution of problem (1.1) is proved.

First, as in [22], we introduce the new variables:

y(x, 0,0, 8) = ug(x, £ — 0p),

z(x, p,0,t) = vi(x, t — 0p),
then

Qyt(x’prgrt) +)’p(9€,p,Q,t) = 07
y(x,0,0,t) = u(x, t),

and

0z:(%, p,0,) + 2, (%, p,0,8) = 0,
Z(x) 0, 0, t) = Vt(x, t).

Let us denote

! 2
gou-/g/o g(t—s)|u(t)—u(s)| dsdx.

(2.2)

(3.2)

(3.3)

Page 4 of 15
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Therefore, problem (1.1) takes the form

Uy + mu® — Au— w1 Au, + f(fg(t —8)Au(s)ds

+ s+ [ 12(0)ly(x, 1 0,0) do = fr(w,v), x€2,t>0,
Vit + MoV — Av — wy Avy + fot h(t —s)Av(s)ds

. (3.4)
+uave + [ 2 lnalo)lz(x, Lo,t)do = fo(u,v), x€ 2,620,
Qyt(x; prQrt) +yp(x’p1Qrt) = Oy
0z(x, p,0,t) + z,(x,0,0,£) =0
with the initial and boundary condition
u(x, t) =0, vix, t) =0, x€0d82,
y(x, IO’Q’O) :fO(x»Qp)r z(x, /O:Q,O) =k0(x,Q/0)’ 3 5)
M(x: 0) = M()(x), Mt(x! O) = Ml(x),
v(x,0) = vo(x), v (%,0) = v1 (),
where
(%, p,0,t) € 2 x (0,1) x (11, 72) x (0, 00).
Theorem 3.1 Assume (2.1), (2.2), and (2.3) hold. Let
“l<p<®2, n=3,
" (3.6)

p=>-1, n=12.
Then, for any initial data,
(uo, u1,vo,v1,f0, ko) € H,
where

H = Hy(2) x L*(2) x Hy(2) x L*(2) x L*(£2 x (0,1) x (11, T2))

X Lz(.Q x (0,1) x ('Cl,'[z)),
problem (3.4) has a unique solution
ueC([0, T} H)
forsome T > 0.

In the next theorem we give the global existence result, its proofis based on the potential
well depth method in which the concept of so-called stable set appears, where we show
that if we restrict our initial data in the stable set, then our local solution obtained is global
in time. We will make use of arguments in [28].
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Theorem 3.2 Suppose that (2.1), (2.2), (2.3), and (3.6) hold. If ug,vo € W, uy,v1 € H}(82),
¥z € LZ(Q X (Or 1) X (TI! t2))1 and

)

p-

bC? 2p
; ((p - 2)1E(0)) <1, (3.7)

N‘

where C, is the best Poincare constant, then the local solution (u,v,y,z) is global in time.
In order to achieve the main result, the following lemmas are needed.

Lemma 3.1 There exists a function F(u,v) such that

F(u,v) = 2(,01+ ) [uﬁ(u, v) + vha(u, v)]
= m[al |+ V2@ 4 2by [uv]P*?] > 0,
where
% =fi(u,v), % = fo(u,v),

taking a; = by = 1 for convenience.

Lemma 3.2 ([23]) There exist two positive constants ¢y and ¢y such that

co 2p+2) |, |112(0+2) c 2p+2) | 1,20+2)
u +|v < F(u,v) < U +|v . 3.8
20—y (PO WPP2) < ) = s (0 2 e2) (3.8)

Define the energy functional as follows.

Lemma 3.3 Assume that (2.1), (2.2), (2.3), and (3.6) hold, let (u, v, y, z) be a solution of (3.4),
then E(t) is nonincreasing, that is,

1 1 mi my 1 1
E@) = = |lu)? + = ||vell2 + = ||u])2 + == |[V||2 + =L | V|2 + = || VV|?
) 2|| el 2|| el 3 llzellz ) lvilz 5 1Vull; 22|| Il

1 1 1
+ —(goVu) + —(hoVv) + =K (y,2) —/ F(u,v)dx (3.9)
2 2 2 5
satisfies
1)
E@) < —Cs{ llaee13 + lvell3 + llzell3 + VI3 +f f [12(0)[y*(x,1, 0,8) do dx
2 71
™
+// ‘M4(Q)}zz(x,1,g,t)dgdx}50, (3.10)
2Jn
where

1 T
K&Z)z/ﬂ/o/ of |20y’ &, p, 0,8) + |11al0) |2 (x, p, 0, )} dodpdx.  (3.11)
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Proof By multiplying the first and the second equation in (3.4) respectively by u;, v, and

integrating over §2, we get
d(1 2 1 2 my 2 1445) 2 1 2 1 2 1
— = luells + = lvells + = llulls + —1Ivll5 + =Ll Vull; + =L|IVv|; + =(goVu
dt{zll el 2|| el 2|| Il 2|| I3 21|| Il 22|| I3 2(g )
1
+ =(hoVv) - | F(u,v)dx
2 2
™
~ et -l - [ e [ eyt 10,0 deds
2 T1
™
sl =l = [ e [ ns(e)|ats e, dod
2 T1
+

1
(g'oVu) - Eg(t)nwn% - 01| Vi3

+

NI—= N -

, 1
(HoVv) = SHOIVVIZ = @ IVVil3, (3.12)

and, from the initial and boundary condition in (3.4)

il/// |142(0) |y (%, p, 0,8 do dp d.
dr 2 oJo . Q| 20)|Y X, 0, Q) oapax

1 1 19
=5 [ | [ 2@y, dedpas
2 J0 51

1 2
- 5/9/ |M2(Q)|y2(x¢O;Q;t)dex
il

1 ]
) / / |M2(Q)b’2(x, 1,0,t)dodx
2Jn

1 2 2
-3 / a(0) do ) |2
7

1 [ [
-3 /g / 2@ 1, 0,1) do dx (3.13)

and

dt 2

1 1 19
:—E/ / / 2|u4(g)‘zzpdgd,odx
2 J0 51

1 B2
-5 / / 114(@)|22(6,0, 0, 2) dg dx
RJn

d1 [ ['[® )
2J0 T

1 2
- 5/ / |”4(Q){Z2(x,1,g,t)dgdx
RJn

1 2 2
-3 / a(0) do ) vl
71

1 [ [
5 / / |nalo)|2*(x, 1, 0,8) do dx, (3.14)
RJn

Page 7 of 15
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then
d 2 2 2 1 /
JiE@ = —palluelz = rmlull; - |na(0)|uey(x, 1,0, 8) do dx + = (g'oVu)
t 2Jq 2
1 2 2 1 2 2
—Eg(t)IIVullz—wlllvmllﬁ5 luale) do Jlu:ll;
51
1 2 5
1 / / 112025 1,0, 1) do dx
2 RJ1
2 2 © 1 /
~paliull = maviE - [ [ nat@lvicto g, deds + 3 (V)
2Jn
]‘ 2 2 1 2 2
_Eh(t)”VV”z_wZ”VVt”z"'5 [ualo) do JIvell
51

1 [ [
- fg f |144(0)|22(x, 1,0, 1) dg dx. (3.15)

By (3.12)—(3.14), we get (3.9). Also, by using Young’s inequality, (2.1), (2.2), and (2.3) in
(3.15), we obtain (3.10). O

Now, we define the functional
1 1 m my 1
H(t) = —E(t) = —Enutn% - Envtu% - 7||u||§ - 7||v||§ - Ellnwni
1 1 1 1
- E12||VV||§ - E(goVu) - 5(how) - EK(y,z)

+

[lee + vIS03) + 2luv]?]. (3.16)

1
2(p +2)

Theorem 3.3 Assume that (2.1)—(2.3) and (3.6) hold. Assume further that E(0) < 0, then
the solution of problem (3.4) grows exponentially.

Proof From (3.9 we have
E(t) <E(0)<O. (3.17)
Therefore,
H'(t) = —E'(¢)
2
zc3(||ut||§+||u||%+ff |12(0)|y*(x, 1, 0,t) do dx
2Jn
™
vt i+ [ [ @l 1 00de dx). (3.18)
2Jn
Hence

5]
H’(t)z@// |l12(0) [y, 1,0,8) do dx > 0,
2Jt
. (319)
HOze [ [ le@|PeLe0dedr =0
RJn

Page 8 of 15
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and

2(p+2)

[l + vl + 2luvl

0 < H(0) < H(t) < ey

p+2

1
2(p+2)

a 2(p+2) 2(p+2)
= 2(p +2) [”””2(p+2> + ”V”z(wz)]' (3.20)

Setting

K(t) =H+8/ (uuy + vvy) dx + i/ (u14® + pusv?) dx
2 2 Ja

+ % /Q(a)l(Vu)2 + wr(VV)?) dx, (3.21)

where ¢ > 0 to be assigned later.
By multiplying the first and second equation on (3.4) respectively by u«,v and with a
derivative of (3.21), we get

K@) =H'(0) + e (el + lvell3 + Null3 + 1vI13) = e (1Vull3 + 1V vI3)
t t
+s/ Vu/ g(t—s)Vu(s)dsdx+s/ VV/ h(t—s)Vv(s)dsdx
17) 0 Q 0
2 1]
—8/ / |Mz(9)|uy(x,1,Q,t)d9dx—£/ / |1a(0)|v2(x, 1, 0,8) do dx
2 71 2 T1
2(p+2)

2
+ e[l + vipory + 2luvihs]. (3.22)

Using Young’s inequality, we get

™
s// |12(0) |uy(x,1,0,t) do dx
2Jr

< 8{81 </ | 112(0)| dQ) llull

1 &
v | {uz(@)|y2(x,1,9,t)d9dx}~ (323)
461 Jo Jy,
Thus
15}
e[ [ luatolvats o0 dods
2 71
93 9
58{82(/ IM(Q)IdQ)IIVIIz
51
1 & )
vas [ sl 00 dod ) (324)
482 Jo Jo

Also

t
8/ g(t—s)ds/ Vu.Vu(s)dxds
0 I?)

Page9of 15
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= 8/0 g(t-ys) ds/s2 Vu.(Vu(s) - Vu(t)) dxds

t
+ 5/ g(s) dslquH%
0

> g /0 g0 dsIVul? - g(gow), (3.25)
so
8/0 h(t—s)ds/QVV.Vv(s)dxds
=¢ /Oth(t —5) ds/Q Vv.(Vv(s) - VV(L‘)) dxds
+£/Oth(s) ds||Vv||%
> % /0 h(s) ds||Vv|)? - %(hon). (3.26)
From (3.22)

K/ (8) = B (2) + e (Ilae 3 + llaael3 + lael3 + [1V113)

_g(<1 - % /Otg(s)ds>||Vu||% + (1 - % /Oth(s)ds)HVvM%)
et ( / 2|M2(Q)|d9)||u||§—852< / 2\#4(9)|dQ>IIVII§

P € 2
__(gow)-—// |12(0)|y*(x,1,0,8) do dx
2 a8, Jo I,

e e R
- 500 - 1o [ [ a2 001 dod
2 46 Jo Jy

2(p+2 2
e[l +viob) + 2lluvlis)- (3.27)

1
481c¢3

1
467c3

Therefore, using (3.19) and by setting §;,8; so that
(3.27), we get

= % and = %, substituting in

K@) = [1= e JH'(2) + & (lluell5 + v ll3 + a3 + 1v13)

—s[<1 - % /otg(s)ds>]||VuII§ —8[(1 - %/Oth(s)ds>]||VV||§

1 ([
—s—s(/t |u2<@)|d9)||u||§—§cgovm

1

1 ([
oo ([ sto) o) - 109

1

2(p+2 2
e[llu+vioeeD) + 2lluvlis): (3.28)

Page 10 of 15
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ForO0<a <1, from (3.16)

2(p+2)

+2 2(p+2) +2
e[l +vIoEs) + 2uvl v p

ria) =ealllu+ VIl + 2lluvhs]
+82(p +2)(1 — a)H(t)

+e(p+2)(1 - a)(lluell5 + l1vell3)

+s(p+2)(1—a)(1— f tg(S)dS)IIVMH%
0

+e(p+2)(1 - a)(l - /th(s) ds> ||VV||§
0

—e(p+2)(1-a)(goVu)
—e(p+2)(1 -a)(hoVv)
+e(p+2)(1-a)K(y,z). (3.29)

Substituting in (3.28), we get

K'(®) = [1-ecTH () + e[ (p + 201 —a) + 1] (I3 + [vell3 + llull3 + [VII3)

+8|:(p+2)(1—zz)<1—/0tg(s)ds) - (1—%/Otg(s)ds):|||Vu||§
+8[(p+ 2)(1 —a)<1 —/th(s)ds> - <1 - % /th(s)ds):|||Vv||%
0 0

1 1) ) 1 7 ,
oo (/ |,U«2(Q)|dQ>||u||2—82c3K (/ |M4(Q)|dg)||v||2

+e(p+2)(1-a)K(y,z) + s|:(p +2)1 -a) - %](goVu + hoVv)
+eafllu+vIsr + 2uvll] + e2(p + 2)(1 - @)H(). (3.30)

Using Poincare’s inequality, we obtain

K'() = [1 - ex]H (&) + e[ (p + 2)(1 = a) + 1] (luell3 + Ivell3 + Nl + [v113)

+8{[(p+2)(1_d)_1]_(/:g(s)ds)[(p+2)(1—ﬂ)—%j|

_i(/ |m(s)|ds>}||w||§

+8{[(P+2)(1—ﬂ)—1] - (/Oth(s)ds>[(p+2)(1_a)_ﬂ

—i(/z|u4(3)|d8>}llwlli

+e(p+2)(1-a)K(y,z) + g|:(p +2)(1-a)- %](gow + hoVv)

2(p+2 2(p+2
+ecoal[lulllry) + V5]

+&2(p +2)(1 — a)H(z). (3.31)
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In this stage, we take a > 0 small enough so that
a1=p+2)(1-a)-1>0,

and we assume

max{/oog(s)ds,/ooh(S)ds} < p+2)(1-a)-1 2 (3.32)
0 0

(p+2)1-a)-1) 20 +1

Then we choose « so large that

oy = {(19+2)(1—oz)—1)—/0 g(s)ds((p+2)(1—a)— %)

_ i(/ 2|,u2(s)|ds)} >0,

o3 = {(p+2)(1—a)—1)—/Oth(s)ds<(p+2)(1—a)— %)

_i</ 2|M4(s)|ds)} >0.

We fixed k and a, we appoint ¢ small enough so that
ag=1—-¢ex >0,
and from (3.21) we get

2(p+2
[lee + I3 + 2l uv]

K(t) <

7ol

1
2(p +2)

C1

2(p +2)

=

2(p+2 2(p+2
[lelisry) + vl (3.33)

Thus, for some § > 0, estimate (3.31) becomes

K () = B{H() + lluell3 + Vel + Naell3 + VI3 + 1IVall3 + VI3
+(goVu) + (hoVv) + K(y,2)

+ [l 3) + s3]} (3:34)

By (3.8), for some $; > 0,

2 2 2 2 2 2
K'() = Bu{H® + luell5 + 1velly + Nlly + 1vl5 + Va3 + [Vl

+ (goVu) + (hoVv) + K(y,2)

2(p+2

+ [+ vInEs + 20w ]) (3.35)

and

K(t) = K(0)>0, ¢>0. (3.36)

Page 12 of 15



Rahmoune et al. Advances in Difference Equations (2020) 2020:335

Next, using Young’s and Poincare’s inequalities ([12]), thus from (3.21), we have

K@) = (Hl_a + 8/ (uus + vvy) dx + f/ (,u,lu2 + ,u3v2) dx
2 2Je

&

+ —/ (01V? + 0, VV7P) dx)
2 Je

- C{H(t) . + ulls + |Vl

/ (uus + vvy) dx
2

+ Vi[> + IIVV||2}

< c[H() + [luell3 + vell3 + Nl + VI3 + IVl + Vvl
< c[H(E) + el + Ivell3 + Null3 + VI3 + [ Vall3 + V)3 + (goVu)
2 2 2 2
+ (hoVv) + ||l 5000 + [vIers) ] (3.37)

for some ¢ > 0. From inequalities (3.34) and (3.37) we obtain the differential inequality
K'(t) > AK(2), (3.38)

where A > 0, depending only on 8 and c.
A simple integration of (3.38) gives

K(t) = K(0)e™  for any ¢ > 0. (3.39)

From (3.21) and (3.33), then

C

1
2(p +2)

K(t) < [leeliors) + V15 ] (3.40)

By (3.39) and (3.40) we have

2(p+2 2(p+2
lloy) + Vi) = Ce, ¥t >0,

Therefore, we conclude that the solution grows exponentially. This completes the proof. [J

4 Conclusion

In this work, the growth of solutions for a coupled nonlinear Klein—Gordon system with
strong damping, source, and distributed delay terms was studied. Next, motivated by last
works in [1, 3, 5, 8-10, 13-15, 20, 21, 24-27, 31], and [16], we obtained the growth and
blow-up for the studied problem (1.1) by constructing a type of cross-constrained varia-
tional problem and establishing so-called cross-invariant manifolds of the evolution flow.
Then, the result of how small the initial data for which the solution exists globally was
proved by using the scaling argument.
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