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Abstract: In 2015, Fukase and Kashiwabara proposed an efficient method to find a very short lattice vector.
Their method has been applied to solve Darmstadt shortest vector problems of dimensions 134 to 150. Their
method is based on Schnorr’s random sampling, but their preprocessing is different from others. It aims to
decrease the sum of the squared lengths of the Gram-Schmidt vectors of a lattice basis, before executing
random sampling of short lattice vectors. The effect is substantiated from their statistical analysis, and it
implies that the smaller the sum becomes, the shorter sampled vectors can be. However, no guarantee is
known to strictly decrease the sum. In this paper, we study Fukase—Kashiwabara’s method in both theory
and practice, and give a heuristic but practical condition that the sum is strictly decreased. We believe that
our condition would enable one to monotonically decrease the sum and to find a very short lattice vector in
fewer steps.
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1 Introduction

Given n linearly independent column vectors by, ..., b, € R™, the set of all integral linear combinations of
the b;’s defines a lattice of dimension n. The matrix B = [bq, ..., b,] € R™" is called a basis of the lattice.
Given a lattice basis, the shortest vector problem (SVP) is to find a non-zero shortest lattice vector, and it has
been a landmark problem in complexity theory for a long time. No efficient algorithm is currently known to
find very short vectors in high dimensional lattices. Ajtai [1] proved that SVP is NP-hard under randomized
reduction (see [13] for the NP-hardness of approximate SVP). In cryptography, the computational hardness
of SVP assures the security of lattice-based cryptography such as [9, 10], to which has recently been paid
attention as a candidate of post-quantum cryptography. There are four main approaches for solving SVP:
lattice reduction, enumeration, sieving, and finally random sampling. Given a basis of a lattice L, lattice
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reduction finds a basis with short and nearly orthogonal vectors; e.g., the Lenstra-Lenstra—Lovasz (LLL) [11]
and the block Korkine—Zolotarev (BKZ) [18] algorithms. Enumeration performs to enumerate all lattice points
within a sphere S around a target vector; e.g., Schnorr-Euchner’s enumeration [18] and Gama-Nguyen—
Regev’s pruned enumeration [8]. Sieving aims to do a randomized sampling of L NS while enumeration
performs an exhaustive search of L n S; e.g., the Ajtai-Kumar-Sivakumar algorithm [2]. Random sampling
randomly enumerates a number of short lattice vectors until a very short lattice vector is found.

We focus on random sampling. Schnorr [17] first proposed a random sampling algorithm, called random
sampling reduction (RSR). Given a basis B = [by, ..., by], the sampling algorithm (SA) in RSR generates a
number of short lattice vectors to find v with ||v||?> < 0.99|b4>. Buchmann and Ludwig [4] proposed simple
sampling reduction (SSR) to make RSR practical. In 2015, Fukase and Kashiwabara [5] proposed a method
for SVP. Their method has been applied to solve Darmstadt SVP problems of dimensions 134 to 150 by
Kashiwabara and Teruya (see http://www.latticechallenge.org/svp-challenge/). Their method is based on
RSR, but their preprocessing is different from others. Before describing their method, we define the following
notation.

Definition 1.1. GivenalatticebasisB = [by, ..., by],let[b], ..., b}:]denoteits Gram—-Schmidt vectors. Then
we define by
n
SS(B) = ) b
i=1
the sum of the squared lengths of the Gram-Schmidt vectors [b], ..., by].

Fukase and Kashiwabara [5] decrease SS(B) before executing random sampling. The smaller the squared-
sum SS(B) becomes, the shorter lattice vectors can be sampled. To decrease SS(B), Fukase and Kashiwabara
insert a short lattice vector v into B to obtain a new basis C, and then reduce C by LLL to obtain a basis
B’ = [b], ..., b}]. Then we sometimes have

SS(B') < SS(B). (1.1)

By repeating the procedures, they attempt to decrease SS(B) as much as possible. However, there is no guar-
antee to strictly decrease SS(B).

In this paper, we analyze which lattice vectors v can decrease the squared-sum SS(B), and give a condition
of v such that the squared-sum SS(B) is strictly decreased. Specifically, we consider the following: Given an
LLL-reduced basis B = [b1, ..., by] of a lattice L and a vector v= Y1, vib} € L with v, = 1 and insertion
index k, we consider

B=[by,...,b,] insertion of v C=[ct,...,cnl LLL reduction B = [bll, N ,b;,], (1.2)
where C = [by,...,br_1,V,by,...,b,_1]. Note that C is a basis of the whole lattice L due to v, = 1 (see
Proposition 4.3 below). We focus on the LLL-reduction for C as in [5]. Our main contributions are as follows:
(i) We compute the Gram—-Schmidt vectors [c], .. ., ¢;] of C, and give their explicit lengths lcfliforl <i<n.

Thus we obtain the explicit gap between two squared-sums SS(B) and SS(C).

(ii) We study the behavior of the LLL algorithm for a general basis S, and show that swaps of the LLL al-
gorithms can strictly decrease SS(S). In particular, we estimate how much SS(S) is decreased by one
time swap, and study the total number of swaps in the LLL algorithm.

(iii) We estimate the gap between SS(C) and SS(B’), by applying the estimates of (ii) for the basis C. Specifi-
cally, we estimate the average of decreasing values of SS(C) by one time swap in the LLL algorithm, and
the number of swaps. We give a heuristic but practical condition of a candidate lattice vector v satisfying
condition (1.1). We call such v a mutant vector.

(iv) We also verify our analysis by experiments. Our experimental results imply that the condition of mutant
vectors gives a good criterion to strictly decrease SS(B). Thereby we expect that mutant vectors could help
to monotonically decrease SS(B), and it would make it easier to find a very short lattice vector.

The paper is organized as follows: In Section 2, we review lattices and lattice reduction. In Section 3, we
review random sampling algorithms and present some results by Fukase and Kashiwabara [5]. In Section 4,
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we compute the Gram-Schmidt vectors of the basis C, and give the explicit gap between SS(B) and SS(C). In
Section 5, we review some basic properties of the LLL algorithm for a general basis S, and study the behavior
of the LLL algorithm for S. In Section 6, we analyze the LLL-reduction for C by using results obtained in
Section 5. In Section 7, we estimate the gap between SS(B) and SS(B'), and define mutant vectors to strictly
decrease SS(B). In Section 8, we verify our analysis by experiments. In Section 9, we conclude this work and
outline some future issues.

Notation. For a vector a = (ay, ..., an) € R, let |a| denote its Euclidean norm defined by |a|? = i aiz.
For two vectors a = (a1, ..., ap) and b = (by, ..., by) € R", let (a, b) denote the inner product Y ; a;b;.

2 Preliminaries

In this section, we briefly review lattices and lattice reduction.

2.1 Lattices

For two positive integers m and n, let by, ..., b, be n column vectors of Z™ (we only consider integral vec-
tors). Set B = [b4, ..., by] € Z™", and let

n
L=L(B) :={Zx,~b,~|xieZ, 1sisn}
i=1
denote the set of all integral linear combinations of the b;’s. The set L gives a subgroup of R™. We say that L
is a lattice of dimension n if all the b’s are linearly independent over R. When n = m, the lattice L is called
full-dimensional or full-rank (in this paper, we only consider full-rank lattices). In this case, the matrix B is
called a basis of L. Every lattice has infinitely many bases. If B; and B, are two bases, then there exists a
unimodular matrix V € GL,(Z) such that B; = B, - V. The volume of L, denoted by vol(L), is defined as

vol(L) = (det((bs, b)) 1<ijen) ' > 0,

where ((b;, bj))1<i j<n denotes the n x n Gram-matrix of a basis B. The volume vol(L) is independent of the
choice of the bases.

The Gram-Schmidt orthogonalization of a basis B = [b4, ..., b,] is the orthogonal family [b7, ..., b;],
recursively defined by

(bi, b;)

Wfol’lﬁj<i£n. (2.1)
)

i-1
b =b; - Z uijb;, wherep;; =
j=1
LetB* = [b],...,b;] e R™"and U = (U; j)1<ijcn € R™", where p;; = 1foralliand y;; = Oforallj > i. Then
B=B*-UTand .
vol(L) = [ TIIb; 1.

i=1

2.2 Lattice reduction

Given a basis of a lattice L, lattice reduction outputs abasis B = [by, ..., b,] of L with short and nearly orthog-
onal vectors b, . . ., b,. Lattice reduction gives a powerful tool to break lattice-based cryptosystems such as
[9, 10]. The Hermite factor y of a lattice reduction algorithm is defined by

_ by

vol(L)t/n
with the output basis [b1, ..., b,] (we assume |bq| < ||b,| < ---). This factor is a good index to measure the
output quality of a lattice reduction algorithm. Note that the output quality becomes better as y is smaller.
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Here we introduce two practical algorithms: LLL is a polynomial-time algorithm [11]. Gama-Nguyen’s
experimental results [7, Figure 4] show that the Hermite factor of LLL is practically 1.022" on average in high
dimension n > 100. BKZ is a blockwise generalization of LLL with sub-exponential complexity [18]. No good
upper bound on the complexity is currently known. BKZ uses a blockwise parameter 8, and larger § improves
the output quality but increases the running time. In practice, 8 = 20 can achieve the best time/quality com-
promise. It follows from [7, Section 5.2] that the Hermite factor with f = 20 is 1.0128" on average. Currently,
BKZ 2.0 is known as the state-of-the-art implementation of the BKZ algorithm.

Geometric Series Assumption (GSA). Except when a lattice has a special structure, practical reduction algo-
rithms output a basis B = [bq, ..., b,] such that

Loyl
L2y

i+1

~q foranyl<i<n-1

(.e. b/ = g'7!|by| for 1 < i < n), where the constant g depends on algorithms (this assumption was first
introduced in [17]). Under GSA, the values log,(|[b1[l/[[b;[)) are on a straight line (see, e.g., [17, Figure 1]).
According to [11], we have g = 1.022 =~ 1.04 (resp. q = 1.025) for LLL (resp. BKZ with 8 = 20) for random
lattices in practice.

3 Random sampling of short lattice vectors

In this section, we mainly present some results by Fukase and Kashiwabara [5]. Before presenting their work,
let us review previous work on random sampling.

3.1 Review of previous work

For a lattice L of dimension n, fix a constant u of search space bound with 1 <u < n. Let a basis B =
[b1,...,by] of L be given. As a main subroutine of Schnorr’s RSR [17], SA samples v =Y, vib! €L
satisfying
-3,1] if1<i<n-uy,
vie {(-1,1] ifn-u<i<n, (3.1)
{1} ifi=n.

Let Sy, denote the setof v=Y1 vib} satisfying condition (3.1). Since the number of candidates for v; with
lvil < 1 (resp. |vi| < 1) is 1 (resp. 2), there are 2V lattice vectors in S, g. By calling SA up to 2% times, RSR
generates Vv satisfying ||[v||> < 0.99|b1|? (see [17, Theorem 1]). In [4], Buchmann and Ludwig proposed SSR
to get rid of two RSR assumptions, namely, the randomness assumption (RA)! and GSA (they claim that both
RA and GSA do not hold strictly in practice). Ludwig [12] gave a more detailed view about the behavior of
SSR. Schneider and Gottert [16] presented a GPU implementation of SSR with the BKZ algorithm.

In 2015, Fukase and Kashiwabara [5] proposed a method for SVP. Their method is based on Schnorr’s
RSR, and it has two extensions: The first one is to represent a lattice vector by a sequence of natural numbers
via the Gram—Schmidt orthogonalization, and to sample lattice vectors on an appropriate distribution of the
representation. The second one is to decrease the sum of the squared lengths of Gram—-Schmidt vectors to
make it easier to sample very short lattice vectors. The effectiveness of their extensions is guaranteed by their
statistical analysis on lattices, which we shall describe in the next subsection.

1 RA states that the coefficients v; of v = 3 vib; sampled by SA are uniformly distributed in [—%, %] forl1<i<n-uandin

[-1,1]forn-u<i<n.
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3.2 Statistical analysis of Fukase and Kashiwabara on lattices

In [5, Definiton 3], Fukase and Kashiwabara extend Schnorr’s search space S, g to define a wider search space
Vg(s, t) for s, t € IN¢ with some c. Given v = Z?zl vib? € Vg(s, t), they first assume

EQVIZ) = - 3 ;12 = L ss(B)
TR T 12

(see [5, Assumption 2]). Under this assumption, they apply the generalized central limit theorem to obtain
the following assumption on the distribution of ||v||?> (see [5, Assumption 3]).

Assumption 3.1. The distribution of the length |v|*> = YL, vZ|b} ||> with v € Vg(s, t) follows the normal distri-
bution N(u, 0?) with

= X biI? _ ss®) wnd o ( pl | MR )1/2_

12 12 180
Assumption 3.1 shows that shorter lattice vectors are sampled as the squared-sum SS(B) becomes smaller.
Fukase and Kashiwabara verified Assumption 3.1 by experiments, and showed that it does not hold strictly,
but it is close enough for finding very short vectors (see [5, Figure 1]). Their experiments were performed over
arandom lattice of dimension 120. Assumption 3.1 enables one to estimate the probability of finding a lattice
vector shorter than a given constant 1. Specifically, the probability of finding v = }I'; v;b; € Vg(s, t) shorter
than n is

2
2

n
\/zl_my _L exp(—%)dx = %(1 + erf(%)),

exp(-t?)dt is the error function.

where erf(x) = %ﬁ jg

3.3 Basic strategy of Fukase and Kashiwabara for finding short lattice vectors

Assumption 3.1 implies an importance of decreasing the sum of the squared lengths of Gram-Schmidt vectors

to find a short lattice vector. Once we obtain a basis B of L with smaller squared-sum SS(B), we can generate

a short vector v =Y\, vib} € L with higher probability. The basic strategy in [5] for finding a short vector

consists of the following two steps:

o Step 1. Given a basis of a lattice L, we first decrease the sum of the squared lengths of its Gram—Schmidt
vectors as much as possible, and obtain a basis B of L with small SS(B).

«  Step 2. With such basis B, we find a short lattice vector by randomly sampling v = };_, v;b} € Vg(s, t).

To decrease SS(B) in Step 1, Fukase and Kashiwabara insert a certain lattice vector v into a given basis
B = [bq,...,b,]atacertain position k to obtain a new basis C, asin (1.2). The insertion index k is determined
as follows (see [5, Definition 4]).

Definition 3.2 (Insertion index). Let B = [by, ..., by] be a basis of L. For a fixed constant O < a < 1, the in-
sertion index k of a vector v € L is defined by

min{l <j < n || < albfI*},

wherefor2 <j<nweletm;: R" — V}.l_ 1 denote the orthogonal projection over the orthogonal supplement of
Visi = (b1, ..., bi1)r = (b}, ..., b/ )g. In particular, let 1; denote the identity map. If I (w? > allb; 12
forall 1 <j < n, we do not insert vinto B.

4 Gram-Schmidt orthogonalization for C

In this section, we compute the Gram—Schmidt vectors of the basis C defined in (1.2) and their explicit lengths.
Given a basis B = [by, ..., b,] of alattice L, let [b], . .., by;] be its Gram-Schmidt vectors. The basis B is not
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necessarily LLL-reduced. Let v = }I', v;b} € L. At the beginning of this section, we do not assume v, = 1.
Let k be the insertion index of v. We consider the Gram-Schmidt orthogonalization for the n + 1 vectors

[(b1,...,bi-1,V, by, ..., by]. Let [b], ..., b,j_l, CrsCriqs--+» Cpyq] denote its Gram-Schmidt vectors. By
formula (2.1), it is clear that the first k — 1 vectors are the same as the first k — 1 vectors of [b}, ..., by].
Lemma 4.1. For the vectors ¢;, ¢}, 4, - - ., Cp,1, We have the following:

(i) Thevectors (¢}, €}, 5 - - - > Cp,q] are the same as the Gram—Schmidt orthogonalization for
[71(v), (b, - - ., ()]
(ii) The Gram-Schmidt orthogonalization for [my(V), mx(by), . . ., Tk (by)] is the same as that for
[m(v), by, ..., byl
Proof. Assertion (i) is clear from recursive formula (2.1). For (ii), we let
(a0, a1, ..., An—ks1] = [mi(V), mi(bi), . . ., 7ic(by)],
[ag,al,...,a ] =[m(v),b;,...,bil.

It is sufficient to show a; = a}* forany 0 <i < n -k + 1. The case i = 0 is clear since ao = a;,. The case i = 1
is also clear since mx(bg) = by, and we have b; € (aj, aj)r. Forsome 1 < ¢ <n -k, we assume a; = al’.* and
by, , e Wiforall1<i<¢, where W; =(ag,...,a)r foreach 0 <i<n-k+ 1. Now we consider the case
i = £ + 1. By the assumption, we have

N I , " " £ (nk(bk+€) - b]t+e’ a]*> N
Ay, — A = @1 —ap,)" = Mi(biee) = by, - Z THE ;-
j=0 J
Since mx(by+e) —by,, € (by, ..., b, Jrandby,...,b; , , € We=(ag,...,a;)r, we have

* %
A — Ay € We.

* I 1 * _ al* s 1 _ * s
Wealso havea,, , —a,;, € W;,andhencea,, , = a,;, since W, n W, = {0}. Furthermore, by, , € W1, which

completes the proof by induction. O
By Lemma 4.1, we obtain the following result on c,’:, c,j+1, R S

Proposition 4.2. Set m = max{k <i < n | v; # 0}. Then we have

( m
Y vib} forj =k,
i=k
* 12
¢ =1 D m vivi-1lb | ]
J —bi, -y ————b fork+1<j<m+1,
D}__1 -1 IZ:I: D]__1 i f ]
\bf-1 form+2<j<n+1,
where for 1 < £ < m we set
m
D, =) vi[b; 2. (4.1)

i=¢

. 2 .
In particular, we have ¢, = 0. Moreover, we have |cg||* = Dy, andfork + 1 <j <m,

D;

] ® 12

le; 1% = ——Ib; 4 II°.
J Djq 1

Proof. By Lemma 4.1, we have ¢; = mx(Vv) = Z;':’k vib;. For the case m + 2 < j < n + 1, since
<c]t5 ]t’ -"’b:n>]R = <b*’ -'-’b;‘n>]R5

the R-vector space (b}, ..., b;)r is orthogonal to (b;, ..., b}, )r. Therefore the vectors b, ,,, ..., by, are
unchanged after the insertion of v. For the case k + 1 < j < m + 1, let us begin with the simple case j = k + 1.
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By Lemma 4.1, we have

C* _b* _ <b*’c;:> *
k+1 k ||CZ|| k
vilby |2
=b* - Z vib*
k 1
D b
v2|b: |2 mooyvibi|?
=(1 kllD M )b;_z kzgkll b;
k i=k+1 k
D m o yvibi|?
- k+1b;;_ z Mbl*
Dy Dy

i=k+1
This completes the proof of the case j = k+ 1. Foreach k+ 1 <j<m+ 1, set
D; m ViVj—1||bj2_1||2

*
D. . 1 Z - p., i
DI*1 i=j D1*1

a; =

and we shall show ¢; = a;. For k+1 < € <m, we assume ¢/ = a; for all k+1 <j < ¢£. Now let us consider
the case j = ¢+ 1. Set W, = (c,’j, ..., C,)R as in the proof of Lemma 4.1, and we begin to show that ap,; is
orthogonal to W,. Actually, we have

* Dt’+1 -
(ags1, C) D —=b; - )

i=0+1

Vi Ve||be ||2

m
bi. 3, ub; )
veDealby 1> & vevilb; |2 IIbE‘II2

G

i=6+1 De
vellb} |2 mo
= 20 x (Do - Y, VEIB;IP) =0
¢ i=t+1

Furthermore, for any k + 1 < j < ¢, we have

2 Vs * 12
(Aps1 C*> Deia b* - Zm Vng"b; " b* ] b* Z vlvl_lllbj—lll b*>
+1s %5 - 4 - 1 —. i
: De Lo, De Dia " 5 D

Dey1vevj—q|b; 1|| b} 12 i V,-ZVer71||b 12 I, I 2|b; |2
=— +
DeDe—1 D¢D¢1

i=0+1
vev,-_lIij*,lllzllbzz”2 & 21 w2
- D¢Dy1 ( z vilb7 1" - D€+1> =0

i=0+1
Therefore a,, is orthogonal to W,. On the other hand, since
£ (b%,c’)
>
c;{+l = bz - Z ||C*"2 l*
ik &

by Lemma 4.1, we have

. . wi(byc) | Dy, <& vivelbpl?
ciamaer =3 G) - (we- § )
1

i=k i=0+1
- m 2 *
_ De szmb; +i;ﬂ vlveub y Z aﬁc’ﬁz) y
IIb . (by,c)
_ Velell” Z vib; IZI; ic: Fz !
IIb ||2 . (bg,c)
_ Vellb, ( z ib; ) lzk—"f:;‘ﬁzl ;-

Since b € W, for any k < i <€ -1 by the proof of Lemma 4.1, we have ¢;,, — ap,1 € W,. By the above argu-
ments, we have ¢;,; —ap,1 € WeL N W, = {0} and hence c;,; = a¢.1. This shows c]?‘ =ajfork+1<j<m+1
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by induction. Finally, for k + 1 < j < m, we have

D? m viv? byt
N " -111%-1 .
lj 12 = —||b L L

_ i=j Dj—l
||b*1||2

- (DF +v2,Ib; ,1°D)
D||lcn*1||2

—TDH

= ’ub*lu2

where the second equation is by D; = Zl % ||b* |?, and the third by Dj.1=Dj+ v} 1 ||b* 1 |2. This completes

the proof of Proposition 4.2. O
By inserting v = Z?:l vib} into B = [by, ..., by] at the k-th position, the n vectors
[bl, LA ] bk—lx V, bk’ seey bm—lr bm+1, LI ] bn] (4'2)

give a basis of a sub-lattice of L (recall m = max{k < i < n | v; # 0}). In contrast, we have the following result
on a basis of the whole lattice L.

Proposition 4.3. Ifv,, = 1, the vectors (4.2) give a basis of the whole lattice L.
Proof. Let L' denote the sub-lattice with basis (4.2). By Proposition 4.2, we have
vol(L')? 1—[ llc; 112

vol(L)2 ~ 14 b2
:DkXDk+1 e x D 1
Dy D IIb [12
Dy,
T
If vy = 1, we have Dy, = |[b,||? by definition. In this case, we have vol(L') = vol(L), and hence L = L'. O

Henceforth, as in (1.2), we always take v = Z?zl vib? with v, = 1. By Proposition 4.3, the n vectors
[by,...,bi_1,V, by, ..., b, 1] give a basis of L. Then we take the basis C = [cy, ..., ;] as in (1.2), namely,
ci=b;for1<i<k-1,c¢x=v,andcj=bj_ for k+1 <j < n. By Proposition 4.2, we obtain the explicit gap
between two squared-sums SS(B) and SS(C) as follows.

Theorem 4.4. The explicit gap between SS(B) and SS(C) is given by

n-l b *||2
E(v, k) = S3(B) - SS(€) = Y VA IbI2(—5— - 1). (4.3)
j=k
Proof. By Proposition 4.2, we have
n n
Ev, 0= Y IbjI2 = (De+ Y, ﬁub* )
i=k j=k+1
n
=i+ Y (1- D—)ub* 17+ b2
j=k+1 ]
(S 2111 * 112 c 1 1” Jj— 1”2 2
== 2 viIbj P+ Y byl
j=k joka1 J-

—Zvub*uz(" i -1)

since Dy, = ||b||? by setting v,, = 1. O
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Remark 4.5. To strictly decrease the squared-sum SS(B), we may take v € L satisfying E(v, k) > 0. However,
in most cases, the value E(v, k) is negative when the inserted vector v is generated by Schnorr’s SA. Below,
we shall consider only the case E(v, k) < 0.

For the original basis B = [bq, ..., by], let

(bi, b?)
e
beasin (2.1). ForC = [cy,...,cp] witheg =v =31, vib € L, we set
(ci, ¢ >
ii=——= fori>j. (4.4)
L,] %12
;|
For simplicity, we set &;; =1 forall1 <i < n.
Proposition 4.6. We have the following on ¢&; j:
(i) For1<i<k-1,wehaveé;=p,;forix>j.
(i) Fori=k wehavelyj=vjforl<j<k-1.
(iii) Fori > k + 1, we have
Mi-1,j forj<k-1
VellbZ |2
[ - Z Ih;:’ elby |l forj =k,
Yot pictevevi-alib}|? o
Mi-1,j-1 — D fork <j<i.
j

Proof. Cases (i) and (ii) are trivial. Case (iii) is trivial for j < k. For k < j < i, by Proposition 4.2, we have

- n vevi_1|b; ]2
y b1, L b* - —’b*>
§ij = D||b*1||2< =Dy eZ:} Dj_1 ¢

= Ui-1,j- 1——<b1 1,Zng*>

]

i-1

Vj-1 2
= Mi-1j1— —— Y Hi-nevelbj[”
D &

This completes the proof of Proposition 4.6. O

5 LLL-reduction for general bases

Before analyzing the LLL-reduction for the basis C, we study the behavior of the LLL-reduction for general
bases and give some basic properties in this section. Let S = [sq, ..., s;] be a basis of a lattice L. The LLL
algorithm for S consists of the following two steps (see, e.g., [15, Chapter 2, Algorithm 6]):
Fromi = 2 to n, do:
o Step1.Size-reduceS = [sq, ..., Sy] (see, e.g., [15, Chapter 2, Algorithm 3]). Note that this procedure does
not change the lengths of the Gram—-Schmidt vectors [s], ..., s;] by [6, Lemma 17.4.1].
o Step 2.Swap s; with s;_; if the Lovasz condition

Is{ 12 = (6 - n7 iyl 4 12 (5.1)

is not satisfied, where § is the reduction parameter of LLL satisfying % <6< 1(weusedd =0.99 in our

experiments) and
(si,s]) o
rli’j = T forl > ].
Is71

In this case, set i < max{2, i — 1}. Otherwise set i < i + 1. Then go back to Step 1.
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In the following, we give a key lemma [6, Lemma 17.4.3] on our analysis of the behavior of the LLL
algorithm.

Lemma 5.1. Given a basis S = [s1, ..., Sy] and an integer 1 < € < n — 1, assume that the pair (s¢, S¢+1) does
not satisfy the Lovdsz condition. Let T = [tq, . .., t,] be the new basis obtained by swapping s, and s,..1, namely,
te = se,1 and te g = se. Then the Gram-Schmidt vectors [t], ..., t;] of T are as follows:

(i) Forl1<i<¢éand¢+1<i<n,thevectors; isunchanged (ie.t; =s;).
(i) The Gram-Schmidt vector t; and its squared-length are given, respectively, by

2
t; =S, +Mes1,eSp  and  Te = Sevt + Npyq 4Ses

where we set S; = |s¥|> and T; = |t} ||* for 1 <i < n.
(iii) The Gram-Schmidt vector t;, | and its squared-length are given, respectively, by

. Sev1 . MNes1,eSe SeSes1
es1 = Tp, Se T T, Sen and  Tex = T, "
Moreover, if we set
Te Se
Sy 1= 9+l + ’1{2’4-1,[’ (5.2)

TS S

then 6, < 6 since we assume that the pair (Sg, S¢+1) does not satisfy (5.1).

Now we consider the LLL-reduction for S. Recall that the size-reduce procedure does not change the lengths of
the Gram—-Schmidt vectors. By Lemma 5.1, we see that each swap in the LLL algorithm can strictly decrease
the sum SS(S). Specifically, the decreasing value of SS(S) = YI' ; S; by one time swap at the ¢-th index is
estimated as follows:

Lemma 5.2. LetS and T be as in Lemma 5.1. Then we have

’1%+1,e(1 ) ’l?n,e(l - 0)
Se >

SS(S) - SS(T) = 5, ¢ 5 Se >0,

by 6, < 8 < 1. Namely, the squared-sum SS(S) strictly decreases by each swap in the LLL algorithm.
Proof. By Lemma 5.1, we have

SeSes1

SS(8) = SS(T) = (1~ Mg, )Se = =

S
= T_e{(l - ’1§+1,2)T€ = Ses1}
¢
=T,

2
_ Nps1,e5¢
T,

) ﬂ§+1,e5e{1 (e 5e+1>}
5, Mev1,e S,

_ ’1§+1,e(1 - 65)5 S rll%+1,€(1 - 6)
N 8¢ ¢ 5

{(1 = 13,1,0)(Ser1 +M741,Se) = Sesn}

{(1 = n7,1,0)Se = Sesa}

Se>0.

This completes the proof of Lemma 5.2. O
In the following, let us give the definition of the loop invariant of a lattice basis [3, Definition 4.15].
Definition 5.3 (Loop invariant). The loop invariant of a basis S = [s1, . .., s,] is defined as the quantity
n-1 n-1 .
2 = [1(TTis:12) = [T s 122
i=1 =1 i=1

i
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The loop invariant plays an important role in estimating the number of swaps in the LLL algorithm. As in
Lemma 5.1, for 1 < £ < n - 1, we consider a case of swapping (s, S¢,1) to obtain anew basis T = [tq, ..., t,]
with t, = sp41 and ty,1 = s,. In this case, we clearly have

2 2 2 2
Itz 11° - it 117 = lisg I~ - lisg. 017

Then we have "
*

Itz 1l

sy 12

Thus the loop invariant £J(S) is reduced by the factor of §, by each swap in the LLL algorithm.

LI(T) = LI(S) x = LI(S) x b¢. (5.3)

5.1 Whole LLL procedure

In this subsection, we consider the whole LLL procedure for a basis A. Now we assume the following on the

whole LLL procedure for A, where we denote the output by A’ «— LLL(A):

o Intotal, N swaps occur in the LLL procedure.

« For0<s<N,byA® =[a},...,a}] we denote the basis obtained by the s-th swap and size-reduced,
and set A© = A, LetA(s) ||a ||2 for1 < i < n, where a(s)*, .,a%®" denote the Gram-Schmidt vectors
of A, Then A = A©® and A= AWM  LLL(A).

« By #(s) we denote the index where the s-th swap occurs, that is, the €(s)-th vector ae(s) ) and (€(s) + 1)-st
vector a(e(s) Jr)l is swapped. We call £(s) the s-th swap index.

e Forl<s<N,welet

(s-1) (s—1)=* (s)

£ O Chal 0 WA R )
e(s)+1,8(s) ~ (s-1)% > £(s) — A(s 1)°
lay | os)

We call §' 2()+1,£(s) the normalized inner product of the swap vectors and 62( ) the swap ratio at the s-th swap
(see equation (5.2) for the swap ratio), and write &(s) and §(s) for simplicity.

Lemma 5.4. Foreach1 <s < Nand1 <i < n, there exist indices m(s, i) and M(s, i) in the set {1, . .., n} such
that
Apmes,iy = AES) > Ams,i)-

We have M(s, €(s)) = M(s, €(s) + 1) = M(s — 1, £(s)) and m(s, €(s)) = m(s, £(s) + 1) = m(s — 1, £(s) + 1).

Proof. We use an induction argument on s. By setting m(0, i) = M(0, i) = i, the case s = 0 is clear. We assume
that Lemma 5.4 holds for the case s and now consider the case s + 1. For i # (s + 1), £(s + 1) + 1, we have
A§S+1) = Ags) and hence m(s + 1, i) = m(s, i) and M(s + 1, i) = M(s, i). By Lemma 5.1, we clearly have

AT = 8(s + DAY, ) < AY)

€(s+1) — £(s+1) £(s+1)°
(s) (s)
A(s+1) AE(S+1)A€(5+1)+1 _ 1 A(s >A(s
£(s+1)+1 — A(g(ﬂi) 5(5 + 1) £(s+1)+1 £(s+1)+1°
e(s+
(s+1) (s) 2 2(s) (s)
A (s+1) — A £(s+1)+1 + f(S + 1) A (s+1) = AL’(s+1 +1°
(s) (s) (s) (s)
A(s+1) Ae(s+1)A€(s+1)+1 < Ae(s+1)A€(s+1)+1 _A(s
£(s+1)+1 — A(s+1) = A(S) o(s+1)°
£(s+1) £(s+1)+1

Thus, we may set

ms+1,(s+1)=m(s+1,¢(s+1)+1)=m(s,(s+1) + 1),
M(s+1,6(s+1)=M(s+1,¢(s+1)+1)=M(s,€(s+1)).

This completes the proof of Lemma 5.4 by induction. O
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Recall that the basis AS*D is obtained by swapping the £(s + 1)-th and (£(s + 1) + 1)-st vectors of A®), We
obtain the following result on the gap of squared-sums of Gram-Schmidt lengths of A®) and AS+D),

Lemma 5.5. The gap SS(A®) — SS(AS+D) is greater than

&s+1)2(1-6(s+1))
6(s+1)

(s+1)%(1-96)
Am(s,e(s+1)) or %Am(s,e(ﬁl)),

where Ay, = ||a;‘,,||2 with index m = m(s, £(s + 1)).
Proof. By Lemmas 5.2 and 5.4, the gap SS(A®)) — SS(AG*D) is given by

SS(A®) - SS(AC) = (Agn) + Agesnyer) ~ (Aggein) * Arioriyon)

s+1) s+1)+1 s+1)
CEs+1)’(1-6(s+ 1))A(S’
B 8(s+1) &s+D)
Es+1)*(1-68(s+1))
6(s+1)

s+1)2(1-6
> %Am(s,f(ﬁl))

m(s,€(s+1))

since §(s + 1) < § by Lemma 5.1. O

Recall that each &(s) is reduced to the range [—%, %] in every time of the size-reducing procedure in the LLL
algorithm. We let the symbol E[x] denote the expected value of x in the distribution. Let E[£(s)?] denote the
expected value of £(s)% for 1 < s < N.

Assumption 5.6. We assume that the value &(s) for 1 < s < N is uniformly distributed over the range [—%, %].

Under Assumption 5.6, we have
1

2

B[] = = (5.4)
by [17, Lemma 1]. Although this may not hold strictly as pointed out in [4], we assume it for simple discussion.
Under Assumption 5.6, we may estimate the average gap between SS(A®)) and SS(AS+D) as follows: Let A,
be the minimum value among {A4, ..., A,}. By Lemma 5.5, we have

s+1)2(1-6 s+1)2(1-6
SS(A®) ~ss(ac ) > SETDAZ0, o EEDEZ9

and hence, for its average, we have

>—(1_6)A

E[SS(A®) — SS(A*1)y] 55

0-

Note that Ay is very small compared to Apms,es+1))- T get more precise estimation, we will introduce other
assumptions on distributions on £(s) and m(s, £(s + 1)) when we analyze the LLL-reduction for the basis C in
Section 6 below.

5.2 Estimation of bounds for N

Recall that by equation (5.3), the loop invariant £J(A) is reduced by each swap ratio §(s) by the s-th swap in
the LLL algorithm for A. Since 6(s) < § < 1 by Lemma 5.1, an upper bound of the total number N of swaps is
given by —logs(LJI(A)) (see, e.g., [3, Theorem 4.19] for details). In contrast, we study a lower bound of N in
this subsection.
Since by Lemma 5.1 each swap ratio 6(s) is defined as
(s-1)
8(s) = &) + — ot (5.5)
A s-1)
£(s)
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we have to deal with the second term of (5.5) to estimate N in more detail. Since Afes(;)lﬁl < AM(s-1,e(5)+1) and

Ags(;)l) > Am(s-1,¢(s)) by Lemma 5.4, we have
(s-1)
Ao B AM(s-1,e(5)+1)

-1
Ags) Am(s-1,e(5))

(5.6)

and it can be bounded by the minimal ratio

T = min {é}
1<izj<n L A;j

among the squared lengths A; = [a; |? of Gram—-Schmidt vectors of A. Then we have §(s) > &(s)? + T, and we
may consider &(s)? + T instead of §(s) for an approximate lower bound for N. On the other hand, by equation
(5.3), we have LI(A®) = LI(AS™D) x §(s), and thus

N
LIA = £IANY) = £I(A) x ]‘[ 5(s).

s=1
Therefore

N
Y log(8(s)) = 1og(LI(A")) - log(LI(A)). (5.7)

s=1

Lemma 5.7. The total number N of swaps is not smaller than

log(LIJ(A")) —1og(LI(A))
log(T)

Proof. By 6(s) > T, we have N log(T) < 22’=1 log(8(s)). Then Lemma 5.7 follows by equation (5.7). O

By Lemma 5.7, if we calculated the difference log(£J(A")) — log(£JI(A)) and the value log(T), we could obtain
an lower bound of N. Now we give a more precise estimate on the total number N of swaps. Under Assump-
tion 5.6, the left-hand side of equation (5.7) can be expressed as N x E[log(6(s))]. Thus, we estimate the
expected value E[log(5(s))] = E[log(&(s)? + T)] as

S Nl

2 . 17 2 _ 1 B 1
Ellog(n“+T):nl < 2] =~ | log(x +T)dx—10g<4+T) 2+4ﬁarctan(—2ﬁ).

=

Now we set

1 1
B = exp(log(z + T) -2+ ln/Tarctan(ﬁ)). (5.8)
Then .
log(B) ~ E[log(é(s)* + T)] <0 and ) log(8(s)) ~ N - log(p).

s=1

Under Assumption 5.6, the total number N of swaps in the LLL algorithm for A is roughly estimated as

N> log(LJ(A")) - log(LJ(A)),
log(B)

where A > Bmeans A ~ Bor A > B.

Remark 5.8. The values of § can be calculated from T as in Table 1. In this remark, we assume that A is
LLL-reduced. As to an estimation of T, it follows from GSA that T could be very small for larger n, since T is

expected as
1

——— ~0.962""1Y  when q = 1.04.
qz(n—l)
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T O 0.1 0.2 0.3 0.4 0.5 0.6 0.7
B 0.034 0.170 0.274 0.376 0.478 0.579 0.680 0.780

Table 1. Values of T and f3.

For a more precise estimation of (5.6), the difference between m(s — 1, £(s)) and M(s — 1, £(s) + 1) could not
be so large. Thus, we may introduce a heuristic bound on the difference such as

Im(s -1, €(s)) —M(s—1,¢€(s)+1)| < a,

for a small number a. In this case, the minimal ration T, with parameter a could be

. A;

T, = min {—’}

1<igjzn LAj
li-jl<a

and it is expected as - ~ 0.9624,

q

6 Analysis of LLL-reduction for C

In the previous section, we analyzed the behavior of the LLL-reduction for a general basis. In contrast, in this
section, we analyze the LLL-reduction for the basis C = [c4, ..., ¢,] defined in (1.2), by using the results in
the previous section. We assume that Bis LLL-reduced. Asin (1.2), let B’ = [b’l, ..., b} ] < LLL(C) denote the
output basis of the LLL algorithm for C.

6.1 Initial swap of the LLL algorithm for C

In this subsection, we consider the initial swap in the LLL algorithm for C. We assume that the inserted vector
V= Z?zl vib? € L satisfies |v;| < % fori=1,...,n-uasin(3.1), and for the insertion index k of v, it satisfies

T(W? = bf|? fori=1,...,k-1,
{II iWI = b/ ©.1)

2 2
I (I~ < bgl”,

where we set a = 1 in Definition 3.2 for simple and practical discussion (see Remark 6.2 below). We assume
k < n — u. Then we obtain the following:

Lemma 6.1. The first k — 1 vectors of C = [c1, . . ., Cy] are unchanged at the beginning of the LLL algorithm.
Proof. Bythe assumption k < n — u, the first k vectors of C = [cy, . .., ¢,] are unchanged by the size-reducing
procedure since |&; ;-1 = |yii-1] < % fori=2,...,k—1and & k1] = |vkl < % by Proposition 4.6 (recall that

¢ j is defined by (4.4)). Since the original basis B is assumed to be LLL-reduced, the first k — 2 vectors of C are
also unchanged at the beginning of the LLL algorithm. For the pair (cx_1, ¢x) = (bx-1, V), we have

2 2 2 2
ekl = Dr-1 = Vie_yllbg_ 17 > (1 = &5 by, |

since Dy_1 = |m-1(V)[|? = [Ibj_, |* by condition (6.1) and & k-1 = vk_1 by Proposition 4.6 (recall that D is
defined by (4.1)). Hence the pair (cy_1, cx) satisfies the Lovasz condition (5.1), and hence it cannot be
swapped at the beginning of the LLL algorithm. O

Remark 6.2. While we set a = 1 for our analysis, Fukase and Kashiwabara [5] set & = 0.99 for their experi-
ments. Note that it is harder to find a candidate vector for insertion as a is smaller than 1. Hence a = 1 seems
to be useful in practice. In [5, Section 8], they also consider up to a = 1.4 for the second candidate vectors
for insertion (they call such vectors stock vectors, see [5, Algorithm 3] for details).
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Proposition 6.3. The first k vectors of C cannot be swapped at the beginning of the LLL algorithm.

Proof. By Lemma 6.1, it is sufficient to consider the pair (i, Ci+1). If the pair (ck, cx+1) = (v, by) is swapped,
then we obtain a new bhasis C' = [c}, ..., ¢;] with (¢}, ¢;,,) = (bx, V). Set C; = ||c/|? and C] = ||c;*||* for
1 <i<n.Then C; = |b;|?and C;_, = Di1. The gap SS(C) — SS(C') is given by

D
(Ch+ Chet) = (C + Choy) = (Dic+ LB = (1B} + D)

D
- (Dk—Dk+1)+("*})—)||b 12
k

Dj — Dys1 .
- (D—k*)(Dk ~IbiI2) <0

since Dy < ||bf||? by condition (6.1) and Dy — Dy.1 = vi|Ib; > > 0. This is a contradiction to Lemma 5.2. [

6.2 Swaps in the LLL algorithm for C

In this subsection, we consider all swaps in the LLL algorithm for the basis C. As in Section 5.1, we fix the

following notations on the LLL-reduction for C:

o Let N be the total number of swaps.

« For 0 <s <N, denote by C® [c(s) (S)] the basis obtained by s times swaps and size-reduced,
and set C© = C. Let Cgs) = IICiS)* |2 for 1 < i < n, where c(s)*, .., 9" denote the Gram-Schmidt vectors
of C®), Then B’ = B — LLL(C).

«  Byeé(s) we denote the index where the s-th swap occurs, that is, the £(s)-th vector c,
vector ce(s) U are swapped.

+1
e Forl<s<N,welet

(S 1) and (£(s) + 1)-st

s-1) (s=1)# (s)

£ M and 5© = e
£(s)+1,6(s "c(s 1)*"2 e(s) — C(s—1) .

£(s) &(s)

As in Section 5.1, we write é(s) and 6(s) for simplicity.
By Proposition 6.3, the first swap index #(1) should be larger than k + 1. We assume the following for
simple analysis (see Figures 1 and 2 for examples).

Assumption 6.4. For any 1 < s < N, the s-th swap index £(s) is not less than the insertion index k in the LLL
algorithm for C (see also Assumption 6.6 below).

By Lemma 5.5, we obtain the following result on the decreasing value of the squared-sum SS(C) by one
time swap in the LLL algorithm for C.

Proposition 6.5. If a swap occurs at the ¢-th index, then SS(C) = Y1 | C; is reduced by at least
‘fgﬂ (3(1_64) 582+1 8(1 - 6)
= Cn or ———"Cp,
be )
form = m(s, €(s + 1)), where &1 0 = &(S), € = £(s), and 8, = 6(s) forsome 1 < s < N. Furthermore, by the proof
of Lemma 5.4, we expect m = € in most cases (sometimes m = £ + 1, £ + 2 or so on).

6.2.1 Average of decreasing values by swaps

Here we estimate the average of decreasing values of the squared-sum SS(C) by one time swap in the LLL
algorithm for C. It follows by Proposition 6.5 that decreasing values of SS(C) depend mainly on swap indices
£(s). In Figures 1 and 2, we show two examples of the number of swaps and the swap indices £(s) in the LLL
algorithm for C = [cy, ..., ¢,] with insertion index k = 5 and 10 (the inserted vector ¢ = v is generated by
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EY 89 90 92 91 g9 89 aa® 92 91 g9 91 o
87 gg 87 88 g7 88
.84 83 g5
80 80
.
73 74
5 70 '72
T 63 64 63 5 64 % @5 6
£ ® 58 57 4
™) s s
50 51
(=%
Q 4
H
34
3 33 3 33
wv 30 .30 29,0 30 31 30
26 27 26
20
10 W11 a0 . .
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Number of swaps

Figure 1. Example of swap indices in the LLL algorithm for C with insertion index k = 5 in a lattice of dimension 100.
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12 Insertion index k= 10

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71 73 75 77 79 81 83 85 87 89 91 93 95 97

Number of swaps

Figure 2. Same as Figure 1, but k = 10.

Schnorr’s SA). The lattice used for Figures 1 and 2 is a lattice of dimension 100, chosen from Darmstadt SVP
challenge problems. It is hard to grasp all the swap indices £(s) accurately. However, we see from Figures 1
and 2 that swap indices £¢(s) are roughly distributed over the range from k to n — 1 evenly. Then we assume
the following for simple analysis.

Assumption 6.6. We assume that swap indices £(s) are distributed over the range from k to n — 1 evenly (uni-
formly) and independently to the distribution of &(s).

Under Assumption 6.6, we obtain the following estimate on the average of decreasing values of SS(C) by the
LLL algorithm for C.

Proposition 6.7. Under Assumptions 5.6 and 6.6, the average of decreasing values of SS(C) by one time swap

in the LLL algorithm for C is estimated to be greater than

1-6 2/(n-k)
155 vol(ri(L)) .

Proof. Due to the independence of &(s) in Assumption 6.6, it follows from (5.4) and Proposition 6.5 that
SS(C) = Y1, C;is reduced at least by

S, 1-0) 1 (1-8) _ ., _1-86
B G| = 52 ElgE o) ECnl = 5 ElCnl
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by a swap at the ¢-th index for some m with k < £ < m < n — 1. Moreover, under Assumption 6.6, the value
E[Cy,] is estimated as

1 ”21 Vﬁ 1/(n-k)
C > ( cm)
(n-k) = m=k
D 1/(n-k)
=(Dk ( Ly ||2) : (D Ib:_ 1||2))
—
= vol(nk(L))z/(" k) (6.2)

by the inequality of arithmetic and geometric means and Proposition 4.2. Note that D, = ||b}; |? by setting
Vo =1and

n
vol(mi(L)? = [ ] Ib; 117,
i=k

where (L) is the lattice of dimension n — k + 1 with basis [mx(by), . . ., mk(by)]. O

6.2.2 Expected number of swaps

The total number N of swaps in the LLL algorithm for C is the most important to analyze the gap between two
squared-sums SS(C) and SS(B'). Here we give an estimate of the number N. For the two bases B and C defined
in (1.2), let B; = b} I2as C; = lcy |2 for 1 < i < n. A relation between two loop invariants £J(B) and £J(C) is
given as follows (recall that D, is defined by (4.1)).

Lemma 6.8. We have

Dy---Dpa
LI(C)=LIB) x ——.
(€) = £(B) x =

Proof. By Proposition 4.2, we have Cy = Dy and Cj = %B,-_l for k + 1 < j < n. By definition, the loop invari-
ant is given by

£3(C) = HB" ek [T (D—B, 1)’“.

i=ky1 L
Then we obtain

£9C) D T (5 Bi)™

LJ(B) l—[n 1Bn i
_ Dy, k-1 Dy, k-2 D
D x ()" x ()" e x ()
By -++Bp-1
_ Dy Dp_1
By---Bp1’
This completes the proof of Lemma 6.8. O

Recall that the loop invariant £J(C) is reduced by the factor of the swap ratio 6(s) at the s-th swap for
1 <s < N.For B’ — LLL(C), we have

N
LIB") =[] 8(s) x £LI(C).

s=1
By combining this with Lemma 6.8, we obtain

LIB') = ]‘[ 8(s) x ]‘[ —L % £I(B). (6.3)
s=1 j= k
For simple analysis, we assume the following.

Assumption 6.9. SetR := “ B) . We assume 1 > R, that is, LI(B) = LI(B).
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This assumption is based on GSA for B and B'. Since both B and B’ are LLL-reduced, we roughly expect

B; B!
— ~—L ~q* foralll<i<n-1,
Bi1 Bi+1
where we set B} = ||b}*||* for the Gram—-Schmidt vectors [b*, ..., b}*] of B (see Section 2.2 for the g-value).

Hence we can roughly expect that R would be approximately equal to 1 under GSA for B and B’. As Example
6.11 below implies, we expect that R would be much smaller than 1 in practice when we take a shorter lattice
vector v as the inserted vector into B.

By equation (6.3), we have

N n-1 B:
Y log(8(s) = Y 1og<3{) +10g(R). (6.4)
s=1 j=k J

By Lemma 5.1, we have §(s) < 6 for any 1 < s < N. However, the parameter § gives just an upper bound of
each factor 6(s). Since each §(s) is defined as

(s-1)
_ 2 £(s)+1
6(s) = §(8)" + —7»
£(s)

we estimate that E[6(s)] = E[&(s)?] = ﬁ for 1 <s < N by (5.4). We take a constant O < € < 1 satisfying
E[log(6(s))] > log(e). Then by equation (6.4), we obtain the following estimate on the number N.

Proposition 6.10. Under Assumption 6.9, the total number N of swaps in the LLL algorithm for the basis C is
roughly estimated as
n-1 B] n-1 B]
N = z 10g€<[7j) +1og.(R) = Z log€<ﬁj>. (6.5)
j=k j=k
As discussed in Section 5.2, we may take € as 8 defined in (5.8), and it satisfies 8 > 0.034 from Table 1.
However, for simple analysis, we may take

e= EIE6) = 15

to obtain a lower bound of N under Assumption 5.6 (this € is experimentally chosen, see Example 6.11 below
for details).

Example 6.11. As an example, we take a lattice L of dimension n = 100, chosen from Darmstadt SVP chal-
lenge problems (using seed 0). Let B be an LLL-reduced basis of L with reduction parameter § = 0.99. We also
take a lattice vector v € L with insertion index k = 4, which is generated by Schnorr’s SA. Let C, B’ be two lat-
tice bases constructed by (1.2) (note B’ « LLL(C)). In Figure 3, we give the GSA behavior of three lattices B, C
and B'. More specifically, for three lattice bases B = [by, ..., b,],C =[c1,...,cyland B’ = [b], ..., b}], the
values log, (b1 ]1?/lb; [|?), log, (llc1 1%/l [1*) and log, (b [I2/Ib}*||?) for 1 < i < n = 100 are plotted. We have

SS(B') < SS(B) < SS(C).

We give some numerical data related with our assumptions. In this example, we have £LI(B) =~ 4.99 x 1032973
and LI(B') = 2.43 x 1032899 (cf. vol(L)? = 5.0 x 10°°1), and

_ LIB)

= ~4.86x1077° « 1.
ZI(B) 4 X <

R

Note that we have R < 1 in most examples, which implies that Assumption 6.9 holds in practice. For our
estimation (6.5), we have

n-1 B:
> 10g€<#) ~54.96 and log.(R) ~ 68.86.
ok j

Then our estimation (6.5) gives N =~ 54.96 + 68.86 = 123.82. In contrast, the actual total number of swaps
in the LLL algorithm for C is equal to 132, close to our estimation. On the other hand, if we take § = 0.99 as
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13.8
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N 4
7.8 A/
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p{va/
5.8 p -~
Yy
1/ —original LLL-reduced basis B

3.8 //

T —Basis C
1.8 '/’ooo’d

f/ LLL-reduced basis B'

0 10 20 30 40 50 60 70 80 90 100

-0.2

Index of the Gram-Schmidt vector

Figure 3. The GSA behavior of three lattice bases B, C, B’ with insertion index k = 4 (the original basis B is given by LLL-reducing
a lattice basis of dimension 100, chosen from Darmstadt SVP challenge problems).

the base of logarithm, then
n-1 B;
Y logs( ) = 13588 and logs(R) = 17026,
j=k J

which are much larger than the actual total number of swaps. If we take the minimum value 8 = 0.034 as the
base of logarithm, then

n-1 B:
y 1ogﬁ(—’) ~40.39 and logg(R) = 50.60,
j=k Dj

1

which are about 1.36 times smaller than our estimation with € = -

6.3 Estimate of gap between SS(C) and SS(B')

In this subsection, we give an estimate of the gap between two squared-sums SS(C) and SS(B'). By Proposi-
tion 6.5, the gap is estimated as

N 2 _
SS(C) - SS(B') > ¥ §&)°(A-86) (6.6)
s=1 5(5)
N 2
&(s)*(1-06)
>y T, 6.7)

s=1

for m = m(s, €(s + 1)). Gap (6.7) is approximately determined by both the average of decreasing values of
SS(C) and the total number N of swaps in the LLL algorithm for the basis C. By Propositions 6.7 and 6.10, we
obtain the following estimate on gap (6.7).

Theorem 6.12. Under Assumptions 5.6, 6.6 and 6.9, the gap SS(C) — SS(B') is estimated to be greater than

(11%66 .vol(nk(L))z/(n—k)).210&(%) . (6.8)
j=

Average of decreasing values

Estimation of N
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6.4 Alternative estimate for gap between SS(C) and SS(B’)

In this subsection, we give an alternative heuristic estimation for the gap between two squared-sums SS(C)
and SS(B’). In Theorem 6.12, although the total number N of swaps plays an important role, it is rather
difficult to give its precise estimation. Moreover, the term 138 in gap (6.7) seems much smaller than 2 65(;) in
gap (6.6), that might cause our estimation of the gap very small In order to overcome such defects, we use
an approximation of 25:1 log(6(s)) directly. Specifically, we give a certain estimation of gap (6.6) under the
following settings, where we assume that three distributions of é(s), C;, and 6(s) are independent:

For estimation of each &(s)?, we use its average % given in equation (5.4).

o For estimation of each C;,, we use its average vol(nk(L))Z/ (n-k) given in equation (6.2).

1-6(s) ; 1-6(s)
+  Forestimation of each =55, we use its average & - YN, 56

Proposition 6.13 (Alternative estimate). Under Assumptions 5.6, 6.6 and 6.9, the gap SS(C) — SS(B') is esti-
mated to be greater than (cf. equation (6.8))

n-1

—(1—12 vol(mi (L)) ")) Z 10g<%)

Proof. Under the above settings, gap (6.6) can be estimated as

N 2
é'(S) (1 - 6(3)) 1 2/(n-k) 1- 6(5)
2 Cm=— -vol(m(L .
27 5 omT g ol Z 5(s)
Since =X X) —log(x) for 0 < x < 1, we have 5? > —log(6(s)) with 0 < 6(s) < § < 1. Under Assumption 6.9,
we have
N N
1-6(s)
log(8(s))
250 24
n-1 )
- log< 4 ) —log(R)
j=k J
n-1 B;
==y log(—’)
o D
by equation (6.4). This completes the proof of Proposition 6.13. O

7 Estimated gap between SS(B) and SS(B’) and mutant vectors

Let B, C and B’ < LLL(C) as in (1.2). In this section, we estimate the gap between two squared-sums SS(B)
and SS(B'), and define mutant vectors in order to definitely decrease the squared-sum SS(B) of the original
basis B. By combining Theorems 4.4 and 6.12, we obtain the following estimate.

Theorem 7.1. Under Assumptions 5.6, 6.6 and 6.9, the gap SS(B) — SS(B') is estimated to be greater than

n-1 B;
E(v, k) + vol(r(L) b . Y 1og(—’). (7.1)

1-6
1261og(e) = D;
If the total value of (7.1) is positive, then the squared-sum SS(B) can be strictly decreased (i.e. condition (1.1)
is satisfied). However, we cannot find v € L such that the total value of (7.1) is positive, due to that the con-
stant term #fg(e) < 0 seems too small (see Section 8 below for our experimental results). Then we give the
following definition of candidate lattice vectors v € L which enable us to strictly decrease SS(B) in practice.
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Definition 7.2 (Mutant vectors). GivenanLLL-reducedbasisB = [by, ..., b,]ofalatticeL,letv =Y, vib; €

L be a lattice vector sampled by Schnorr’s SA. Given a constant ¢ > 0, we call v a mutant vector with factor c if

(i) the insertion index k of v is smaller than n — u (where u is the constant of search space bound for SA),
and

(ii) the following condition is satisfied:

n-1 .
E(v, k) > ¢ - vol(my(L))2/ (0 . Z log(ﬂ). (7.2)
D

Remark 7.3. The alternative estimation in Proposition 6.13 may require us to set ¢ = ﬁ ~ 0.083 in Defini-
tion 7.2. However, compared to the experimental constants in (8.1) below, the value ¢ = 1—12 is still 3 to 4 times
smaller for practical use. This seems due to the ignorance of the value log(R). In fact, as Example 6.11 im-
plies, the value log.(R) gives a valuable information about the number N of swaps. However, the value can
be obtained after computing B’ « LLL(C). In this paper, we set log.(R) = 0. We leave the analysis of log,(R)
as our future work.

Asmentioned in Remark 4.5, we consider only the case E(v, k) < 0. In this case, we expect from equation (4.3)
that B; < Dj formostj =k, ...,n -1, and hence

n-1 D;
> log(—') >0
B

with high probability. Then, in Definition 7.2, we estimate the gap between two squared-sums SS(C) and
SS(B') as

0<V01(”k(L))2/("_k) : glog(%))-

If we set a suitable constant ¢ > 0, a mutant vector v with factor ¢ can definitely decrease SS(B) (with high
probability). In Section 8 below, we give a suitable constant ¢ in practice. In this paper, we focus on Schnorr’s
SA to generate a number of short lattice vectors v. Note that Definition 7.2 can be applied to more general short
lattice vectors. Given a lattice vector v sampled by Schnorr’s SA, we expect B; =~ Dj forj=k,...,n—-1(itis
verified by our experiments). Then we approximately have

og(5,) =1os((5, 1)+ )= (5, 1)
8\, ) =\, 7)) T\
since log(1 + x) = x if x € R is sufficiently close to 0. Therefore the right-hand side of (7.2) can be replaced
with (cf. equation (4.3) for E(v, k))

n-1

¢ - vol(ry (L)) (=0 . D (% - 1).

j=k ~

Remark 7.4. Given a basisB = [bq, ..., b,] of alattice L, we have

n b2 n 1/n

M > ( H "blf“"2> = vol(L)?/™,
n i=1

Hence a theoretical lower bound of SS(B) = ¥ ; [b; |2 is given by n - vol(L)?/". However, this lower bound

seems considerably small in practice. On the other hand, if B is reduced by LLL or BKZ, we approximately

have
-2n

n
i 1-
SS(B) = [[by* - Z(qz)1 T= by)?- L_z

& 1-q

i=1
under GSA, where the g-value depends on the lattice reduction algorithm. In case of the LLL algorithm, we
can estimate from Section 2.2 that ¢ = 1.04 and ||b;]?> ~ 1.0222" - vol(L)%/" in average for high dimension
n > 100.
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8 Experimental verification

In this section, we verify our analysis by experiments. Specifically, we verify that a mutant vector v with cer-
tain factor ¢ > O (see Definition 7.2) can decrease the squared-sum SS(B) for an LLL-reduced basis B. In our
experiments, we used Schnorr’s SA with search space bound u = 30 to generate a number of short lattice vec-
tors (i.e. the search space size #S,, g = 23°). We also used the PARI library (http://pari.math.u-bordeaux.fr/)
for the LLL algorithm with reduction parameter § = 0.99. We took three lattices of dimensions n = 100, 110
and 120 from Darmstadt SVP challenge problems. In particular, we set

0.25 forn =100,
- (8.1)
0.35 forn =110, 120.
Note that these constants are determined by our experiments. Given an LLL-reduced basis B = [bq, ..., by]

of a lattice L of dimensions n = 100, 110 and 120, we repeatedly performed the following procedures and

computed Y7, [b[|%:

+  Step 1.Randomly generate a vector v = YL, v;b; € L by Schnorr’s SA with u = 30 (see Section 3.1), and
compute the insertion index k of v by checking ||;(v)|? < [b; |2 fori=1,...,n (see Definition 3.2). If
7 (V)12 > b} |2 forall 1 < i < n, generate another lattice vector v.

« Step 2. Compute E(v, k) from Band v =Y}, vib] (see equation (4.3) for E(v, k)). If condition (7.2) is
satisfied, insert v into B at the k-th position to obtain a basis C as in (1.2). Otherwise, go back to Step 1.

e« Step3.SetB=[bq,...,b,] — LLL(C), and compute the squared-sum SS(B).

8.1 Experimental results

In Figures 4-6, we give our experimental results on the transition of SS(B) and the value log, (|b1]%/ (b} 1%)
for 1 < i < n, which represents the GSA behavior of B. Note that the value k in the left side figure denotes the
insertion index of each mutant vector. From Figures 4-6, we see the following:

o Mutant vectors with factor ¢ given by equation (8.1) can decrease SS(B) in most cases. Since it requires
small factor ¢, condition (7.2) gives a good criterion of choosing candidate lattice vectors v to decrease
SS(B). In particular, mutant vectors with smaller factor ¢ can decrease SS(B) more greatly (but it is harder
to generate mutant vectors with smaller factor c).

o By repeatedly inserting a mutant vector, we can obtain better GSA behavior of B. Namely, the values
log, (Ib1[12/1Ib; %) for 1 < i < n become to lie on a straight line gradually.

e Moreover, there is a trade-off between the size of SS(B) and the required number of sampling short lattice
vectors v to find a mutant vector. More specifically, as the squared-sum SS(B) becomes smaller, it requires
to sample more short lattice vectors by Schnorr’s SA to find a mutant vector. Note that we can easily find
mutant vectors v with small insertion index k after the latter half of vectors of B are shortened (see [14]
for such phenomenon).

8.2 Comparison to the RR algorithm by Fukase and Kashiwabara

Fukase and Kashiwabara [5] propose the RR algorithm in order to steadily decrease the squared-sum SS(B).
The strategy of the RR algorithm is similar to the strategy of the BKZ algorithm, and it restricts insertion
positions. More specifically, given a restrictionindex 1 < r < n, the RR algorithm does not insert a short lattice
vector v with insertion index k < r. Different from the RR algorithm, our criterion (7.2) for mutant vectors does
not enforce us to restrict insertion positions. Therefore we expect that our criterion (7.2) would enable us to
search mutant vectors more flexibly and hence to decrease SS(B) more efficiently.
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Figure 4. Transition of the squared-sum SS(B) and the GSA behavior by insertion of mutant vectors in a lattice of dimension
n =100.
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Figure 5. Same as Figure 4, but for lattice dimension n = 110.
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Figure 6. Same as Figure 4, but for lattice dimension n = 120.
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9 Conclusion and future work

Given an LLL-reduced basis B = [by, ..., b,] of a lattice L, we gave an attempt to estimate a lower bound of
the total number of swaps in the LLL algorithm. In Definition 7.2, we also gave a condition of mutant vectors
v =Y, vb! € L. Our experiments showed that although the constant ¢ should be determined experimen-
tally, our condition of mutant vectors gives a good criterion to decrease the sum SS(B) = Y1 , by I% of the
squared lengths of the Gram—-Schmidt vectors [b], ..., b;] of B. Compared to the RR algorithm of [5], our
condition enables us to search mutant vectors more flexibly, and hence we expect that we could decrease
SS(B) more efficiently.

Our future work is to study how to search and sample mutant vectors efficiently. Specifically, while in this
paper we focused on Schnorr’s SA for sampling short lattice vectors, we would like to improve the method
in [5] to efficiently sample a number of mutant vectors. With our condition, we also would like to try to solve
SVP in lattices of high dimensions.
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