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1 Introduction

Discrete fractional calculus and fractional difference equations have been widely studied.
Goodrich and Peterson gave some useful basic definitions and properties of fractional
difference calculus in the book [1]. Discrete fractional calculus can be applied in queuing
problems, economics, logistic map, and electrical networks, see [2—4]. The extension of
discrete fractional calculus has helped to build up some of the basic theory in this area,
see [5—-32] and the references cited therein.

The boundary value problem for fractional differential equations and the system of
equations with p-Laplacian operator were presented in [33-39] and [40-44], respec-
tively. Particularly, the boundary value problem for fractional difference equations with
p-Laplacian operator was presented in [45-47]. In addition, the existence results of sys-
tems of fractional boundary value problems were presented in [48—55].

We observe that the boundary value problem of a coupled system of nonlinear fractional
difference equations with p-Laplacian operator has not been studied. This result is the
motivation for this research. In this paper, we aim to study the coupled system of nonlinear
fractional sum-difference equations with p-Laplacian operator

A?(bp[Aglul(t)] = Fl[t + 0o + /31 -1,t+ Oy + ,32 -1, Aylul(t + 0o + ,31 - ]/1),
U2yt + oy + By +wy— 1), us(t+ g + By + wy — 1)], (1.1)
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Aocl2¢p[A22M2(t)] =Bft+ay+fa—Lt+ar+pi— 1L, A uy(t + s+ fo— )

lllwlul(t+ o) + ,31 +w) — 1),M1(t+0[1 + ﬂl + w1 — 1)]
with the nonlocal fractional sum and fractional difference boundary conditions

A’é‘m(al -1)=0, ur(T + o1 + B1) = Ao A™2g5(n2 + 02)uz (1 + 62), 12)
AP uy(ar -1) =0, ur(T + 0z + Ba) = M A" g1 (m1 + 01)ua (1 + 61),

where ¢t € No7 := {0,1,..., T}, a;Bsviw,0; € (0,1), oy + B; € (1,2], A; >0, n; €
NO{,‘+/3,‘—1,T+Oli+ﬂl‘—l’ Fi € C(Na1+ﬂ1—2,T+a1+ﬂ1 X Na2+f32—2,T+a2+ﬁ2 X RB,R):gz’ € C(Nﬂtl‘+ﬁl‘—2,T+Dtl'+ﬂi,
R+): and fOI‘ @i Na1+/51—2,T+a1+/31 X Na2+ﬂ2—2,T+a2+ﬂ2 - [O: OO),

lI/“”'ui(t + C(),') = [A’“’hpiui](t + a)i)
t—w;

:P(Iw) Z (’f—(f(s))wi‘lw(t,s+wz’)ui(5+wi)

s=oj+Pi—wi—-2

for i € {1,2}. For p > 1, the p-Laplacian operator is defined as ¢,(x) = |x["~%x, where ¢, is
invertible and its inverse operator is ¢, where g > 1 is a constant such that }7 + % =1.
Our plan is as follows. In Sect. 2, we recall some basic knowledge and convert (1.1)—(1.2)
to an equivalent summation equation and find its solution. In Sect. 3, we prove existence
and uniqueness of the solution of boundary value problem (1.1)—(1.2) by using the Ba-
nach fixed point theorem. Some examples to illustrate our result are presented in the last

section.

2 Preliminaries
Notations, definitions, and lemmas which are used in the main results are given as follows.
(t+1)

I (t+1-a)
«a for which the right-hand side is defined. If £ + 1 — « is a pole of the gamma function and

Definition 2.1 The generalized falling function is defined by % :=

for any ¢ and

t + 1is nota pole, then t£ = 0.

Lemma 2.1 ([5]) Assume that the following factorial functions are well defined:
(1) (- p)tt = 1 where u e R.
(i) Ift <r, thent* <r*foranya >0.

Definition 2.2 Let « > 0 and f be defined on N, the «-order fractional sum of f is defined
by

A0 = s St @)

where t € N ., and o (s) =s + 1.

Definition 2.3 For « >0 and f defined on N,, the o-order Riemann-Liouville fractional
difference of f is defined by

t+a

A“F(t) = AN AN () = ﬁ (- o ()7F(s).

S§=a
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The «-order Caputo fractional difference of f is defined by

t—(N-a)

NEF @)= AN = s 3 (-0 (9)"

LANE(s),

where t € N;yn_o and N € N is chosenso that 0 <N -1 <o < N.If @ = N, then A%f(t) =
AL () = AYf (1)
Lemma 2.2 ([7]) LetO<N -1<a <N. Then
AALy() =yt) + Co+ Cit +--- + Cy_ 1YL
forsome C; e R, with1 <i<N.

We provide some properties of the p-Laplacian operator as follows.
(A1) If1<p<2,xy>0and |x|,|y| = m >0, then

|¢p(x) - ¢p(y)| <(p- 1)mp'2|x—y|;

(A2) If p>2,xy>0and |x|, |y| <M, then

|9y (%) = 9, ()| < (p — DMP?|x — y].

Next, we find a solution of the linear variant of boundary value problem (1.1)—(1.2) as

shown in the following lemma.

Lemma 2.3 Fori,j € {1,2} and i #j, let A #0, a;,B;,0; € (0,1), o; + B; € (1,2], A; > 0 be
given constants, h; € C(Ny,1p,-2,740;+pR) and g; € C(Ny,1p,-2,740,4p, R*) be given func-
tions. Then the linear variant problem given by

Al [Aliui(t)] = hi(t + ;= 1), teNor, (2.1)
APu(ai-1) =0, (2.2)
wi(T + oy + Bi) = A igi(n; + 0)uj(ny +6), nj € Noj1g-1,T+0j4-1 (2.3)

has the unique solution (uy,u,), where

t1-p1 s—aq

Ml(tl) F(;l) Z (t - ()) ¢q|:1_,(1 )Z( _G(E))al_lhl(g+al+ﬁl_l):|

s=a1—1

1

+ %{ (F)E(;l) Z (m+61- 0(5))61_1g1(5)>7)[h1»h2] + Qlh1, hy) }; (2.4)

s=a1+P1-2

tr—PB2 s—a
uz(tz)=%ﬁ) > (- (s))¢>q[ (1 Z)Z(s—a(@)” (é+az+ﬂz—1>}
s=ap—1 £=0

2
+ % { (F?;Z) HZZ/;Z (12 + 62— 0:(5)) = gz(S)) (A1, 1] + Plhy, o] }, (2.5)
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where t; € Ny, 710,48, the constant A is defined by

Aho n

n2
X L nrtoo() - 2:6)
s=ap+f2-1

and the functionals Plhy, hy), Qlhy, hy] are defined by

Plh1,hs]
1 T+ay
x ¢’q|:% Z(S—G(S))al_l (E+a1+B1— 1):|
£=0
2 ) -
F(ﬁZ)F 92 r= a;z lsgl " 02 - —( _U(S))_gZ(r)
X ¢q|:ﬁ Z(S—O'(E))Ehz(é +012+,32—1)i|, (27)
£=0
Qlh, ho)
1 T+ag
i B s

X ¢q|:ﬁ Z(S—G(E))ﬁhz(é taz+ By — 1)i|

£=0
3 v p1-1
F(ﬁl)r 61) _ Xﬂ: lsgl m+ 6 =0 ()7 (r-0(9)" =
1 s—aq o
X¢q|:m EXZO:(S—G(E)) 1h1(.§ +a1+/31—1)j|. (2.8)

Proof For i,j € {1,2} and i #J, taking the fractional sum of order ¢; for (2.1), we have

t—a;

Op[ AL ui(t)] = Coi + ﬁ > (t -0 () s + o+ Bi— 1) (2.9)
g0

fort e Na,-—l,thi'
From boundary condition (2.2), it implies that

Coi = 0.

Page 4 of 22
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Then from (2.9) we have

Aﬁlu(t |:F(oz z:(): t o(s 7}1 s+a,+f3,—1)i|

Next, taking the fractional sum of order g; for (2.10), we have

1 s—a; o
X ¢q|:m 2(5—0(5)) e + g+ B - 1)j|

fort e Noti+,3i—2,T+ozi+f3,'-

Using the fractional sum of order 6; for (2.11), we get

1

T Y 2 o0 r-o)

r=a;+p;-1s=a;—1

1 S—o e
x¢q|:m§(s—0(§)) “hy ’+,Bi—1)j|

fort e Nai+ﬂi+9i—3,T+ai+ﬂi+9i'
Using boundary condition (2.3) implies

. n
Ch-Cpp—— 0, —
n-Copos s:a;;Q (12 + 6, G(S)) 20 (s)

r=f2

n2
r(eﬁ I(B,) Yo Y (mrtr-om) T (r- o) a0

r=ag+Br—1s=ag-1

[ )Z o (€))* 1h2(5+a2+ﬁ2—1>}

T+ay

Z (T+o1+p1 - (s))ﬁlif1

s=a1—1

o(&) 7}!1(5 +ar+f1-1)
a)

1
CT(B)

(2.10)

(2.11)

(2.12)

(2.13)

Page 5 of 22
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and
)\.1 ik 01-1
Cn-Con—— Z (m +61-0(s)"—gis)
I(6:) il
=a1+p1-2

n1 r=p1

M ) oo, st
T re)rp) Z Z(mﬂ% o(r)*—(r-o(9)"—g()

r=a1+p1-1s=a1-1

X ¢q|:ﬁ Z(S—G(E))Ehl(f +toay+pr— 1)j|

£-0
1 Ti:‘” (T+o¢2+,32—o(s))ﬂzf_1
') o~
1 S—a .
X ¢q|:m ;(5—0(5))_11’12(5 +012+,32—1):|- (2.14)

C11, C12 can be represented by solving equations (2.13) and (2.14) as

m
Cn= %i<1f(;1) Z (m +61 - G(S))el—lgl(S))P[hl;hz] + Q[hth]} (2.15)

s=a1+f1-2

and

2

Cip= 1 { ( *o Z (m2+62— U(S))Ql_lgz(s)) Qlhy, hy] + Plhy, ho] }, (2.16)

A|\T(6)

s=ap+fp—2

where A, P(h1,hy) and Q(hy, hy) are defined as (2.6)—(2.8), respectively.
After substituting Cy; and Cj, into (2.11), we obtain (2.4) and (2.5). O

3 Existence and uniqueness result

In this section, we study the existence and uniqueness result for problem (1.1)—(1.2). For
each i,j € {1,2} and i #, we let E; : C(Ng,+g,-2,T+a;+;» R) be the Banach space for all func-
tions on Ny,,5,_2 744;+p,- Clearly, the product space C = E; x E, is the Banach space. Define
the spaces

Ci={(u, ) €C: Nuy(t; —y;i + 1) €Ei}, i € Nopupoo Trase o
with the norm

|G w2)| ¢, = max{ || A%, g},
where

||A7”'ui || = max |A7”'ui(t,« -Vi+ 1)| and |ull = max |uj(t,~)|.
tiENai+ﬁi—2,T+mi+ﬁi tjeNaj+ﬂj—2,T+aj+ﬂj

Obviously, the space (C; N Cy, ||(11, 42)llc;nc,) is also the Banach space with the norm

“(”1’”2)”cmc2 = max{| (”1'”2)Hc1’ H(”b”Z)”cz}'

Page 6 of 22
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Let U = C; N C,. The operator T : U — U is defined by

(T (1, u2)) (1, 12) = ((Ti (w1, 2) ) (11, £2), (Ta 1, ) ) (t1, £2)) 3.1)
and
(Ti (1, u2)) (11, 12)
) 1 t1-p1 , o prt
N F('Bl)s:%;( 1=0(9)
1 s+p1 w1
¢q|: @) Z (star+pr—1-0(&)" ik[u(tzy‘f)]:|
§=ai+p1-1
S b0 9) (0 | I Bl )
A F(el) s=a1+p1-2
Q[Fl,Fz](Msz)}f (3.2)
(T2(u1, u2)) (81, 12)
1 t2-P2 fy1
T TR szarl(b b

s+f2-1
¢q|: 1 > (s+a2+,32—1—G(-‘3))WF;[”(“’5)]:|

(0%
I (et2) £=ar+pr-1

n2
[P ST ) K

s=ag+py-2

+P[F1,F2](L{1,M2)}, (33)

where ¢; € N2, 7+a;48, A is defined as (2.6), and the functionals P[F1, F>](u1, u2),
Q[F1, F>)(u1, uy) are defined by

PF1, Fo](u1, u2)

T+oq
1 s+p1 o
X $q T(a) Z (s+ay+p1—1-0(&)"—Ff[ult,§)]
E=a1+p1-1

n2 r—Pa

F(ﬂz)r(e2 > 2 M+ 62— 0 (r) 2 (r - 0 ()2 ga(r)

r=ap+Py—1s=ap-1

s+fp-1
X ¢q|:@ E:aZXﬂ_;Q—l(S +tay+fBy—1- 0(5))EF; [”(tl’S)]:|’ (34)
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Q[Fy, F>l(u1, us)

T+a

B 1
CI(B)

1

Z (T+az+ B2 —a(s))ﬁzi_

s=ap—1

s+
¢q|: 1 > (s+a2+ﬁ2—1—0(5))()t2_11:;[”(t1’5)]:|

(e )E =az+py-1

A n r—pB1
ey 2 2 (e o) a0)

r=a1+B1-1s=a1-1

s+p1-1
x ¢q|:$ Z (s+oar+pi—-1- a(é))al_lFf [u(tz,é)]:|, (3.5)
§=a1+p1-1
with
[u(tp E)] [t])é AViui(E —yi+ 1), M](t] + a)/) u}(t/)] (3.6)

Foreachi,j € {1,2} and i #, we define the operators (7,°(u1, u2))(t1, ) and (7,*(u1, u2))(t1,

t2) by
t1+f1-1 1 a-1
(ﬂo(ul,uz))(thtz) _ ¢q|: Z (t1 + o1 + ﬂ;( 1-0(§)) Fik[u(tz’s)]:|, (3.7)
T o)
t2+f2-1 1 ar-1
(7-20(M1,M2))(t1,t2) _ ¢q|: Z (o +ay + ﬁ; 1 O'(S)) F;‘[u(tl,é)]:|, (38)
§=az+fr—1 (ct2)
and
(ﬂ*(ul,uz))(thtz)
t1-p1
= TG Z t — G(S))—(Ml uz)(ta,5) + _{Q*[Fl Fy] (w1, u3)
s=a1-1
. m
+ (m+6 o(s)) g (s))P*[F B (e, u )}, (3.9)
(”91)”%_2 1+601— 1 1, F2](uy, up
(%*(ul;uZ))(tlrtZ)
t2-P2
F(l,Bg) Z ty— G(S))_(ulrMZ)(tl S)+—{P*[F1,F2](M1 Uy)
s=ap—1
" mn
' (1"(92) Z (n 2+92—U(S)) gz(S)) [FlrFZ](ulrUZ)}r (3.10)
s=a+fa—2

Page 8 of 22
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where t; € Ny, g,_2 740,44, and the functionals P*[F, Fy](u1, u3), Q*[F1, F2](u1, u,) are de-
fined by

P*[F1, Bl (u1,u2)

T+ay
- %ﬂl) Z (T+Ol1 +B1— U(S)) (Ml,uz)(tz,s)
s=a1—1

n2 r—P2

-1
F(ﬂz)f’(gz Z Z 2+ 63 —G(r)) (I” o(s))

r=a+pa—1s=az-1

<l )t (3.11)
Q* [FI’FZ](Ml, I/lz)
1 T+og
- T,BZ) Z (T+a2+/32_(7(s)) (Ml,uz)(tl,s)
s=ap—1
N1 r-p1

F(/sl)r 61) Z Z 771+91—6(r)) (}” o'(s))

r=a1+p1-1s=a1-1

x g1(r)(u1, us)(ta, ). (3.12)

Let 7; = T;* o T, then 7; and T : U — U are continuous and compact operators. Note
that problem (1.1)—(1.2) has solutions if and only if the operator 7 has fixed points.
Inthecasep >2,wehave 1 < g <2 dueto }7 + % = 1 and the following theorem is obtained.

Theorem 3.1 Letp > 2foreachi,j e {1,2},i #j, F; € C(Nyyspr-2,T+ar+81 X Nag+ =2, T+ag+py X
R, R), ¢; € C(Na1+ﬂ1—2,T+a1+ﬂ1 X Na2+ﬂz—2,T+a2+52’ [0, 00)) with <ﬂf =max{p(t; - 1,5)}. In ad-
dition, suppose that:

(H1) There exist constants x; >0 and 0 < 8 < ﬁ such that

)
)(,-A"é(tf) < Filt;, tj,x,9,2]
fOV any (ti; tj,x;y: Z) € Nai+;3i—2,T+tx,-+ﬁi X Na1+ﬁj—2,T+a1+ﬁj X R3~
(H2) There exist constants L;, M;, N; > 0 such that, for each t; € Ny, ,_5 740,45, and

Uy, Uy, U3, V1,Va,V3 € R,

|Fi[ti7 t]) U, U, u3] - Fi[tii t]'r V1, V2, V3] |

< Liluy —vi| + Mjlug — v2| + Nj|uz —v3|.

(H3) g <gi(t;) < G; for each t; € Ny,p, -2, Trai+p;-
Then problem (1.1)—(1.2) has a unique solution provided that

_ _ (T +2)™2 o (T +2)=4
D = KixT20; + Kox 22, K1y + Koxd "6
max{ 1X1 1+ R2Xy 21X F(l—yl) 2X -y

_ _ (T +2)72 (T +2)722

Kix 272021 + KoxT20,, Ky x4 2(7@ Koy ———

1X1 1t Raxy 2, V1 X1 ra=y) 1t RaXs ra-ym)

<1, (3.13)
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where
(T+a)j+2)ﬁ (g-1)
Ki=|L;+ N + M;p} , 3.14
|: R AREL/ Iwj+1) [T +1) (314
. T+a;
)‘iGi(ni - — /3,‘ + 9,’ + 2)0—’] 1 l Bi-1 A\ 8(g-2)+1
£2;=|1+ T+ai+ Bi—o(s)—(s%
[ [AIT @+ 1) T () Zl( )
Bi
)\ G (7]1 - - /31 + 9 + 1 % i \8(g-2)+1
+ a(s) fl , (3.15)
[AIT @+ 1) P(ﬁ,) sazl L
1 T+a;
Bi-1 A\ 0(g—2)+1
Q= ——— T+a;+ Bi—o(s))~"—(s*
AT () Zl( e
MGGy (nj—oi=Pi+6+ 2% (gi—a— i+ 6+ D
|A| F(9j+1) re +1)
SRR A (3.16)
F(’BL) s=a;—1 l . .
Proof For each i,j € {1,2}, i #j, by (H1) we have
1 ti+Pi-1
o\ S aj=1
xi(t) < T D (titai+ - 1-0(E) " F (5,8). (3.17)
Y g=aj+pi-1

By (A1), (H2), and the definition of operator 7;0, for any (u1, uy), (v1,v2) € C, we have
|(7;0(M1,M2))(t1, ) - (7;0(V1, Vz))(tl,t2)|

i1 ) i—1— 2l
q»,[ 3 (tl+al+ﬂ}(;i) o(§)) Ff[u(tj:é)]}

E=a;+Bi-1
ti+Bi-1 -
(ti+ai+ pi-1-o@E)eL
o 3 et ]
ti+Bi-1 ~
<(g-D(x(% )5)q—2 Z (& +a,+ﬂtr(1 o (§))*=— |P*[ (4,8)] - F:[v(t;, )]
§=a;+Bi—1 a;)
<(g-nyY () (L A= A+ M9 — |+ N — ]
q- 2( ) " .
( ) ﬁ LL“A u— A Vz”
0(T+Cl)j+2)ﬁ
+ <N/ + Mg m)llu/—vj”]
a- , ()% o Ow
<(@-Dx ﬁ[LﬁNﬁM;% Ty 1) :|

X ||(M1 — Vi, Up — VZ)HC,-' (3.18)

Page 10 of 22
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Using (3.18) and (H3), we have

|P*[F1, F)(uy, ) — P*[Fy, Fy](v1,v)|

T+aq
F(lﬂl) Z Tron+ - "(S))ﬁ1 (T2 (1, 42)) (5, 82) — (T2 (v1,v2)) (5, 82) |
s=o1—1

n2 r—pa

F(ﬂz)F(Qz Yo D (mrt-o() T (r-0(9) )

r=az+f2—1s=ap-1

x |(T2(u1,u2)) (t1,5) = (T2 (01, v2)) (81, 8)

2, L pr-1 8(g=2)+1
< |1 —vi,u2 = )| (T + o1+ Br—o(s)) ()" 7"
Ir'(g) < s:alel
r=f2
)»2G2X2 ” 2 0-1
— || (u1 = v1, 43 — 1) ”c Z Z (m+62-0(r)*—
(ﬁZ)F(e ) r=a+Py—1s=az-1
x (r—o(s))2 (s22) 2, (3.19)

and

| Q*[F1, F>)(u1, u3) — Q[Fy1, Fal(v1,v2)|

XqizK: T+ay 1 .
) ;(52)2 G = v 2 =) ||C2 S:aZZ_I(T +ay+ fo— o(S))fb;(s"‘l) (g-2+
}WGL i r-p1

(;31)1“(6)”(”1 i -wle Yo D (meh-om)*

r=a1+pf1-1s=a1-1
x (r- a(s))u(sa—l)s(q_z)ﬂ. (3.20)

From (3.19)—(3.20), it implies that

’ (71 (w1, Mz)) (t1,t2) - (71(1’1, VZ))(tb t2)|
= |(7?k (T2 (1, u2)) ) (81, 82) = (T (T (v1,v2)) ) (1, t2)|

t1-p1
< 2 (6= 00 (T, 1)) - (700, v) 01,0
s=a1—-1
1 A n
Al [ (F(Ql) MJ%_Z(”l +01-0(5)" 2 (s))

X |P*[Fy, By (1, uz) — P*[Fy, Fy](vy, v)|

+ | Q*[Fy, Fyl (w1, u2) — Q*[F1,F2](V1,V2)|}

q-2 t1-p1
X1 Kill(ur = vi,u2 = va)lle, Z ( Bi-1, o\8(g=2)+1
t— a(s))—(s—l)

- I (B1)

s=oq—1
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1 | MG — a1 — B +61 +2)%
|A| |A|F(91+1)
X _2IC T+ay
[ 11“(;3 )l | =vius=va)[o, D (T+er+Bi- o (s))i (s2) 0D
s=a1—1

AaGaxg n. =P -
+W”(u1 Vi, iy =) | o) Z Z (12 + 05— 0 (r) 2"

r=ag+Br—1s=ay-1

x (r- a(s))@(sa_z)é(q—2)+l:|

Xg_lez e B2-1( y\8(g-2)+1
+ S [ (1 = v, 2 = vo) ||C2 Z (T +az+ o —0(s))*—(s22)

s=ap-1

r—p1

MG n i
+W”(u1 i,y =)o, Z Z(ng_g(,))u

r=a1+pf1-1ls=a;-1

x (r- G(S))M(s“—l)s(q_z)+l:| }

<[ = vi,u2 =) | {Kix{ 2521 + Kaxd 202} (321)
Similarly, we can find that

|(7§(M1, u2))(t1»t2) - (73(1’1, VZ))(tl: t2)|

<[ 1 = vy, up - VZ)”L{{’CIX{]_Z@I + iszé"zQz}. (3.22)

Next, taking the fractional difference of order y1, y» for (3.2) and (3.3), respectively, we
obtain

AN (7—1(M1, MZ))(tl: t3)
= AT (T (w1, wa)) ) (11, 12)

t1+y1 r-p1
1

- T L 2 (b= o 0P =0 @) (T w) e

r=aj+p1-1s=a1-1

ti+y1
1

r(el)r( ) 2 Z o)

r=a1+p1-1s=a1+p1-2

(771 +01 - G(S)) gl()

fL+y1
Y (-0() QI Fal(ur, ua) | (3.23)

s=a1+p1-1

X P*[F1, Fo)(u1, u2) +

I'(-n)
and

A" (Ta(u1, u2)) (81, 82)

= A (T (T (w1, w2)) ) (11, 12)
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tatyy =P

=( ZZ@—

r=ag+pfa—1s=ap-1

(r o(s)) (7'2 (u1,u2))(t1,5)

L2+y2

Ty (6 Vz)rez) 2 Z (-0

r=ap+fa—1s=az+pr-2

)27 (g + 0, — () " gals)

2+y2

Y (-o(9))

s=ap+fp-1

x Q[Fy, Fy)(u1, u) +

(=) [FI;FZ](ulyuz)}, (3.24)

where t; € Ny, 1 g,_y,41,T+a;+8,—y;- Therefore,

| AT (1, w2)) (£, 1) = A (Ti (v, v2)) (1, 1) |

t1+y1 r-p1

V-
m > X (-om) (- o (5))™

r=a1+pf1-1s=a1-1

x [(T7(T (w1, 12))) (1, £2) = (T (T (v v2)) ) (81, 12) |

1 MG L _
+ 11 Z Z lfl— (771 +01—O’(y))91_1

F(OI)F( ) x=a1+p1-1y=a1+p1-2

X | P*[Fy, Fy(u1, ) — P*[Fy, B)(v1,v2)|

h+n
1 e
¥ 3" (t - o)) QU FL Fal(uy, un) — QF[Fu, Fal(va, v2)|
F(_yl)x=a1+ﬂ1—1
_ T+oq
XKy = v sty = o)y, (T +2)71 Bi-1/ o \d(g-2)+1
= . T+or+p1—o(s)——(s&
EATETN Py 2 (T e = e OF(s)
1) o T+ (n-on-pi+6r+2%
AV T Ta ) 6, +1)
X _2’C1 i 1 8(g-2)+1
[Il“(ﬁ) | = v =va) o D (T + o+ Br = or(s)) P (s22) "0
s=ap—1

G /C n2 r—Ba
+M”( VL — ch Z 2,72+92_ )2t

e r=az+py-1s=ag-1
- -2)+ T +2)-1
x (V—G(S))M(sﬂ)‘s(q 2) 1} . %
X _ZIC T+ay
|: ;(ﬂ )2 |G =12 - w2, Y (T+ay+pa- o(s))@(sﬂ)é(q—zm
s=ap—1
MG ’Ka m r—B1

P r eyl w2 S (i + 61— ()2

r=a1+p1-1s=a1-1

x (r- G(S))E(s‘”)s(q_z)+l:| }
(T+2)2

= “(ul — Vi, U —V2)||M{K1X32791 +Kaxs

) (T + 2)i
- —— 06 } (3.25)

r1-y)
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Similarly, we obtain

| A7 (Ta(u1,u2)) (11, 82) = A (T (vi, v2)) (11, 1) |

g2 (T+2)21

< |1 = v1,2 —V2)||u{/C1X1 -y 1+ Koxd™

2%9 } (3.26)

rd-y)
From (3.22) and (3.25), we find that

[ (TG, 2)) = (T, v2) |,

< || (U1 —vi,us —v3) ”u

_2(T+ 2)i

X max{lClxq_Z@l + ’szq_zgz,lclxq 791 + ’szq—Z%@ }
' ? L ora-p 2 r-mn
(3.27)
In addition, by (3.21) and (3.26), we find that
” (T(ulr MZ)) - (T(Vh VZ)) ” Cy
< ||(M1 — Vi, U —Vz)”u
_ _ (T +2)22 (T +2)722
Kax P22 + Kox 200, Kix 220y + Ky 12—, L.
Xmax{ 1X1 1t Raxy 2, V1 X1 F(l—)/z) 1+ Rax, -y 2
(3.28)
Hence, from (3.27) and (3.28), we can conclude that
|| (T(Mh Mz)) - (T(Vl: Vz)) ”u
< ||(M1 — Vi, U3 —Vz)”u
_ _ o (T +2)™2 o (T +2)™2
Kaix P20 + Kox 22020, Kix o221 + Ko x T2 20,
xmax{ 1X1 1+ R2X, 2, V1 X1 F(l—yl) 1+ 2 )Xo F(l—yl) 2
_ _ (T +2)722 (T +2)=2
KixI2021 + Kox 120, K qZ(i@ Koy ———
1X1 1+ A2Xy 21X - 1+ RA2Xy -y 2
= [ = vi,up = vo) |, @. (3.29)

By (3.13), T is a contraction mapping. Hence, by the Banach fixed point theorem, we get
that 7 has a fixed point, which is a unique solution of problem (1.1)—(1.2). d

In the same manner as Theorem 3.1, we can obtain the following theorem.

Theorem 3.2 Let p > 2, (H2)—(H3) hold, and the following condition hold:

(H4) There exist constants x; >0 and 0< 6§ < Z%q such that

ai\§
Filti t,%,9,2] < =i A& (87)

Jor any (6,1, %,y,2) € Nojrpi-2,T+ay48; X Nojap-2,Traj48 X R3.
Then problem (1.1)—(1.2) has a unique solution.

Page 14 of 22
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In the case 1 < p <2 and g > 2 since }7 + %1 =1, we obtain the following theorem.

Theorem 3.3 Let 1 < p < 2 and (H2)-(H3) hold. For each i,j € {1,2}, i #j, F; €
C(Nay+p-2T+a1+81 X Nagipy-aTrartpy X RER), 9 € C(Nayipy-2,Tvar 181 X Nagtpo-2,Tran+
[0,00)) with ¢{ = max{p(t; — 1,s)}. Suppose that the following assumption holds:
(H5) There exists a nonnegativefunction ki € C(Noy1,-2,T+a1+81 X Nag+y—2, T+an+pyr
[0,00)) and M = s St i (T + 20+ Bi = 1= 0 ()5 k(T + 0 + B, §) > 0
such that

Fi[ti’ tjrxxyx Z] =< ki(tb t])

fOV any (ti; tj;x;y: Z) € Nai+ﬂi—2,T+ai+ﬂi X Naj+ﬁj—2,T+aj+ﬂj X Rs-
Then problem (1.1)—(1.2) has a unique solution provided that

o q-2 5 q-2 A q—2(T‘|'2)i = q—2(T+2)i S
T.—max{/Cl./\/ll 01+]C2M2 Qz,IClMl 7F(1—y1)91+K2M2 71_,(1_)/1)
(T+2)22 _ 2 (T +2)712 }
KiMI2 21 + KyMI? 0y K MIT?P 26, + KpMIT?P 20
MM O R My Ty O ra-y) "
<1, (3.30)

where K; is defined as (3.14), and

- riGi(n;—o; — ,-+9,-+2@ 1 L 1 o
@ [“ mmwwi 1) ) ]r(ﬁ» S%;I(T+°”+ﬂ""“(s))ﬂ -
riGi(ni—oi = Bi+ 6 + 1)— 1 R Bi-l o
ey T e (331
i 1 T+ ot
O; = AT G) sz(;l(T +oy+ i —o(s))"—s4
s MGGy (- —fi+6+ 2)% (mi—oi—Pi+0i+ 1%
[ A re+1) re;+1)
1 ni—Bi Bl
X ) S:(;l(ni - o(s))—s-i. (3.32)

Proof For each i,j € {1,2}, i #, by (H5) we have

1 ti+Bi—1 -
1 T+a+pi—1
a;—-1
= INCD) 5=o§,~—1 (T +20; + i — 1 — 0 (8))" ki), €)

<M, (3.33)

Page 15 of 22
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By (A2), (H2), and the definition of operator 7}0, for any (u1, uy), (v1,v2) € C, we have

’(7;0@!1,%2))(751, ) - (7;0(1/1, Vz))(t1»t2)|

ti+Bi-1 . . i— 1 — 41
¢q|: Z (tz +a;+ /311—‘(01) O—(E)) Fl*[u(t]’g)]:|

§=a;+pi-1

" (G Bi-1- e
. @I[ 3 live ng(w) = e 5)]}
§=a;j+pi-1 !

ti+pBi—1

<@-pMI* >

§=a;j+pi-1

i +o;+pi—1-o(§)L
I (o)

|F; [u(t,€)] - F{ [v(,6)]|

< (@ DM o L A% = A M 9= 0]+ N = ]
a;

Lt (T +wj+2)2
<(@g-DMT>—L | L|AYu; - AViv;| +  N; + Mip®———L— = ) ||u; — v;
<(q )Ml (o + 1)|: zH Ui Vi ” +< j + NVQ; F(a)j+ 1 llu; — vl

P (T +wj+2)2

<(@-DMI?—L L+ N+ Mg'—7L "

=(g-DM; 1"(a,»+1)[ Y T w4 1) ]
X ||(141 -V, Up — V2)Hc,.' (3.34)

Then, by (3.19) and (3.20), we have

’(71(”1: Mz))(tl,tz) - (7](1/1, VZ))(tb t2)|

< H(Ltl — V1, Uy — VZ)HZ/{ max{/ClM(f_z.(_Zl + K2M3_2@2}, (335)
|(7§(u1, 12))(t1,2) = (Ta(vi,v2)) (81, t2)|
< H(m — Vi, Uy — V2)||u max{lClM‘f_z@_l + ICZMZ_ZQZ}. (3.36)

Similarly as in Theorem 3.1, we obtain

| AT (Ti(u1, u2)) (81, 82) — AN (Ti(v1, v2)) (11, 1) |

o (T +2)22 _ o (T +2)21
= H(ul — Vi, Uy _V2)||M{K1Mi] 21_,(1—7_)/1)91 + K:zMg 2m 2}, (337)
| A7 (Ta(ur, u2)) (b1, 82) = A7 (T2 (v1, 1)) (11, 1)
o (T+2)224 _ o (T+2)22 _
< |1 = vi s - vz)||u{lC1M'f 2”17_)/1)(91 + KoM =7 2} (3.38)

By (3.36) and (3.37), we have

[ (TG, u2) = (T w2) |,

< || (u1 —vi,u3 — 1) ”u

Page 16 of 22
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o - = o (T +2)™
X max{lClM’f 2@1 + K:z./\/lg 292,’C1M;1 2m
g2 (T2 _
———6O¢. 3.3
+ KoM, rl-n) ° (3:39)

By (3.35) and (3.38), we have

(Tt 10) = (T ),

< || (1 = vi,up — 1) “u

q-2 5 q-2 5 q-2 (T + 2)i =
X maX{K1M1 Q] + ’C2M2 @2,’C1M1 7F(1 ~ ]/1)
q- 2(T+2)
+ oM, —F(l ) 2, (3.40)

Therefore, by (3.39) and (3.40), we can conclude that

[ (TG, 2)) = (T, v2)) |

< || (u1 —vi,u3 — 1) ”u

X max{lClM?_2(:)1 + Ko MI2 2,

(T+2) n 2(T+2
KaMI2 2220+ Ko MY 7@
ra-m) ? r(l-y)
T +2)~% T+2)72 _
KiME2 821 + Ko ML 6y, Ky MY ZQ + Ky ME 2%(2 }
F(l VZ) (1—}/2)

= | (1 = vi,u2 - Vz)HuT' (3.41)

By (3.30), we can conclude that 7 is a contraction mapping. Hence, by the Banach fixed
point theorem, 7 has a fixed point, which is a unique solution of problem (1.1)—(1.2). O

4 Some examples
In this section, we consider some examples to illustrate our main result.

Example 4.1 Consider the following fractional sum boundary value problem:

Page 17 of 22
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subject to nonlocal fractional sum boundary conditions of the form

2 1 67 221
Adui(-=)=0, | — ) =3A" 5 2sin(y EIN
2 6 4-0
1 89 41
Aluy <_E> -0, u1< . > 2A"F oSBT >u1(

(4.2)

oY %)

where t € Ny 1. Functions F, F; are determined by

1 2 1 1
Fi|t,t, ASuy tl—g R} t2+4_L , us(ty)
1 . 9 1 2
=31+ ————=sin“| A3uy |t — =
50,000¢” 3

+2ﬁ§

1 9 1 1
1+ ———cos“{Viuy|tr + —
40,0008 4

2 1 )
1+ — t s
+ 2[ + 20,0005 b (u2(t2))
2 1 3 3
Fy| t1,t0, A3uy f2—§ Wi t1+z_1, ,u1(t1)

22[1 LT e S P
= + —————sin u - =
217" 60,000e° > 3
2 1 2 3 3
+20 |1+ ——=cos”| Viu |t + -
50,000¢7 4

1
36214+ ——sin?(uy(8) |,
" 1[ " 20,0008 °" (”1(1))}

“Tis

1

ST

and

n-3 _
3 1 3 4 e’ 3
lP%q(t +—) ti—o(8)t———u (t +—>, (4.3)
e re 21:9(1 ) t+108 \'"a
= 12
) 1 o 1, e 1
1 14
lI/4u2<t2 + —) = ty —o(s) 4—7@(@ + —). (4.4)
4 r(i)s_zg( ) (t; +20)? 4
=g
Here, p = %,qz%,oq:%,a2=%,,31=§,,32=g,V1=%,V2=‘
92=%:771—% mn =%

3;0)1:%7602:%791:
s M =2, 0 =3, T =10, g1(f1) = €17, gr(8) = €227, ¢y (t1,5)
(t2 +20)2 ’ and ('01 5

6~ __ 6
Teaszsers ¥ 00011, @5 = 52 oo ~ 00024
Lett1€N567andt2€N 7.8, Taking x1 =3, x2=2and 1 =6 < 5—

’
(t1+10)3’ $2 =

T

—3 we have
1
XlAé(t%/z) = 3%5 3%-'_ B%EFI[tththy’ ]
3
AT =265 <245+

5t% = FZ[tl! tz,x,y,Z]~
Thus, (H1) holds.
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For (u1, us), (v1,v2) € C, we have

|Fi[t1, 82, ASuy, Wiu,, uy| = Fi[t, 1, Adw, W%Vz,l’zﬂ

2 2

< B—L% A%ul - A%V1| + i d/%uz - W%V2| + Lmz -V

~ 50,000¢” 40,000e8 60,000e° ’
’Fz[tl,tz, A%uz, lI/%ul,ul] —Fz[tl,tz, A%VZ, lI/%vl,vl]|

< 2—%|A%u2 - A%vz| + i W%ul - tII%v1| + iml -

~ 60,000¢° 50,000¢” 40,000e8

Thus, (H2) holds with L; = 6.211 x 107, L, = 9.307 x 107, M; = 4.141 x 10°%, M, =
1.889 x 107%, N; = 2.856 x 107%, and N, = 4.653 x 107°.

Since % <gi(t)) <eand eiZ <g@(ty) <eé’.

Thus, (H3) holds with g1 = 1, g, = e% and G; = e, Gy = €.

Finally, we find that

A >0.029, K1 =0.286, Ky = 0.574, £21 = 3783.803,

25 = 31,848.989, ®; =39,305.323, and ©, =55,288.515.
Therefore, we have
@ = max{0.446,0.410,0.130,0.030} = 0.446 < 1.

Hence, by Theorem 3.1, boundary value problem (4.1)—(4.2) has a unique solution.

Example 4.2 Consider the following fractional sum boundary value problem:

, , (4.5)
adfog(aduw)o

1.1 11 3 11 !
Hylt+—t+ =, A3up|t+— |, ¥Yiult+ — ),unalt+-=) |,
6 8 24 12 6

where ¢ € Ny 19, and the nonlocal fractional sum boundary conditions satisfy (4.2). Func-

tions H;, H, are determined by

1 2 1 1
Hy|ti,t, A3y t1—§ Wi o + 2 s ua(t2)
3,1 2
=———sin*( ASuy| 1 — =
500,000¢” 3
2
26 2 1 1 )
+ ——=——|cos | Viuy|tr + — + sin“(uy (¢ ,
400,000e8[ ( 2<2 4)) (1)

2 1 3 3
Hy | t1,6, A3 uy tz—g 370 t1+1 ,ui(th)
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21‘% .2 2 1
=——sin“| A3uy| £, — —
6,000,000¢° 3
2
2l 3
" 50000008 [("’ (4+3))+ sinz(ulw)],

3 1 .
where ¥ 4y, W1y, are defined as (4.3) and (4.4), respectively.

32 . 22
500,000¢” ' 400,000e8

Let t; € N7

215 i
6,000,000¢® 5,000,001

567 and £, € N%,%' Using g1(t1,8) = and g&(t1,6) =

2

o7 We have
M;=0.000709 and M, =0.00272.
For (u1,us), (v1,v,) € C, we have

|Fi[t1, 8, Ay, W, uy] - Fi[t1, ta, Adw, W%V21V2]|

= oz |3~ abl g2 o ]
_— u; — A3vy| + Uy — Vol + |ty — vol |,
= 500,000¢’ ! 1T 4000068 2 A rimm 2

’Fz[tl, to, A%Mz, lI/%btl, Lll] - Fz[tl, to, A%Vz, W%Vbl/l:”

Zt% 3 3

22
2 W[W”“k’mllﬂm—vu}

2 2
<——2  |A3y,— A3
= 600,000 |A%uz = Advy| +
Thus, (H2) holds with L; = 6.211 x 1077, Ly = 9.307 x 1077, M; = N7 = 2.070 x 1077, and
My =Ny =9.447 x 1078,
From Example 4.1, we get A > 0.029, g; = %,gz = (}2 and Gy = e, G, = €.
Finally, we find that

K, =5.385x 1077, Ky =8.261 x 1077, £2; =4993.134,

£, =33,202.614, O, = 44,000.064 and 6, =77,432.180.
Hence,
T = max{0.285,0.019,0.489,0.155} = 0.489 < 1.

From Theorem 3.3, we can conclude that boundary value problem (4.5) and (4.2) has a

unique solution.

5 Conclusions

We have proved existence and uniqueness results of the nonlocal fractional sum bound-
ary value problem for a coupled system of fractional sum-difference equations with p-
Laplacian operator (1.1)—(1.2) by using the Banach fixed point theorem. Our problem
contains both Riemann—-Liouville and Caputo fractional difference with five fractional dif-

ferences and four fractional sums.
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