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1 Introduction

We know that one approach for generating integrable systems was proposed by Magri [1],
which was called the Lax-pair method [2, 3]. Based on it, Tu [4] proposed a method for
generating integrable Hamiltonian hierarchies, which was called the Tu scheme by Ma [5].
Through making use of the Tu scheme, some integrable systems and the corresponding
Hamiltonian structures as well as other properties were obtained, such as the works in
[6-10]. It is well known that many different methods for generating isospectral integrable
equations have been proposed [11-15]. However, as nonisospectral integrable equations
are concerned, fewer works have been presented, as far as we know. Ma [16, 17] applied
Lax equations to work out some nonisospectral integrable hierarchy under the case of
A = A" (n>0). Qiao [18] adopted the Lenard series method to obtain some nonisospectral
integrable hierarchies under the case A; = A”*1M. The aim of this paper is to apply an
efficient scheme to generate nonisospectral integrable hierarchies of evolution equations
under the case where A, = Z;’:O ki(t)A"7. Obviously, this case is a generalized expression
for the case A, = 1" [19, 20]. Under obtaining nonisospectral integrable systems, some of
their properties, including Darboux transformations, exact solutions, and so on, could be
studied [21-26]. We first recall some fundamental facts.

Let G be a finite-dimensional Lie algebra over the complex set C, G=G® C[r,271] be
the corresponding loop algebra, where C[A, A™!] stands for a set of Laurent polynomials in
the parameter 1. Suppose that {e;,...,e,} is a basis of G, then the basis of the loop algebra
G can be chosen as {e1(n),...,ey(n)}, where e;(n) = e;AN", N;=1,2,...,n € Z.
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Definition 1 One basis element R € G is called pseudoregular if the following conditions
hold:

(1) G =KeradR @ ImadR,

(2) keradR is commutative, where
KeradR = {x|x € G, [x,R] =0}, ImadR = {x | Iy € G,x = [y, R]}.

Definition 2 For any basis element e;(n) (i = 1,2,...,p), we define its gradation by
deg(e;(n)) = Nin. (1)

Obviously, for Vg € G, g canbe expressed by g = >, k,ei(n) = )", g4, k, are constants. We
can decompose g into two parts as follows:

&=) g £=) %

= np

and call g, the positive part of g, 1 € Z is some chosen integer.

In the following, the steps for generating nonisospectral integrable hierarchies of evo-
lution equations are presented.
Step 1: By using the loop algebra G, we introduce the spectral problems

Yu=UY, U=R+uei(n)+---+ugeq,(n), (2)
Y=V, V=Aen)+- - +Ape,(n), (3)
o=y k(e (4)
i=0
where the potential functions u,...,u; € S (the Schwartz space), and R(n), ei(n),...,

e,(n) € G satisfy that
(@) R, ei,...,ep, are linear independent,
(b) R is pseudoregular,
(c) deg(R(n)) > deg(ei(n)),i=1,2,...,p.
Step 2: Solving the following stationary zero curvature equation for A;,i=1,2,...,p:

ou
Ve = akt+ (u,Vv]. (5)

It follows that one can get the compatibility condition of (2) and (3)

o LU, v [U,V]=0 (6)
—ur+ —Ar— Ve [U,V]=0.
du ot

Equation (6) can be broken down into

ou
v S e v - 3

o -[u, v, )

where

W =Ny 0 =3 kAN 5 20,1, N - Lim < n.
i=p
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Step 3: Choose A, € G so that

VO = NV) w8, =V A,

ou
—V . 8_)L)‘§n+) +[U, VP ] =Bier + - + Byey,
where B; (i=1,2,...,9) € C.
Step 4: The nonisospectral integrable hierarchies of evolution equations could be de-
duced via the nonisospectral zero curvature equation
ou ou
P axti VO 4 [u,v”] =o. (8)
Step 5: The Hamiltonian structures of hierarchies (8) are sought out according to the
trace identity given by Tu [4].

2 A nonisospectral integrable hierarchy of evolution equations
A basis of the Lie algebras gl(3) is given by

¢l(3) = span{h,e,f}

with
0 0 -1 0 0 O 0 -1 O
h=]10 0 0], e=|]0 0 -11, f=11 0 0
1 0 O 01 0 0O 0 O

And the corresponding loop algebra is taken by
¢l(3) = span{h(n), e(n).f (n)},

where h(n) = hA?", e(n) = eA?"L, f(n) = fA2"L,

After simple calculations, one can find

[h(n), e(m)] = f22"2" 1 = fm +n),  [h(n),f(m)] = —e(m +n),
[e(n),f(m)] =h(m+n-1), mmuneZz,

where the gradations of /(n), e(n), and f () are given by
degh(n) = 2n, dege(n) =2n-1, degf(n)=2n-1, neZ
We consider the following nonisospectral problems based on g;;l(S):
0 -rx A2

Upe=Uy, U=-ih(1)+ge()+rf)=| » 0 —grl, )
—iA2 gn 0
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0 —cA -a
Y=V, V=ah(0)+be(l)+cf(1)=|cr 0 -br|,
a b 0

where 7 = -1,a = Yo b= bii M e=)
It follows that we obtain

—2i
>0 Ci)x .

0 -r =2ik
— A = r 0 —g Z ki ()22t
-2ix g 0 ) =0

= > k(t)[-2ih(1 i) + ge(1 - i) + rf (1 - ).

i>0

(10)

Furthermore, the following equation can be derived by taking A, = Y_,_o ki(£)A'~* with

Eq. (6):
Aix = qCiy1 — rbi+1 - 22ki+l(t):
biy = icis1 + ra; + ki(t)q,
Cix = —ibis1 — qa; + ki(D)r,
that is,

aix = —i(qbix + r¢ix — @*ki(t) — P2 ki(2) + 2ki1 (2)),
Civ1 = i(=bix + ra; + qki(2)),
bisy = i(cix + qa; — rki(t)).

In terms of Eq. (12), we take the initial values
b() = /(08_1q, Co = k()a_lr,
and then one has
ag = —2iky ()% + Bo(2),
where Bo(£) = 0 is an integral constant. From (12), we deduce that
by =2k (t)gx, c1 = 2kq(t)rx,
a = —Zkl(t)x(q2 + rz) = 2iko(t)x + Br(2),
by = iky (£)(r + 2xry) + qx(kl(t)q2 + k(O + 2k2(t)),

¢y = —iki (£)(q + 2xq,) + rx(ky (£)q” + ko (£ + 2K(2)),

cey

where $1(£) = 0 is an integral constant. Denote that

n

v = Z(aih(n —i)+be(n+1-i)+cf(n+1-1),

i=0

(11)

(12)
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VO = 3™ (aih(n - i) + bie(n + 1 - i) + ¢f (n + 1~ 1),

i=n+1

o0
)»Enj _ I(i(t)AZ”’Zi+1, )\En_) _ Z I(i(t))\zn’%*l.

i=0 i=n+1

-

In what follows, the gradations of the left-hand side of (7) can be obtained by using (1),
(9), and (10)
ou
deg V" =:(0,1,1) >0,  deg ﬁ)\ﬁfﬁ -(2,1,1)>1,

deg([U, V")) = (2,1,1;0,1,1) > 1,

which indicates that the minimum gradation of the left-hand side of (7) is zero. Addition-
ally, we also obtain the gradations of the right-hand side of (7) as follows:

au
deg VI = (=2,-1,-1) < -1,  deg ﬁxﬁf’j =:(0,-1,-1) <0,

deg([U, V™)) = (2,1,1;-2,-1,-1) < L,

which means the maximum gradation of the right-hand side of (7) is 1. Thus, we further
infer the following equation by taking these terms which have the gradations 0 and 1:

ou
VYQ - a)»g"_) -[u, Vf")]

= zl’)wrlf(l) - ;C}’l+le(1) —qC¢u1h(0) + rbyy,11(0) + 221<n+1(t)h(0):

that is,

ou
V4 a—kxﬁﬁ’ +[u, v

= ;bn+]f(1) - ;Cn+le(1) - an+1h(0) + rbn+1h(0) + 2;I<n+l(t)h(0) (13)

In order to obtain the nonisospectral integrable hierarchies, we take the modified term
A, = —a,h(0) so that for V) = Vi") — a,,h(0), we have from (13) that

ou - _
—V 4 ﬁxif? + (U, V] = (=ieyr - ran)e(l) + @by + qan)f ().

Therefore, the nonisospectral integrable hierarchy is derived by Eq. (8) as follows:

U = q _ _;Cn+1 —ray _ bnx - I(n(t)q
K % . N\ b tgan ]\ - Ku(t)r
=]y <C> - K1) <q> (14)
b, r
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or
q —107 by + (i + 137 q)Cner — 20K (E)x
U, = = _ -
"\ —g07 qey + (=i + g0 )by + 20K, (t)x
Z a—l _ 8_1 B _
(T T T ) ik |
-q07q —i+qd7'r) \bun q
=L ) s 2,0 @0x ), (15)
by q
where

7= 0 0 7, = i+rd’lq  -rd7lr
"“\s o) 2T —qd7'q  —i+qd'r]’

Based on (12), one has

Cust\ [ r97'rd —id+rdgd\ (c,
bu) \id+qdro  qd7'qd b,

P+ ) + 1
ck e (T @) e e[
-qd7 (g +r*) —ir q

-y (Z) + Ky ()Q + 2K,p11 (xR, (16)

n

where

- ro~ird —-id +rd71gd 0- -0 Y g+ 1) +ig ("
~\id +4071rd qd'q0 ’ N\—go NP+ -ir)’ \q/)’

Hence, (14) can be written as

Koo lr\ & Sy q
=L <1< 41 ) +71 ) (L'Kua-d6)Q) + 211 Y LK, i()xR - Koy (£) (r)
i=0

09 g i=0

n-1 n-1
- d"K, (f) + 3 OK 1 (0Q+2) K ()'D (f:) — K, (1) (Z) . (17
i=0

i=0

where

(18)

g+ q? i0+ g0 tr+qr
1e)) :]1L]{1 — ( qx q+tq qx q .

—id+r0 ' qrqr  rdlr+r?
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When n = 1, the nonisospectral integrable hierarchy (17) becomes

q: = 2K1(qw). + Kiq,

(19)
ry = 2K1(rx), + Kqr.
When 7 = 2, the nonisospectral integrable hierarchy (17) reduces to
qr = Ki(@®% + qrix + ir + 2iryx), + 2K5(qx)x — Kaq, 20)

1o = Ki(rPx + rqx — iq — 2iq.x), + 2Ky (rx), — Kar.

Additionally, we focus on a format of Hamiltonian construction of hierarchy (17) via
the trace identity proposed by Tu [4]. Denote the trace of the square matrices A and B by
(A,B) =tr(AB).

Equation (9) and Eq. (10) admit that

au 2 au 9 ou -
V,——\=_2b22, V,— ) = —2c)?, V,— ) = =2crh + 4diak — 2bgh,
aq ar dA

which can be substituted into the trace identity to get

i(<\/ y>) :)\—Vi)hy (V’%_q) ,
Sul\\ ~ oA ar \(v, 2y

b - _, 0 [=2bA*Y
—(=2crA + diak — 2bgh) = A7V — .
Su oA \ =2cA%tr

(21)

It follows that one can get the following equation by comparing the two sides of the above
formula:

n

5 - b,
8—(4ia,, -2gb, —2rc,) =-2(2-2n+7y) ( ) . (22)
u
One can find y = 0 via substituting the initial values of (12) into (22), and then we obtain

b,\ 8H, [0 1\ {cn Cn
= = = M1 »
Cn du 1 0/ \b, b,

where

anﬂan—qbn—rcn’ M[1=M1= 01 ‘
2n—2 1 0

Hence, hierarchies (14) and (15) can be written as
6H, 6H, - _
= (1) = E2 — k) [ T) = oy =L s 2k ). (23)
r/, du r Su q

It is remarkable that when K,,(t) = K,,..1(¢) = 0, (23) is the Hamiltonian structure of the
corresponding isospectral integrable hierarchy of (17).
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3 Discussion on symmetries and conserved quantities

In [8], the authors applied the isospectral and nonisospectral integrable AKNS hierarchy
to construct K symmetries and T symmetries, which constitute an infinite-dimensional
Lie algebra. Thus, we also study the K symmetries and T symmetries of hierarchy (17) in
this section. Moreover, some conserved qualities of hierarchy (17) can be found based on
the obtained symmetries. After simple calculations, one can find that @ presented in (18)

satisfies

P'[Df]g - &' [Dglf = 2{D'[f1g - P'glf}

for Vf,g € S. Thus, @ is the hereditary symmetry of (17). In what follows we can also prove
that the following relation holds.

Proposition 1
?'[Ko] = [Ky, @], (24)
where Ko = (1) = ty.
In fact,

qxa_lq"'qa_qu qx3"1f+q3_1rx
rd tg+rdlg,  rdlr+rd7lr,

D'[Kol =0 <

for Vf = (f1,£)T € S, we have

Gy + (@)fi + G0 Gy + Ged " 1fo + (qP)efo + qxa-lrxfz)

D'[Kylf =
[Kolf < Fex0 2 qfL + (qr)efy + 10 qufy + 1ex® o + (P2)ofa + 1207 1o

01(f)
2
- K@ (J;l) _ oK (J;l)
2 2
(o 5 (2t )62
0 9 —i+rd7lq  rd’lr ) 0%

_ ( G0 qf + 3491 — 407 qOf1 + Guxd ™ 1fo + Gutfo + (97> — 4207 fo )

Fex0 L + Toqfi + qurfi — 107 GOfL + qrafi + Txxd L rfy + 317fy — 10 rfox

We therefore verified that (24) is correct. It follows that we can get the following equation

because @ is a hereditary symmetry:
?'[Ky] = K], ®],

which means that @ is a strong symmetry, where K,,, = " ( q’c).

Tx
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Proposition 2

D' [xu] + D (xu) — (xu) @ = HI, (25)
(4= (0 id . . . .
where u = (rx)’ H-= (—ia ’0), and 1 is an identity matrix.
In fact,
A B
@' [xu] = ,
C D
where
A=q.07'q + xq,, 07 q + 2xq.q + g0 xq,
B =q.07r + g, 07 r + xqr + xqry + g0 xry,
C =1071q + X1, 07 q + X72q + X7, + 1,0 %q,,
D =r 077 + 51,07 r + 2%, + 1,0 L ary.
@ (xu)/ _ xq_23 +Xqqx — 071 (q + xqx) xXqrd +i0 + ix02 + xrqy — q 07 (r + xry)
xqrd — 10 — ixd% + xqry — red "1 (q + xqs) X2 + K17 — rgd L (r + x7y) ’
(xu)/(p _ XG0 q + 3xqqx + x>0 %02 + X d 11 + 2X0qy + XqTy + XqFD
T\ —ixd? + xrxxa’lq + 2XqTy + Xrqy + Xqrd Krxd L7 + 3077y + 2120 ’
where
d x(q + €o o xd 0
o) = L] (FOTe) () o ey - .
de |._o \x(q + €02) (op) 0 xd
We therefore verified that (25) is correct.
Proposition 3
(26)

[K1,xu) = [Pu,xu] = Hu + K3,

where u= (1), H= (9 ), and Ky = ®u.

In fact,

ou- irex + 34:(q° +7%) + qrrs + 44
_qux + %rx(qz + r2) Tqrgs + rry '

(@u) %(q2 +72)3 +3qq, + q*0 + 17y, 0%+ qrd + (qr)«
u) = - )
—id% + qrd + (qr)s H? +72)0 +3rr + 179 + qq,s
Xqx
du)
@) ()

_ %(q2 +12)0(xqy) + 3x%qq> + G2 (X qx) + x17xqx + 102 (x7) + qro(xry) + xry(qr)s
—102(wqy) + qro(vqy) + %q.(qr)x + 2(g? + r2)3(wry) + 3xrr2 + r20(xry) + 472445 )
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Then we have

= 1 2 2 2
(ete) [bu] = xa(”;xx + 5?x(q 2+ r 3+ qrrx+q :Ix) ’
xa(_qux+§rx(q +77) + qrgx + 17rx)

[®u,xu] = (Pu) [xu] — (xu) [Pu] = ( 0 z(;)) (%) + K, = Hu + K;.

—id T
We therefore verified that (26) is correct.

Proposition 4

K, K,]=0, mn=0,1,2,..., (27)
where K,;, = ®"u, K,, = ®"u.
Proposition 5

[@”’xu,xu] = m®" (xu).

The proofs of Proposition 4 and Proposition 5 were presented in [20].
From the above results we can get

[QY”xu, <1§”xu] =(m-n)®"" Yxu), m=0,1,2,...;1=0,1,2,....

From (26), one can find that {®"u, ®"xu} cannot constitute a Lie algebra. However,
{(®"u,n=0,1,2,...} and {®"xu,n = 0,1,2,...} constitute the infinite-dimensional Lie al-
gebra, respectively based on the above analysis.

Next we derive some conserved qualities of Tu isospectral hierarchy

Uy, = (q) - " (”’) (28)
r N Ty

Definition 3 ([11, 12, 14]) If we have known the integrable hierarchy u; = K, (1), then v
satisfying the following equation

Y Kv=0 (29)
dt -

is called the conserved covariance, where K’ is the linearized operator of K, and K™ de-
notes a conjugate operator of K.

Proposition 6 ([14]) If o is a symmetry of Eq. u, = K,,(u), v is its conserved covariance,
then we have

/ vo dx = (v,0),

o]

which is independent of time t, that is, % (v,o) =0.
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Definition 4 ([11, 12, 14]) If F'f = (v,f) for Vf € S, then v is called the gradient of the

functional F, which is denoted by v = %

Proposition 7 ([14]) IfV' = v*, then v is the gradient of the following functional:

1
F- /0 (v(h10), ) . (30)

According to the symbols above, we can deduce the following.

Proposition 8 ([11, 12]) If I is a conserved quality of the hierarchy u; = K,(u), and the

conserved covariance v satisfies
I'K, = (v,K,),

then one obtains

o1 K, =0
— + =Y
at !

that is,
v
—+K'v+VK,=0.

at

Hence, we derive the following conserved qualities related to the integrable hierarchy
u; = Ky, (u):

1
I, = / (0 Ko (a), ) . (31)
0

In addition, a few conserved qualities are also derived for the integrable hierarchy (28) as

follows:
1—/1(3"11((ku) u>d)\—/1 0 1) (a1 (a dx—/oo( r - roq) dx
0= o X 0 ) = o 1 0 rx}\ ) r = _oo%c xq )
where

0 1 -
Ko=@%%= %)= .
Ty -1 0 qx
Moreover, we have

1<1 :®M: Z:'xx+ %qu(qzz-'- r22+qrrx+q22qx
—iux + 572(q° +17) + qra + 171y

(0 1 iqex — 37e(q* +77) — qra. — 171y
~1 0) \irss + 2q:(@ + 1) + qrrs + 44
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_ T
irgh + 2qu(q* + )23 + qrrd® + P q)® q

o~
1l
S—
-
- O
o |
—_

—iqexh + 3re(q? + 1)D3 + qrqd® + rPrd r

©ri 1., 5
E(qqxx"'rrxx)"'g(q +r)(%cr_er) dx,

—~
I

/{0 -1 q
= Ki(Au), d.
/_ N P

o]
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