Wei and Ma Advances in Difference Equations (2020) 2020:204 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02667-0 a SpringerOpen Journal

RESEARCH Open Access
()]

Global continuum and multiple positive
solutions to one-dimensional p-Laplacian
boundary value problem

Liping Wei' and Ruyun Ma'"

“Correspondence:

mary@nwnu.edu.cn Abstract

'Department of Mathematics, " . . ..
Northwest Normal University, We show the global structure of the set of positive solutions of a discrete Dirichlet
Lanzhou, PR. China problem involving the p-Laplacian difference operator suggesting suitable conditions

on the weight function and nonlinearity. We obtain existence and multiplicity of
positive solutions for A lying in various intervals in R by using the directions of a
bifurcation and the Picone-type identity for discrete p-Laplacian operators.

MSC: 39A10; 39A12; 34G20

Keywords: Difference equation; p-Laplacian; Positive solutions; Bifurcation;
Picone-type identity

1 Introduction and main result
Let T > 1beaninteger, T:=[1,T]z ={1,2,..., T}, T:= {0,1,..., T +1}. In this paper, we are
concerned with existence and multiplicity of positive solutions of the discrete boundary

value problem

Alg,(Au(x — 1)) + Mi(x)f (u(x)) =0, xeT, (11)
u(0)=u(T +1) =0,

where ¢,(s) = [s|?~%s, p > 1, A > 0 is the parameter, f € C(R*,R*), f(s) > 0 for all s > 0 and

h: T — R* with 0 < 1, < h(¢) < h* on T for some h,, h* € (0, 00).

Existence of positive solutions for discrete boundary value problems involving the p-
Laplacian difference operator has been studied by several authors, we refer to Agarwal et
al. [1], Chu and Jiang [4], and [7, 8, 10, 12] as well as the references therein. Very recently,
Nastasi et al. [14, 15] also obtained some existence results for discrete (p, g)-Laplacian
equations. In particular, by virtue of bifurcation techniques, Bai and Chen [3] established
some results of existence of positive solutions for (1.1) according to the asymptotic be-
havior of f at 0 and co. However, the sublinear and superlinear conditions imposed on
the nonlinearities only deduced a relatively simple “shape of the component’, and they
provided no information on the existence of at least three positive solutions.
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It is the purpose of this paper to show that (1.1) has three positive solutions for X lying
in various intervals in R suggesting suitable conditions on the weight function and non-
linearity by using the directions of a bifurcation and the Picone-type identity (for related
results, we refer to [6, 19, 22]) for discrete p-Laplacian operators due to Rehak [20]. We
shall make the following assumptions:

(A1) h:T — R* with 0 <k, < h(t) <h* on T for some h,, i* € (0,00).

(A2) There exist @ >0, fo > 0, and f; > 0 such that

. f(s) —fosP
e =

(A3) f e C(R*,R*), f(s) >0 forall s >0 and f := limy_, o s% =0.

In assumption (A4) below and throughout, we use the following standard notations.
Let Y = {u|u : T — R} with the norm ||u|y = max;er |u(t)]. Let X = {u: T — R[u(0) =
u(T + 1) = 0} with the norm ||u|| = max, 4 [u(£)|.

Let (1 be the first eigenvalue of the following problem:

Algp(Au(x - 1))] + ph(x)pp(u(x)) =0, x €T, (1.2)

u(0)=u(T +1)=0. '
Then the first eigenvalue p; is the minimum of the Reyleigh quotient, that is,

T
Au(t))?
[ = inf{ZTt‘O'—u()l,u c X}.
2o HOu(@) P

Let x; be the principal eigenvalue of the eigenvalue problem

Algy(Awlx =) + xp,(W(x) =0, x€[1,2-1]z, 13)

w(0) = 0,w(?) = 0, '

where £ € T satisfies % <t< %

Furthermore, we assume that
(A4) there exist sg >0 and 0 < o < 1 such that

,and let w; be an eigenfunction corresponding to ;.

f& _ fo

min — > 1.
se[so,éso] S Wik

Arguing the shape of bifurcation, we have the following main result.

Theorem 1.1 Assume that (A1), (A2), (A3), and (A4) hold. Then there exist A, € (0, t1/fo)
and \* > plfo such that
(i)
(ii)

(1.1) has at least one positive solution if & = Ay;
(1.1)

(iii) (1.1) has at least three positive solutions if i1 /fy < A < A*;
(1.1)
(1.1)

has at least two positive solutions if . < A < p1/fo;

(iv)
W)

has at least two positive solutions if . = 1*;

has at least one positive solution if . > A*.

Page20of 13
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Remark 1.2 To obtain our main goals, we shall employ a bifurcation technique due to Sim
and Tanaka [21]. They showed that one-dimensional p-Laplacian of differential equation
coupled with Dirichlet boundary condition has three positive solutions. Moreover, several
papers have also been devoted to elliptic equations involving the fractions of the Laplacian
(see [2, 13]). For other multiplicity results for related problems, we refer to [16—18].

The rest of the paper is organized as follows. In Sect. 2, we show the existence of bifur-
cation from the first eigenvalue for the corresponding problem according to the standard
argument and the rightward direction of bifurcation. In Sect. 3, the change of direction of
bifurcation is given. The final section is devoted to showing a priori bound of solutions
for (1.1) and completing the proof of Theorem 1.1.

2 Rightward bifurcation
In this section, we study global bifurcation phenomena from the trivial branch with the
rightward direction under suitable assumptions on / and f. We need the following pre-

liminary lemma.
Lemma 2.1 Assume that (A1) holds. Then the principal eigenvalue 111 of (1.2) satisfies
(i) the eigenfunction ¢, corresponding to i1 is of one sign in T;

(ii) the algebraic multiplicity of p, is 1.

Proof (i) Let ¢; be the eigenfunction of (1.2) with w1, then

Algp(Ad1(x — 1)] + n1h(x)p,(¢1(x)) =0, x€T,
$1(0)=1(T +1)=0.

Multiplying the equation of (2.1) by —¢; and by a direct computation, one has

T T T
= ep(Ad1(®) AT () = =D mih®e, (1)) 67 () = > mah(®)|¢r ().
t=0 t=1 t=1

Since

T T
Sladil <=3 e (Adi1(0) Mgy (1),
t=0 t=0

we obtain

T T
0< > [agi|” <> wiht)|er @)
t=0 t=1

According to the definition of 1, we know that ¢7 is an eigenfunction of (1.2) with eigen-
value ;.
We claim that ¢7 > 0. Assume that there exists z, € T such that ¢7 (%) = 0, then

~A[ep(Ady (8 -1)] =0,



Wei and Ma Advances in Difference Equations (2020) 2020:204 Page 4 of 13

that is, ¢, (A¢7 (to — 1)) = ¢,(Ad; (fo)) = 0, which means

d1(to—1) =7 (o +1) = 0.

It deduces that ¢; = 0 from repeating the steps as above, which is a contradiction.
Consequently, ¢; = —¢7 < 0 is of one sign in T.
(ii) Let u and v be two eigenfunctions corresponding to i1, we only need to prove that
there exists ¢ € R such that u = cv.
From (i), we know that u and v are of one sign, we can suppose that # >0, v > 0. Let

¢ = min %, then there exists ¢y € T such that ¢ = Z((ig)) Thus

Pp (u(t())) =¢p (CV(tO))-

From the equation of (1.2), one has

wp(Au(to - 1)) - (pp(Au(to)) = (pp(A(cv(tO - 1))) - gap(A(cv(to))).
Since
op(Aulto)) — 0p(A(cv(t0))) = @p (uto + 1) — ulto)) — p(cvlto + 1) — cv(to))

= (pp(u(to +1)— cv(to)) - gop(cv(to +1)— cv(to))

and ¢ = minget %, one has u(ty + 1) > cv(tg + 1), thus

op(Aulto)) — p(A(cv(to))) = 0.

By similar methods, we get

@p(Au(to - 1)) — gp(A(cv(to - 1))) <0.

And accordingly,

0< <pp(Au(t0)) - wP(A(cv(to))) = (pp(Au(to - 1)) - (pp(A (cv(to - 1))) <0.

It deduces that u = cv from repeating the steps as above.
Moreover, coupled with (i) and (ii), the eigenfunction corresponding to ©; can be chosen
to be positive on T. O

Following similar arguments as in Lemma 2.2 of Bai and Chen [3], we have

Lemma 2.2 Assume that (A1), (A2), and (A3) hold. Then there exists an unbounded sub-
continuum C, which is emanating from (u1/fo,0) for (1.1). Moreover, if (A, u) € C, then u is
a positive solution of (1.1).

Lemma 2.3 Assume that (A1), (A2), and (A3) hold. Let u be a positive solution of (1.1).
Then there exists a constant C independent of u such that

|Au)| < A7 TCllull, x€0,T]y. (2.2)
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Proof According to discrete Rolle’s theorem (see [9]), there exists xy € T such that

Au(xg) =0 or Au(xo — 1) Au(xg) < 0. Then, by a direct computation, it is easy to see that

=1 Y h(s)f (us)), xeT. (2.3)

s=x+1

By virtue of (A2) and (A3), we get
fis) <f*s"™, s>0 (2.4)

for some f* > 0, it follows from (2.3) that
(i) if Au(xo) = 0, then

T+1
|Autx)]” —th ) < A ull”! Zh(s <MY HE)
s=x+1 s=x+1 s=0
(i) if Au(xg — 1)Au(xg) < 0, then
T+1
|AuE) "™ = || Aulxo)|” > Aulx) + 1 Zlh(s)f (u(s))| < Af* Zoh(s)||u||p L .

Lemma 2.4 Assume that (A1), (A2), and (A3) hold. Let {(,,, u,)} be a sequence of positive
solutions to (1.1) which satisfies |\ u, || — 0 and 1, — p1/fo. Let ¢1(x) be an eigenfunction of
(1.2) corresponding to ju1 which satisfies ||¢1|| = 1. Then there exists a subsequence of {u,},
again denoted by {u,}, such that u,/||u,|| converges uniformly to ¢, on T.

Proof Set v, := u,/||u,||. Then it is easy to see that ||v,|| = 1. It follows from Lemma 2.3
that ||Av,| is bounded, so there is a subsequence of v, uniformly convergent to a limit
v. Furthermore, there exists a subsequence of it such that Av,(0) converges to some con-
stant ¢. We again denote by {v,} the subsequence. We note that v € Y, v(0) = v(T + 1) =0,
and ||v|| = 1. Rewriting the equation of (1.1) with (%, z) = (A,, u,), we obtain

0p (Dt (®)) = 0p (A1, (0)) - Zh(r)f n (1)) (2.5)

t=1

Dividing both sides of (2.5) by ||u, |71, we get

9 (Ava(x)) = @, (Ava(0)) - Zh(t) @ (va(2)) =: Wi (). (2.6)

t=1

op(u n(t)) i

Since u,(x) — 0 for all x € T, we can get o f("" 8 — fo for each fixed t € T. It follows that

w,(x) converges to

w(x) = gp(c) — 1 Y _ h()g, (v(2) (2.7)

t=1
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for each fixed x € T. Therefore, by recalling (2.6), one has
x—1
va(®) = Y 05" (wals)).

s=0

The fact coupled with (2.7) yields that v,(x) converges to

x—1 x-1 s
v®) =Y g, (W) =) o, ((pp(C) -y h(t)fpp(V(t))) :
5=0 s=0 t=1
which implies that v is a nontrivial solution of (1.2) with A = 1, and hence v = ¢,. a

Lemma 2.5 Assume that (A1), (A2), and (A3) hold. Let C be as in Lemma 2.2. Then there
exists 8 > 0 such that, for each (A, u) € C and |X — u1/fo| + |u| <8, one has A > pu1/f.

Proof Suppose on the contrary that there exists a sequence {(Ay, u,,)} such that (A, u,,) € C,
which satisfies A, — w1/fo, |uqll — 0, and A, < p1/fo. According to Lemma 2.4, there

exists a subsequence of {u,},

H
uniformly to ¢; on T, where ¢;(x) > 0 is the first eigenfunction of (1.2) w1th o1l = 1.

Multiplying the equation of (1.1) with (A, &) = (A, u,,) by u, and by a direct computation,
one has

A Zh(x)f u,,(x U,(x) =

x=0

and accordingly
T+1 T+1
Do Y B (s (%)) 1) = i1 Y i) () . (2.8)

x=0 x=0

It follows from Lemma 2.4 that, after taking a subsequence and relabeling if necessary,

Hu ] converges to¢,inY.

T

T
A @ =1 Y hix)| i)
0 x=0

x=l

)

then together with (2.8) one has

T T
Do Y ) (1))t () = a1 Y 1(ae) |1t ()| = € () 24, [P
x=0 x=0

with a function ¢ : N — R satisfying

lim ¢(n) = 0.

n—00
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That is,
T+1
f(un(x)) — folun ()P~ | e, (%) [P
h(x
Z (w)]p-1re ll2 i
T+1
= ||u B [(‘“ (i )‘ _g(")]'
From condition (A2), we have
T+1 p-1 pta T+1
>y IR | S el <0
n n =0
and
T+1 u(x) P T+1
D) g > b)) > 0.
x=0 " x=0
This contradicts A, < t1/fo- g

3 Directional turn of bifurcation
In this section, we show that the connected components grow to the left at some point
under (A4) condition.

In Lemma 3.3 and throughout, we use the following well-known conceptions of a gen-

eralized zero and a simple generalized zero at t € T in [9].

Definition 3.1 Suppose that a function y : TR If y(to) = 0, then £ is a zero of y. If
y(tp) = 0 or y(to)y(to + 1) < O for some £y € {1,..., T — 1}, then y has a generalized zero at
to € T.

Lemma 3.2 Assume that (A1) holds. Let u be a positive solution of (1.1). Then there exists
to € T such that ||\u|| = u(ty). Moreover,

T+1 3(T+1
ol <u) < hul, wefeezs Lot <o XDy (3.1)
- gminf T+l-max]
where o = min{“T, =517}
Proof It is an immediate consequence of the fact that u is concave down in T. O

Following similar arguments as in the proof of Lemma 3.1 of Dai and Ma [5], we have

Lemma 3.3 Let Py > py for k € [m,n + 1]z. Also let y(k), z(k) be solutions of the following
difference equations:

Algp(Ay(k))] + proy (y(k + 1)) =0,
A [(pp(Az(k))] + Prop (z(k + 1))
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respectively. If y(m) = y(n + 1) = 0 but without any generalized zeros in [m + 1,n)z, then

either there exists T € [m + 1,nly such that t is a generalized zero of z or Py = pi and
Ay(k) _ Az(k)
yk) T z(k) C

Proof 1If z has a generalized zero in [m + 1, 1]z, the conclusion is done. If there is no gen-
eralized zero of z on [m, n + 1]z, then we can assume without loss of generality that y > 0,

z>01in [m + 1, n]z. By the Picone-type identity [11, 20], we have

A{ y(zk) [wp(z(k))wp(Ay(k))—gop(y(k))(pp(Az(k))]}

PRED)
= (Px - po)|ytk + 1)
. o(Azk) . op(Bz(b) }
k)| — —————|y(k T iyk .
+{|Ay( I = ey P& DI+ gy P

By a direct computation, one has

% [0y (2(n + 1))@, (Ay(n + 1)) = @, (¥(1 + 1)) g (Az(m + 1)) ]
P
y(m)
= ) [0y (2(m)) @, (Ay(m)) — @, (y(m)) @p (Az(m))]
P

n

. Z{(Pk ks D[*
k=m
+[|Ay(k)\“-M\ (k+ | + 2820, (k)y"‘]}. (3.2)

ok + 1) T opz) P

The left-hand side of (3.2) equals zero. Hence, the right-hand side of (3.2) also equals
zZero.

Since

@p(Az(K))
pp(z(k +1))

B I T

[Ar®[* - PRET)

and the equality holds if and only if Ay(k) = y(k)(Az(k)/z(k)), we conclude that there exists
a constant v # 0 such that z(k) = vy(k) and Py = py. O

Lemma 3.4 Assume that (Al) and (A4) hold. Let u be a positive solution of (1.1) with
||z = %so. Then X < u1/fo.

Proof Let u be a positive solution of (1.1). It follows from Lemma 3.2 that
ollull <ulx) <|ul, xel

We note that u is a solution of

Sf(u(x))
@p(u(x))

A[(pp(A(u(x)))] + Ah(x) ®p (u(x)) =0, xel.
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Suppose on the contrary that A > u1/fy. Then, for x € I, we have from (A4) that

Ml(x)f(u(x)) S My Jo

ww) — fo ik T

Choose b > 0 such that [b,b + £]z C I. Set
y(x) =wi(x—b), x€l[bb+tlz,
then

Algpy (A - D) + x10p(y(x)) =0, xe[b+1,b+i-1]g
y(b) =0, y(b+1)=0.

It deduces from Lemma 3.3 that « has at least one generalized zero on I. This contradicts
the fact that u(x) >0 on I. (

4 Proof of Theorem 1.1
The main ingredient of this section is a priori estimate, and finally we shall give a proof of
Theorem 1.1.

Lemma 4.1 Assume that (A2) and (A3) hold. Let u be a positive solution of (1.1). Then
there exists Ay > 0 such that A > ..

Proof From Lemma 2.3, there exists a constant C > 0, which is independent of i, such that
(2.2) holds. Let ||| = u(xo), then it follows from (2.2) that

lla]] = 2(x0)
xp—1 x0—1 L .
=Y Auls)) < Y AFIC|lull < AFTCT|ull,
5=0 s=0
that is, A > (CT)'*. .

Lemma 4.2 Assume that (A1), (A2), and (A3) hold. Let ] be an interval in (0, +00). Then
there exists a constant My > 0 such that, for all ) € ], one has that all possible positive
solutions u of (1.1) satisfy ||u| < M;.

Proof Suppose on the contrary that there exists a sequence {u,} of positive solutions of
(1.1) with {A,} CJ £ [4,b] and ||u,|| — 00 as n — co. Let

1
Pe (0’ bwp(prT)>'

where y, = max{1, %}, Q= (pljl(ZST:l h(s)). Then, by (A3), there exists ug > 0 such that
u > ug implies f(u) < Bur~L.
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Let myg £ maxue[o,uﬁ]f(u) and let A, £ {t € T: u,(t) < ug} and B, L2 eT:u,l)> ug}.
Put Au,(8,) =0 or Au,(8, — 1)Au,(5,) < 0. Then we have

|a(8,)] = Zgop <¢>p[Aun 6] Zx h(t)f u,,(t)))

s=1 t=s

Sn Sn
<> ! (Z )‘-nh(t)f(un(t))>
s=1

t=1

dn
<0, ) ) 0" (Z h@Of (a(8) + > h(t)f(un(t))>

s=1 teAy teBy
for 0 <s <34,. Thus
Z[fpp mﬁ)Q 1(2 h(t)f(un(t))>]
=" llzx |l Or [l ]1P~1 '

P teBy

flon) _ flun(s)
[ B(s)

On By, u,(s) > ug implies < B. And accordingly

1 T[w,;l(m,a)Q

.
o) =T T T )Q}'

1

1
-t > 1
0 = ) for all n, and

Since 0 < a < A,, < b for all n, we have

1 9, mg)Q
W < VpT[W ¢ (,B)Qj|

According to the fact ||u,| — oo as n — oo, we get

1
0,1 (b)

Q<

. 1
=Ty, (BIQR<yT (bwp(prT)>

1
0,1 (b) ~
This contradiction completes the proof. 0

Lemma 4.3 Assume that (A1), (A2), and (A3) hold. Let u be a positive solution of (1.1).

Then there exists a constant C > 0 independent of u such that )»]j(||u||) <C, wherejf(s) =

. ¢
MiNgs<t<s J@ .

Proof 1t is well known that

Alg,(Au(x — 1))] + Ah(x)f (u(x)) =0, x€T,
u(0)=u(T +1) =

is equivalent to the operator equation

u="T(u),

Page 10 0of 13
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where

Y0 (T M) (D)), x € [1,0u]z,

T =
(u)(x) Zsj;x QDq(Zr =s+1 )”h t)f( ( )) ;) XE€ [U”’ T]Z’

with 117 + é =1, 0, € T is the unique solution of

cu= Y Mh(r)f (u(r))

and ¢, is the unique solution of

i(cu - stlh(t)f(u(r))> _

s=0 =1

Let# € T be as in (1.3) and
J1 := [min1, 7], J» := [, max I].
Then we have

llull > |u@)|

— {Zs ()Wq(Zr =s+1 )‘h(T)f(u(f))’ 26 [1’ UM]Z’
Z.g:Z (pq(z‘[:au Ah(Ty(u(T))’ 2 S [Gu: T]Z:

{Zse,l 0 (X% M@ (), Eell ol
Zse]z (pq(Zt =oy )”h( )f( ( )): ZE [Uur T]Zr

( A
1l ey, 0 (71 M) LB 208D e [1,0,)

1)) ¢p(u(r)) 2
”M” Zse/z ‘pq Zr =0y )\’h(r)(j;;( (1)) HPqu 1 )’ te [Uu: T]Z:

v

(w(r) P
_ | 1y 0 (7 Mty mineey, TS 28D, te Loz,
= W) ep)y 4
|1/l|| Zseh (pq(Z‘[ oy )"h(T) mlnfE]z Q{p( (( ))) el 1 )’ te [Gu) T]Z;
- (
> 071 (D) it vy 255 o),
> . (
1l ey @XM iy s ),
et Y gey, q(Xov ey M) ([lual]) 2 ”M”p ), telloz
>
> ( .
llall Zse]z (pq(Zr =0y )J’l(‘l,')f(”u”) I‘[;l’rprl ), teloy,, Tz,
- ||Ll|| Zseh (pq(au -8 1) [Ah*£(||u||)ap—l]q—l’ z € [1; au]Z;
B ”I/l” Zse]z (/Jq(S +1- Gu)[)‘-h*[(||u||)ap_l]q_lx i € [Gu; T]Z;
_ 1l E g, 0qE = s = DS (lul)o? 1, Ee Loz,
Tl Yoo, 9als + 1= D) Mf (lul)o?]77, E€ oy, Tlz,

t € [1)UM]Z)

2 € [Gu: T]Z;

Page 11 0f 13
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> Jlu| min{Zgoq(i—s —1),) pgls+1- 2)} [Ahf ()07

sej1 s€fr
> o |lul min{qu(i —s=1), ) eyls+1- 2)} 1 (laat) ]
sei s€/a
This completes the proof. d

Lemma 4.4 Assume that (A1), (A2), (A3), and (A4) hold. Then there exists {(\,, u,)} such
that (A, u,) € C, Ay — 00 and || u,| — 00 as n — o0o.

Proof 1Tt follows from Lemma 2.2 that C is unbounded, so there exists a sequence {(A,, u,)}
of solutions of (1.1) such that (A,,u«,) € C and |A,| + ||u,|| = co. Moreover, Lemma 4.1
implies that A, > 0. Suppose on the contrary that there exists a bounded subsequence
{(Ays )} Then, from Lemma 4.2, ||uy, || is bounded, which contradicts the fact that [A,| +
|lzt,,]| = oo. Therefore, A, — co. Then Lemma 4.3 implies that f(||u,|) — 0. It deduces
from (A4) that ||u,| — oo. - O

Proof of Theorem 1.1 Let C be as in Lemma 2.2.

It follows from Lemma 2.5 that C is emanating from (u;/fy,0) and goes rightward. Let
{(A, u,)} be as in Lemma 4.4. Then there exists (A, #g) € C such that ||ug| = %so. By
Lemma 3.4, one has 1 < u1/fp.

By virtue of Lemmas 2.5, 3.4, and 4.2, C passes through some points (u1/fo,v1) and
(1/fo, v2) with

1
vill < —=so < [lvall.
o

By Lemmas 2.5, 3.4, and 4.2 again, there exist A and A which satisfy 0 < A < u1/fy < » and
(i) if A € (11/fo, A), then there exist # and v such that (A, u), (A, v) € C and

1
llaell < VIl < —so;
o
(ii) if A € [A, u1/fo], then there exist # and v such that (&, u), (,v) € C and
1
llaell < —s0 < [VIl.
o
Define
A= sup{)_» : 1 satisfies (i)}, Ay = inf{A : A satisfies (ii)}.
Then, by the standard argument, (1.1) has a positive solution at A = A, and A = A*, respec-

tively. Since C passes through (i1 /fo, v2) and (A, 4,,), Lemma 3.4 implies that there exists w
such that, for each A > w1 /fy, one has (A, w) € C and |w| > éso, This completes the proof. (]
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