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1 Introduction

Differential equation models have been widely used in control system, aerodynamics, fluid
flows and many other branches of engineering [1-9]. Recently, fractional calculus has at-
tracted great interest. There are several kinds of fractional operators have been proposed
so far, among which we have the well-known Griinwald—Letnikov, Riemann-Liouville,
Caputo derivative.

In the past several decades, fractional boundary value problems have obtained abundant
theoretical achievements. In [10, 11], the nonexistence of positive solutions for differential
equations of fractional order is analyzed with the help of reduction to absurdity. In [12],
the authors study a class of Riemann-Liouville fractional derivative equations and present
sufficient condition on the unique positive solution by employing a u,-positive operator.
There are many articles devoted to the existence and multiplicity of positive solutions for
the fractional boundary value problems, the approaches mainly include Leray—Schauder
degree theory [13, 14], the monotone iterative method [15, 16], the Leggett—Williams the-
orem [17, 18], the fixed point theorem on cones [17-19]. Especially, compared with the
previous results, papers [11-13, 17, 20] contain integral boundary conditions. In [21], the
authors first introduced a new method, called Avery—Peterson theory, which illustrates the
existence of at least three positive solutions. Since then, more and more attention [22—24]
was paid to this method, and many questions were solved.

At present, fractional delayed equations have aroused the extensive attention of many
scholars. They dealt with the existence of solutions under various boundary conditions by
different methods. For details, one can refer to [20, 25-27] and the references therein.
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In [28], Cabada and Wang considered a class of nonlinear fractional differential equa-

tions with integral boundary value conditions:

D*u(t) +f(t,u(t)) =0, O<t<l,
u(©)=u"(0)=0,  u(l)=xr [, uls)ds,

where 2 <@ <3,0< XA <2, f:[0,1] x [0,00) — [0,00) is a continuous function. The ex-
istence of at least one positive solution is obtained by using the Guo—Krasnoselskii fixed
point theorem.

Enlightened by the above literature, we discuss the following equation:

°DPz(t) +g(t,z:) =0, tel0,1],
Z(t) = d’(t)r te [_T¢O]: (1)
20)=2"(0)=2"(0)=0,  z(1)=k [, z(0)d6,

where 3< 8 <4, 0< k<2, °DP is the Caputo fractional derivative, g : [0,1] x C; —
[0, +00) is a continuous function, z:(s) = z(¢t + s), for ¢t € [0,1], s € [-7,0]. ¢ € C.(:=
C[-7,0]), C; is a Banach space with ||¢|l[_¢0 = maXse[_r,0]|¢(s)| and let C} = {z €
C[-7,0]|z(¢) = 0,t € [-7,0]}.

In this paper, the sufficient conditions are obtained for the existence of at least two pos-
itive solutions for a class of integral boundary value problems of fractional differential
equations with delay. The integral boundary value condition and the time delay make the
results significant.

2 Preliminaries
This part introduce some useful definitions and important lemmas.

Definition 2.1 ([1]) The g order fractional integral for a function g(t) is defined as follows:

By = L P
Pg(t) F(ﬁ)/o(t 0)Pg(6)do, B > 0.

Definition 2.2 ([1]) The 8 order Caputo fractional derivative for a function g(¢) is defined
as follows:

t
‘DPg(t) = r(%ﬁ) /0 t-0)""P1g"O)do, n-1<p<n.

Definition 2.3 ([2]) Let P C X be a nonempty, convex closed set and X a real Banach
space. The P is called a cone in X provided that

(i) uze P, forallze Pand u > 0;

(i) z,—z€ Pimplyz=0.

Definition 2.4 ([2]) Let P is a cone in real Banach space X. If map ¢ : P — [0, 00) is con-
tinuous and satisfies

Y(ta +(1-0)z2) = t¥(z1) + (1 -1)Y(22), 21,22 € Pt €[0,1],

then ¢ is called a nonnegative continuous concave functional on P.
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Lemma 2.1 ([1]) Assume that B >0 and n = [B] + 1. If the function g € L[0,1] N C[0, 1],
then there exists c; € R, i = 1,2, ...,n, such that

IPDPg(t) = g(t) —cy —cot — - - —cut™ L.

Lemma 2.2 Equation (1) has a unique solution as follows:

1
G(t,0)g(0,z9)dO, te]0,1],
s < 1o G60)0.2) [0,1] o
o(t), te[-t,0],
where
2t(1-6)P~1(B—k+k6)-(2—-k) B(t-6)P 1
G(t,0) = @R (B+) » 0=b=t=1, 3)
7 2t(1-6)P~1(B—k+k0) 0<t<6<1
@-Krp+1) ’ == =4

Proof From Lemma 2.1, we have

1 t
z(¢) = T ‘/0 (t—0)""1g(0,25)dO + co + c1t + cot? + c3t>.

According to z(0) =z"(0) =2”(0) = 0, z(1) = k fol z(0) d6, we know that
1 1 51 1
=cy=c3=0, =— 1-0)""g(0,29) dO + k 0)do.
co=C2=c3 c1 F(ﬁ)/o( )""g(0,20) +</0 z(0)

Thus, Eq. (1) has a unique solution
1 ¢ f-1
z(t):——/ (t-0)""g(0,z9)dO
T®) Jo e

IR AP ' )
+<F(ﬂ)/0 1-0) g(9,zg)d0+k/(; z(0)do |t. (4)

Letting ] = fol z(0) d9, from (4) we get

1
J =/ z(t) dt
0

1 pt (s gyl
:_fo 0 7“”9;) 2(0,25)do dt

1 1 t(l _9)/3—1 1
—————9(0,29)dO d Ktd
+/0 /0 a0 2(0,29) t+/0 Jt dt

1(1_g)f 1(]_g)p-1
= —/0 (ﬁlil“(ﬂ)) 2(0,29)do + %/0 %g(@,z@)de + %k].

It follows that

2 -6 1 [ta-e)f!
=_rk/0 Wg(&,zg)d9+2_k/0 X0 8(0,29)do. 5)




Li et al. Advances in Difference Equations (2020) 2020:256 Page 4 of 11

Substituting (5) into (4), we derive

L(t—0)F1 L1 —0)~1
- [ Y eezans [ 2 0,20)a
/O e 9+/0 e O ds

2k [le1-6)F t(1-0)F1
a5 [ ORgoa
E(t-0)8t 2t(1 - 0)P1(B — k + k6)

=_ \ TIB)g(Q,zg)d@+/o @O (B+1) 8(0,29)do

1
= / G(t,0)g(0,29) db.
0

The conclusion have been proved. O

Lemma 2.3 ([28]) Theﬁmction G(t,0) satisfies
(1) 0<G(t0) < 2k fort@e Ol)zfandonlyzf0<k<2
(2) tG(1,0) < G(t,0) < MG(l 0), M = forallt@e(O 1),3<f<4and0<k<2.

Lemma 2.4 ([2]) Suppose that P is a cone in Banach space X. If §21, §25 are bounded open
sets in X such that 0 € 21, 2, C §2, and operator T : PN (82,\ 1) — Pis completely
continuous satisfying

(i) 1Tzl = lzll, z€e PN 382y and || Tz|| < ||z|l, z € PN 3825; or

(ii) 17zl < llzll, z€ PN 082y and || Tz|| > |lz||, z € PN 982y,
then the operator T has at least one fixed point in PN (25 \ £21).

Lemma 2.5 ([29]) Suppose o € (0, %) is a fixed number, for each z € P and 6 € [0,1 — o]
(P is defined in Lemma 3.1), there exists a constant A € (0, 1) that satisfies

Izolli—r.00 = Mzl Nzl = sup |z(2)].
te[0,1]

3 Main results
Next, the problem of positive solutions for Eq. (1) are studied. For convenience, some

notations and hypotheses are presented as follows:

g(t,2) lim gtz)

im ) 8o =
2G|zl e 01— +00 |21l [=7,0] 2eCt izl e 0—~0* 12l -r,0)

Y 1
A=§/ G(l,e)dQ,Ae(O,l),oe(0,5), B:M/ G(1,0) deb;
o 0

(C1) ¢(t)>=00n[-7,0];

(Cy) g(t,z) =0forte[0,1] and z € C7;

(C3) go=gco = +00;

(C4) 80=8x=0;

(Cs) if there exists a constant m > ||@||[-z,0) > 0, then

Izll[-z,0) € [0,m],£ € [0,1].

t3¢J|§

glt,z) <
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(Ce) if there exists a constant 1 > ||@||[-z,0) > O, then
An
ﬂhdziz,luMmmeanLmﬂaJ—aL
On C[-7,1] define an operator T'

[y G(t,0)g(0,20)d6, te[0,1],
¢(t): te [—T, 0]

Tz(t) =

Lemma 3.1 If (Cy), (Cy) hold and P is a cone in Banach space X = C[-t,1] with norm
1zl [=7,1] = MaX¢e[-r1) |2(2)] as_follows:

P= {z € X|z> 0,z is concave down on [0, 1] },

then the following conclusions are true.
(i) T(P) S P;
(i) T :P — P is completely continuous.

Proof 1t is easy to check that (i) holds and T is continuous. So we only prove that (ii) is
true. Assume that H be a bounded subset in P, which is to say there exists / > 0 such that
llz]| <lforallze H. Let

N= sup |gt,z)|+1.
te[0,1],z€[0,1]

Then, for z € H, we have

2N

1

That is, T'(H) is uniformly bounded.
Letze Hand t; < by, t1,t5 € [-1,1]. If 0 < t; < t, < 1, then

|(T2)'(8)|

-0y 91— 0)P-1(B — k + kb)
"_ A F(ﬁ—l)g(g’zg)d9+/o PR TRTESY

L—0)P2 12(1—6’)‘3_1(}3—k+k9)

— (0, db 0, db

|, e el [ S ke
A1 28+1-k)

SN[F(/S) NIV +2)}

NBBHDC-R) +2(B+1-k)
- Q-kre+2)

2(0,z) do

] = N().

Hence

| Te(ty) = Telt)] < / |(72)(0)| d6 < No(tz — ).

2]
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If -7 <t <t; <0, then
| Tz(ty) — Tz(1)| = |¢(t2) — $(21)]-
If -1 <t <0<t <1, then
|Tz(ty) — Tz(th)| = | Tz(t2) — Tz(0)| + | T2(0) - Tz(t1)|
<[ 16(62,6) - 6(0,6)|[¢(0,20)| 6 + [6(0) - 6101

IN(B +1—k)
= Golr@Ern2 PO -ew)
2N(B +1-k)

< @-nr@ey e alt1eO g

Therefore, T(H) is equicontinuous. On the basis of the Ascoli—Arzela theorem we con-
clude that T'(H) is relatively compact. The conclusion has been proved. d

Theorem 3.1 If(C,), (Cy), (C3) and (Cs) are satisfied, then Eq. (1) has at least two positive
solutions z; and z, with

0 < llz1ll{-c,1y < m < |22l (2,11

Proof Suppose that (Cs) holds. Let £2,, = {z € P: ||z||[_;,1) < m}, for any z € P N 3£2,,, we

have
1
G(t,0)g(0,z9)d9, 0<t<]1,
(T2)(t) = J
o(2), -1 <t <0,
m 1
- 2M [, G(1,0)de, 0<t<1,
o1l (=200 -7 <t=<0,
m, 0<t<l,
=<
||¢||[—‘L’,0]! -7 <t<0,
< llzlli=e1p
which yields

1 Tzll-c1) < lzll{-z,1), forz e PN og2y,.
Suppose that (C3) holds. Since gy = 0o, we may choose ||¢||[-¢,0) < 711 < m, such that

g(t,2) = K||z|l[=1,01, for O < ||z||[=r,0] < M1, where K > 0 satisfies KA > 1.
Let £2,,, = {z € P:||z||{¢,1] < 71}, for any z € PN 3£2,,,, we have

1 1-o0 1 1-0 1
(Tz)<§> z/ G(E,Q)g(e,z@)de sz G(E,e>||z9||[_f,0] do

Page 6 of 11
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KA
>

1-o0 I(}\ l1-o
= / GLOlellpnds = - f G(L,0) 1l ry 48

> lzll -z,
which yields
11zl {z,0) = 12ll[-z,1y forzePNas2,,.
Next, since go, = 00, we may choose n13 > m > ||@||[-1,0}, such that g(¢,z) > L||z||{--,0), for

lzll[=z,0] = Ammz, where L > 0 satisfies LA > 1.

Let £2,,, = {z € P: ||z||{-¢,1] < M2}, for any z € PN 3£2,,,, we have

1 1-0 1 1-o 1
(Tz)(§>z | G<§,0)g(9,za)d92L [ G(E,e)nz@n[_fmde

L)\, 1-0 L)\. 1-0
== / G(LO)Ielon do == / G(L,0) 12l vy 4

> 2l -z,
which yields
I Tzllj—z,1) = lzlli=z,1}, forz € PN 382,,,.
Therefore, the conclusion has been proved by (i) and (ii) of Lemma 2.4. a

Theorem 3.2 If (Cy), (Cy), (C4) and (Cs) are satisfied, then Eq. (1) has at least two positive
solutions z; and z, with

0 < llz1ll{=z,1 < 7 < |22l {=,1-

Proof Suppose that (Cs) holds. Letting §2,, = {z € P: ||z||[-¢,1] < n}, for any z € PN 382, we
have

1-o 1-o
(Tz)(%) 2/0 G(%,O)g(@,zg)cm > %fa G(1,0)g(0,z9) dO

nh 1
> — G 1,9 d9 =n= -7,1]»
=2 [ G =n el
which yields
I 7zll-c 1) = 2zl =z, forze PN os2,.
Suppose that (Cy) holds. Since gy = 0, we may choose ||¢||[_r,0] < 111 < 1, such thatg(t,z) <

Cllzll{=z,0), for 0 < ||z||{-r0 < 11, where C > O satisfies CB < 1.
Let £2,, ={z € P:|z|[r,1;] < m1}, for any z € PN 352,,,, we have

Jy G(t,0)g(0,2)do, 0<t<1,
d)(t)r -7 5 t S 0,

(Tz)(¢) =
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_ M [y GOz lli-codd, 0<t<1,
18l —T1<t<0,
_ ) CBllzllien, 0<£<1,
| llre, -t <t=0,
< llzll =11

which yields

I 7zl

In addition, since g, = 0, there exists R > n, such that g(t,2z) < D||zl|[_r,0}, for ||z|l[-7,0] > R,

1] < zllj=z1), forze PNog2,.

where D > 0 satisfies (D + 1)B < 1.

Choose a constant n, > 0, such that ny > max{#, ||¢||[_1,0;, max{g(0,29)|0 < ||zg[|[-z,0] <
R}B}. Let §2,, = {z € P: ||z|l[=1) < 12}, for any z € PN 052, we have

(T2)(¢)

IA

IA

IA

f”Ze”[_r,opRMG(l,G)g(G,z(;)d9
+ fOS\\ze||[,r,o]sRMG(1’9)g(9’Z‘9)de’ 0<t<l,
#(2), -1 <t<0,

{Dny + max{g(#,24)10 < ||lzgll{-r,0) <R}}B, 0=<t<1,
o1l -z,015 —T<t<0,

na, Oftfly

Idlli—r0, —-T <t=<0,

< ny = ||zll{—c13,

which yields

1Tzl (—z 1) < 2l -z,1,  forz € PN3S2y,.

Therefore, the conclusion has been proved by (i) and (ii) of Lemma 2.4.

From the ideas in the proofs of Theorem 3.1 and Theorem 3.2, we have Theorem 3.3

and Theorem 3.4.

Theorem 3.3 If(Cy), (C,) are satisfied and the conditions gy = 00, go = 0 hold, then Eq. (1)

has at least

Theorem 3.4 If(Cy), (C,) are satisfied and the conditions gy = 0, g = 00 hold, then Eq. (1)

has at least

one positive solution.

one positive solution.

Page8of 11
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4 Some examples
Example 4.1 We consider the following equation:

DIAt)=-23(t-1), te(01],
Z(t) =%, tel-1,0] (6)
2(0)=2"(0)=2"(0)=0,  z(1)=1 [, 2(0)do

1 .
where o = %, k= %, T = %,g(t,z) :zi(—%); since

g(t,2) Z’i‘(—%)< -10 -3

= = — = |lell
”Z”[—%,O] ”Z”[_7 ||Z||[_l 0] [ 1 ,0]

— 0, as ||z||[7%’0] — +00
we have g, = 0. In addition, there exists a constant ¢ > 0 with z(t) > c||z||[-q),

1 3
t,z Zg(_l) Izl —l()] 2
gbn) _ 2) = clzl 3, = +00, asllzll_y g > O.
”Z”[_%,o] ”Z”[_%,o] ||Z||[_, (=2/0] z

Thus, gy = +00, Eq. (6) has at least one positive solution by Theorem 3.3.

Example 4.2 We consider the following equation:

Diz(t) = —(z2(t - 1)+ 2t - 1)), teo1],

Z(t) =% te[-31,0] (7)
z(0) =2"(0) =2""(0) = 0, z(1) = fol z(6)do,

where o = %,

z(t) = cl|zll{-r0); since

1
,g(tz) =z2(- %) +z (—%), and there exists a constant ¢ > 0 with

1
gtz z2(-3) +Z22(-3) - ||Z||[ 1ot ||Z||[ Lo

— +00, as ||z||[_%]0] — +09,

”Z”[_%,o] - ||Z||[_%,o] N ||Z||[_%,o]
o(t,2) 2 (=1 4 2(=1) ||Z||[ 1ot ||Z||[ L
= 3 3% >¢ — +00, as ||zll_1 o) = O,

”Z”[_%_o] ||Z||[_%,o] ||Z||[_%,o] ¥
we have gy = +00, g = +00. Thus the condition (C;) holds. Furthermore, M = % =
14 1-5)*"L(k[2(s=1)+a]) _ 1 _ 224 : _

fo Ga, s)ds—fo e (;mw ds=; 9 ,B=M [; G(1,s)ds = 567\/;.Tal<mgm—2,

then when 0 < ||z|| 10 < 2, we have g(t z) <6< m = 56171‘5;, which implies the condition

(Cs) holds. Hence by Theorem 3.1, Eq. (7) has at least two positive solutions z; and z; with
0< ||Z||[_%,1] <2< ||Z||[_% 1]
5 Conclusion

In this paper, on the basis of the Guo—Krasnoselskii theorem, the sufficient conditions en-
sure that the existence and multiplicity of positive solutions are obtained. This research



Li et al. Advances in Difference Equations (2020) 2020:256 Page 10 of 11

method can be extended to many fractional boundary value problems. It is worth not-
ing that the equation involves time delay and an integral boundary value condition, to be
compared to much previous work, which has never been considered. In addition, our work
is inspiring for future research as regards triple positive solutions of fractional boundary
value problems with delay.
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