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Abstract: In this paper, Sumudu transform is advanced
and designed for the solution of linear differential mod-
els with uncertainty. For this purpose, Sumudu trans-
form is coupled with fuzzy theory and all its fundamen-
tal properties are formalized in fuzzy sense. At last, to
demonstrate the accuracy of this approach, fuzzy Sumudu
transform is employed to some examples of fuzzy lin-
ear differential equations considered under generalized H-
differentiability and analytical solutions are obtained effi-
ciently.
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1 Introduction

In the literature, there are numerous integral transforms
extensively used to solve the differential equations in dif-
ferent fields of physics, engineering and astronomy. As
a consequence, there are several works on the theory
and application of integral transforms such as Laplace,
Fourier, Mellin and Hankel, to name a few. Sequentially,
of these transforms, in early 1990, Watugala [1] introduced
a new integral transform, named “Sumudu transform”.
Sumudu transform was primarily shown to be a theoret-
ical dual of the Laplace transform in [2], eventually, many
authors studied its properties, coupled it with other theo-
ries and established efficient and straightforward method-
ologies for treating ordinary and partial differential equa-
tions in various mathematical and physical sciences prob-
lems. Belgacem et al. [3, 4] established fundamental prop-
erties of Sumudu transform, and applied it to Maxwell’s
equations [5]. Eltayeb et al. [6, 7] discussed existence and
uniqueness of Sumudu transform and applied this trans-
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form to solve the system of differential equations. Singh
et al. [8], Gupta et al. [9], Katatbeh et al. [10] and many
others [11-15] elaborated its applications on different frac-
tional differential models. Solutions of integral equations
using this transform are found in the work of Asiru [16, 17].
Similarly, many others used this transformation for inves-
tigations of several problems.

The key purpose of the following study is to show the
applicability and accuracy of Sumudu transform in solv-
ing the fuzzy linear differential equations. Fuzzy theory
plays an important role in modeling dynamical systems
under uncertainty. Fuzzy linear differential equations are
one of the simplest fuzzy differential models which have
significant importance in many applications [18-26]. Here
fuzzy differential equations are considered under general-
ized Hukuhara differentiability. Hukuhara derivative was
presented by Hukuhara [27]. H-derivative of a fuzzy-valued
function is also found in paper of Puri et al. [26].

The present work is organized in sections where some
necessary preliminaries of fuzzy and calculus theory are
explained in Section 2, basic descriptions of fuzzy Sumudu
and fuzzy Laplace transforms and detailed derivation of
properties of fuzzy Sumudu transform are elaborated in
Section 3. In Section 4, several examples are solved ana-
Iytically using this approach, and at last its effective con-
clusion is drawn in the Section 5.

2 Preliminaries

In this section, basic definitions of fuzzy number, fuzzy
Riemann-Liouville integral and H-differentiability of
fuzzy-valued functions along with fundamental theorems
of fuzzy differential equations are demonstrated.

2.1 Fuzzy Number

Fuzzy number is as a mapping v : R - [0, 1] with the
properties of being upper semi continuous, convex, nor-
mal, and compactly supported, in a metric space E*. The
r-level of a fuzzy number v € E, for 0 < r < 1, is rep-
resented by an ordered pair of lower and upper bound
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interval i.e.[v]" = [v(r),V(r)] where lower bound is left
continuous non-decreasing and upper bound is left con-
tinuous non-increasing functions on the interval [0, 1].
(see[18, 19])

2.2 Riemann-Liouville Integral

Let f (x) be a fuzzy valued function on [a, o) represented
by []j (x;1) ,f(x; r)} .Forany fixed r € [0, 1], let[(x; r)and

f (x; r) are Riemann-integrable functions on [a, b] for ev-
ery b = a, if there exists two positive functions M (r) and

M (r) such that fb |f (x;1)| dx < M(r) and f ‘f(x; r)‘ dx <

M (r) for every b > a, then f (x) is said to be improper fuzzy
Riemann-Liouville integrable function on [a, 0), i.e.

]of(X)dX= [/wf(x;r)dX,/wf(X;r)dx} , O0s<r=1

4]
Also found in Refs. [28, 29].

2.3 H-differentiability

Letf : (a, b) > E, then f is said to be strongly generalized
H-differentiable function at xo € (0, b), if there exists an
element f (xo) € E such that for h > 0 and sufficiently
close to zero:

1.
, . f(xo+h)Of (x0) . f(x0)Of (xo-h)
I
)
2.
' i S (X0)Of (xo + h) _ .. f (xo — h) Of (xo)
[ (xo) = lim h) = |im h)
3
3.
, o f(xo+h)Of (x0) .. f(xo—h)Of (x0)
f (o) = Jim === === = lim 0(—h) :
(4)
4,

f(x0) Of (o +h) _ i1 f (x0) OF (xo = )
h

f (x0) = lim h) 50
(5)

Equivalent definition is found in Refs. [30, 31].
Theorem 2.3.1
Let f : R > E be a fuzzy valued function such that for

re(0 1L [F ) = [f00. (0]
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1. If f(x) is differentiable function in first form i.e. (1)-
differentiable, then

[ ] = [0 5 ] ©)

2. If f (x) is a differentiable function in second form i.e.
(2)-differentiable, then

[ ea] = [Frea. £ )] %

2.4 n-th order Fuzzy linear differential
equations

Consider the following nth order fuzzy linear differential
equation under generalized H-differentiability, proposed
in Allahviranloo et al. [29], as:

Y00+ ¢ (6y 00,y 00" (0)
= (xy0.¥ 0.y ) ®)

where n € Z, with initial conditions

— (n-1)
V' xo)=yo 9
where y(x) = (y(1),¥(x;r) is a fuzzy-valued
function of x, with linear fuzzy-valued functions
P (0y 0.y 0,y 0) b6y 0.y 0

Y ().
Theorem 2.4.1

Let xo € (a,b) and f [a,b] x Ex E > E
is continuous fuzzy-valued function. Also, assume that
fX),f(x),f (x),... are continuous, then Definition 2.3
can be restated for nth-order differential of f as:

f is strongly generalized H-differentiable of the nth-
order at xo, if there exists an element f™ (xo) € E, such
that for h > 0 and sufficiently near zero:

1.

y(x0) =Yo, ¥ (X0)=Yo»---

(n-1) (n-1)
) . f (xo + h) Of (x0)
f7 (o) = }g(} h

FO (x0) Of "V (x0 - h)
h

= lim (10)

h->0

() i SO (0) OF™Y (xo + h)
f (XO) - }11_1;% (—h)
. fU (xo - h) OFf ™ (x0)

&) )

- o D (xo + h) BF Y (x0)
7 (xo) = Jim h
o Y (xo - h) OFY (x0)
=lim h

(12)




DE GRUYTER

£ (x0) Of "V (x0 + h)
(-h)
£ (x0) @f(" D (xo - h)

™ (x0) = lim

=lim (13)

h->0

Similar to the Theorem 2.3.1 we have the following re-
sults for nth-order strongly generalized H-differentiability
of fuzzy-valued function.
Theorem 2.4.2

Let f(x),f (X), .o

D (x) are differentiable fuzzy-
valued functions, with r-cut representation [f (x)]" =

£ 00, F (0]
1. If f(x) and f (), ...V (x) are (1)-differentiable,
then ,
[F 0] =[5 00, £ ) (14)
2. If f(x) and f (), ...V (x) are (2)-differentiable,
then

[0 0] = [ 00,17 0]

3. If f(x) is (1)-differentiable and f (x), ...
(2)-differentiable, then

[0 0] = [77 00, £ 0]

4, If f(x) is (2)-differentiable and f (x), ...

(1)-differentiable, then
1™ e0]" = [ 00, 47 0]

(15)

SO (x) are

(16)

S0 (x) are

17)

3 Fuzzy Sumudu Transform

Here, we present definitions, notations of Sumudu, fuzzy
Sumudu and fuzzy Laplace transforms and fundamental
properties of fuzzy Sumudu transformation.

3.1 Sumudu Transformation

Let A be the set of functions defined as:
A={f(x) | 3M, 11, and/ort, >0,

such that |f (x)| < MeX/T ) if x ¢ (-1Y x [0, oo)}

where constant M must be finite, while 7; and 1, each may
be finite and do not need to exist simultaneously. Using u
to factor the variable x in the argument of the function f,
Sumudu transform is defined as follows:

G(u)=sv(x)l={ Jo fmoemdx 0=u<t: g

fo fux)e™*dx, -t1<u<0
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Here M is taken equal to 1, 7, is finite and 7, is simply not
needed. Both parts define the domain of f, and sign of vari-
able x will remain unchanged. (see [1-6])

3.2 Fuzzy Sumudu Transformation

Let f be a continuous fuzzy-valued function defined in
parametric form [f (x)]" = [}j(x; r,f(x; r)} forO<r<1.
Suppose that f (ux)e™ is improper fuzzy Riemann inte-
grable function on [0, oo), with u > 0 a real parameter,
then

S[If(x)] = /f(ux) eXdx =G(u) (19)
0

is called fuzzy Sumudu transform. Since f is fuzzy-valued
function, therefore parametric representation of Eq. (19)
will be, forO < r < 1:

f(ux)e"dx=[ f(ux;r)e™dx, f(ux;r)e"dx]
/ [runeres |

(20)
or

SIFeN = [s[Fesn], s [fosn]] = [6w, Gw) - 6w

@21
where
G =S[f(x;n] = (ux; r) e dx,
Jr
and G(u) = f (x r) / (ux;rye ™ dx (22)
0

3.3 Fuzzy Laplace Transformation

Let f (x) be the fuzzy-valued function which vanishes for
negative values of x. Then fuzzy Laplace transform of f (x)
is defined by the following expression: (see [28])

oo

LY @]- [ e Fodx-Fw

0

(23)

With parametric form

O/e”"f(x) dx = L/ e f(x;7) dx,o/e’“‘f(x; r) dx] ,

Os<rs<1 (24)

or

LIF (1= [L[fein] . L [Fean]] = [F@). Fe| = F

(25)
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where

Fuw=L[f(x;n] = /e’“xjj(x; r)dx,
)

oo

Fu =L [f(x; r)] = / e ™ f (x;r)dx

0

(26)

provided that integral exists.
Theorem 3.1

If fuzzy Laplace transform of a fuzzy- valued function
f () isL[f (x)] = F (u) and fuzzy Sumudu transform of this
functionis S[f (x)] = G (u), thenforO<r <1,

G (u) = %F G)

cw-3r(3).  dw-iF(3) e

Proof:
By the definition of fuzzy Sumudu transformation,

SIF = [S[Fean]. S [fean|] = [6w. G| =6w
29)
Using Eq. (20) and changing variable ux = x and dx =

@7)

or

d—xwe et:
u get:

Gu) = [Lll O/Doe_(i)f (x';r) dx, Llloje_(i)f (x';r) dx/]
(30)

Recalling the definition of fuzzy Laplace transform, above
equation reduces to:

co-[r(2)-#()

1 1
G(u)= EF <E)
Theorem 3.2

Let f be fuzzy-valued function, then fuzzy Sumudu
transform of f (ax; r), where a is a constant, is given by:

SIf @9) = S [f (@xi), Faxin)] = |G (au), G (aw)|
= G (au),

€3))

or
(32)

O<r<1 (33)

Proof:
Using Definition 3.2, fuzzy Sumudu transform of
f(ax;r) and f (ax;r) are:

I3
oo

S {[(ax; 1, f (ax; r)} = [/ e”f (uax;r) dx,/e‘ f(uax;r)d
0 0

- [Q (au), E(au)} (4)
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proved.
Theorem 3.3

Let f be fuzzy-valued function. Then fuzzy Sumudu
transform of f (x — b), where b is a constant, is given by:

sy(x—b)]=s[jj(x—b;r),f(x—b;r)}
= [e'bg(u), e"bE(u)} —etGu), o=<re1
(35)

Proof:
Starting with Definition 3.2, fuzzy Sumudu transform
of f(x - b;7) and f (x - b;r) are:

S|f(x=bin . Fx-b;n)

= [/e' f(u(x-Db);r)dx, /e”‘f(u(x—b);r)dx]

0 0
(36)

changing variable x - b = x and dx = dx’

S|f (xr) 7 (xr)]
= []oe("'*b)f (ux'; r) dx’, ]oe(xl”’)f (ux'; r) dx/]
0

0

€%)

using exponential property in above equation we get:

k(]
- [e-b / e f (wdsr) dx e / e (uxsr) dx']

0 0
(38)

again using Definition 3.2
S[fe-bin. Foc-bin] = [e?6w), G| 69

or

S[f(x-b)=e?Gu). (40)

Theorem 3.4
Let f be fuzzy-valued function, then fuzzy Sumudu
transform of e *f (x) is:

—-CcX 1 u
S[ef 0] = (1+cu)G(1+cu)’

with lower and upper functions

s[e=fean. e Foon)

- [(1 +1cu)Q(1+ucu) (1 +1cu)G(1+ucu)] , O<sr<1
(42)

¢ € Real
(41)
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Proof:
Starting from the equalities in Definition 3.2, fuzzy
Sumudu transform of e™*f (x; r) and e f (x; 1) are:

S [e’c"[ 061, e f(x; T)}

= [/ e e Mf (ux;r) dx,/e"‘e‘c(”")f(ux; r) dx]

0 0
(43)

yielding:

S {e“}j 0G1), e f (x; f)]

= [/ e"(“C”)X)j(ux; r dx,/e"(““‘)xf(ux; r dx] (44)

0 0

changing variable (1 + cu)x = x and (1 +cu)dx = dx
we get:

S|efean, e F s n)

[1+cu/ 1+cu ,r)dx,
0

/e 1+cu ;r)dx]

0

by the definition of fuzzy Sumudu transform, above equa-
tion reduces to:

(45)

s[e=fean, e Foon)

- {(1 +1cu)g ( 1 +ucu) ' +1cu)5 ( T +ucu)] (46)

or

S[e™f ()] = (47)

Theorem 3.5

Let f be differentiable fuzzy-valued function. If f (x) =
O (x), and for j = 1, jth derivative of f (x) is f¥ (x) then for
mz1:

(1 +1cu)G (1 +ucu) ’

[f(m> (X)} S[f(X me ©)

o (48)
with lower and upper functions, forO < r < 1,

S [i(m) ;1) ,f(m) e r)}
S E(X; )’)} m-1 f(]) 051 S |:f(X r)] mz: (O;T)]

um um-ji ’ um-i
j=0

(49)
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Proof:
Let fuzzy Sumudu transform ofL' (x;r) and f* (x; ), for
O<r<1,are:

(x r) = (ux; r)dx
[
1]d [ [
== |o= [ e f(ux;r)dx+ e"f(ux;r)dx]
] /
(50)
and
S [j?(x; r)} = /e’ f (ux; r)dx
0

=% [:X/e"‘f(ux; r) dx+/e‘ f (ux; 1) dx]
0

0
(51)

using fundamental theorem of calculus
[% {S [f ;)] + e f (ux; r)]:} ,
% {S [f(x; r)} + e 7f (ux; r)’:}]

since lim e ™f (ux; r) = 0 hence,
X—>oo

S []i(x; r),?(x;r)} -

(52)

S [,:’ 01, F (6 r)}
- [Fsrwn)-r@ny. § {s[Fesn] -Foin)]

(53)

Now second derivative of lower and upper functions is ob-
tained as:

S [(Ji(X: r))}

[7 esn] -1 @)
[ Uun}[mm

:M—\ :\r—»

£ ©; r)} (54)

and

SKﬂm®}= [s[Fean] -F©in)

_1[spunﬂ—ﬂmn
u

S

T u

-f (05 r)] (55)
hence, we get:
’ " (F ' S H 0;
S [(Ji(x;r)) , (f’(x;r))] = [ [le(; 2l _lf(uzr)

_f@”>SV“”ﬂ_ﬂmn_fwn1
u

(56)

u ’ u? u?



54 —— Najeeb Alam Khan et al., On the solution of fuzzy differential equations

and so on, for m + 1th order we have:

S | Fm : _ plm) 0;
S [f(m) (x; r)] _f(m) ;1) B _S [(x;r)] m ]:-(j) ©;7)
u - um+1 - = um’j )
S|f(x; m Z0)
[f (xlr)} & (0; 1) -
um+ = um-i
and
S f(m) (X) _f(m) (O)
S |:f(m+1) (X):| — |: l
_SKFWI <~ f9(0)
- um+1 _]ZO: um-i (58)

or, forany m = 1:
S [z(m) ;1) ,f(m) o r)]
S[fosn] 225905 S f(x Nl m 0;
Z [ } Z ( r

um um-j um-i

j=0 j=0

(59)

Theorem 3.6

Suppose that f is continuous fuzzy-valued function on
[0, 00) and that f is piecewise continuous fuzzy-valued
function on [0, =), then under strongly generalized H-
differentiability:

If f is (1)-differentiable, then

)
Os<srs<1

=S [F s, Feen] - - (SFWI6f O},
(60)

and, If f is (2)-differentiable, then

=5 [F0sn.f (61| = S {F ) ST}
(60

S|f ]
O<srs1

In order to solve second order fuzzy-differential equa-
tions under strongly generalized H-differentiability, we
need the fuzzy Sumudu transform of second order deriva-
tives under generalized H-differentiability. In this connec-
tion, we prove the following result:

Theorem 3.7

Suppose that f and f are continuous fuzzy-valued
functions on [0, o) and that f~ is piecewise continuous
fuzzy-valued function on [0, o), then from Theorem 3.5 for
O<r<landm=2:
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If f and f  are (1)-differentiable, then

S e =s|f ean.F o)
S 0 0
={ D;EX)] fLEZ) f( )} (62)

If f is (1)-differentiable and f  is (2)-differentiable, then

s[eo] = s e 7 )
_[fO _F©gSF e
_{_7 ©) S0 } (63

If f is (2)-differentiable and f  is (1)-differentiable, then

S =sf ean.F o)
{flgg) HOP S[fu(;c)]} )
If f and f are (2)-differentiable, then
S[r o] =s[f an . o)
{svgn@ © f(m} )
u u

Proof:

Let f and f~ are lower function’s derivatives, f and f”
are upper function’s derivatives. Now we prove Eq. (62) as,
for arbitrary fixed r € [0, 1):

S of @ f © _ [[SECsn] £ [ (O5n)
w2 w2 u u? u? u
sfFesn] foin Fon
{ u? - u? - u (66)

since

S[f'osn] =S [,j" e r)]
CS[fesn] O f(©037)
_ o S Turu
S [f” x; r)} =5 F o r)}
S|f e r)} f;n  f ;)
u? T Tuz T
(67)
and, also since
f(O;I’)=]i(O;r), O<r<1 (68)
fOsn=F(0:n, 0<rs<1 (69)
we get,
SUN6I Dol O (s [f ] s [F ]| o)

2
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STl ngx)] @]% @@ =S []i'(x; N, f (x; r)] (71)
S 0) .f (0 .,
Now proving Eq. (63) for arbitrary fixed r € [0, 1),
FO)_f© S
u? u —-u?
] H_f(o;r) F@n f[”’“’)}}
u? u u? ’
fOn f©n S[fxr
[tz
since,
s[Fesn] =s[f an]
CS[fesn] £ f(05n)
) B u? u? u
S[f osn] =S Y (s
sPFen] fon Fom
B u? u? u
(74)
and
f(O;r)=]i(O;r), O<re<1 (75)
f©;r=F(;r)), O<rs<1 (76)
we get
SO T OSTON _Ts [ )], s [F 0] @)
SO LOSVON _s[r in). Fen] 09
0 f@©),S "

Next proving Eq. (64) for arbitrary fixedr € [0, 1) we have

_f©f (0 oS
u? u —u2
- H_f(oz N _f©O;n . S [f(x;r)} }
u2 u u2 ’

u? u (80)

{_f(o; n _ f©;n LS [f 1) H
u?
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since
s[Fean] =Sl sn)
S [f (x;1)] _f©s1) _f(O; r)
) - u? u2 u
S ean] =S| @)
SPwn] fon Fom
- u2 u? u
(81)
and,
FO:n=£f©;n, 0s<r<1 (82)
fO;n=F©0;n), O<rs<1 (83)
we get
0) _f () .S " =
DD s ][]
LOeL ST _s[f s, Fn] (69

0) .f(0) .S "
2ol DDl s 7 )

” (86)

Now proving Eq. (65) for arbitrary fixed r € [0, 1) we have

SPf©) _f©

u? u? u

[fsFFesn] Fen Fon

- u2 w2 u ’
S[fesn] f(O;1) (057

{ u? T Tuz H (87)

since

[fosn] fO;r) (051

" " S
S[fLsn] =S[f sn)= 02 02 7,

S [F(X; r)} =S [f” (x; r)} = : [ffz(; r)} fon _f (2; 2

u?
(88)
and,
f;n=£f©0;n, O<rs<1 (89)
f©;r=Ff(0;1)), O<rs<1 (90)

then, we get

SIF I gf ©) _f O _Ts[f o], s[Fesn]] on

u? u?
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U@l O O gy
u

u? u?

“an.fon] 92

S Lf(X)] @fL?) _ f, (O) =S |:f” (X)i|
u

u? u (93)

prove completed.

3.4 Convolution of Fuzzy-valued Functions

The convolution, f * g of two fuzzy-valued functions f and
g is defined by,

(f*g)(X)=/f(T)g(X—T)dT (94)
0

Theorem 3.4.1

Let f and g be fuzzy-valued functions, having fuzzy
Sumudu transforms G (u) and N (u), respectively, then the
fuzzy Sumudu transform of the convolution of f and g, f*g,
is given by:

S[(f*8) ()] =uG )N (u) (95)
with lower and upper functions
S[(f*8) (sn] =uG N
andS[(f*E) (X;r)} =uG(u)N (), 0s<rs<1 (96)

Proof:
Starting the prove with the product of fuzzy Sumudu
transforms of f and g:

uQ(u)M(u)=u/e’”jj(un;r)dn/e’¢g(u¢;r)d¢,
0 0

Osrs1 97)

and

oo oo

uE(u)N(u)=u/e"lf(un;r) dq/e‘¢§(u¢;r) de,
0 0

O<r<1 (98)

Using exponential property we obtain:
uGWN @) - [ [ e Vf (uning(upinudndg,
00

O<re1 (99)
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and
uG (u) N (u) = e OF (un; 1) g (uep; r) udnde,
/1

O<r<1 (100)

let x = n + ¢, since 7 is fixed in the interior integrals so
dx = d¢, hence above equations will reduce to:

uQ(u)ﬂ(u)=//e""i(un;r)g(u(x—n);r)udndx,
0 0

O<r<1 (101)

and

uG () N (u) = / / & F (un; 1) E (u (x - ) 7) udndx,
0O 0

0<r<1 (102)
or
uGW)Nw) = [ e™ [ f(un;r)gu(x-n);ryudndx,
[]
O<rs<1 (103)
and

u@(u)ﬁ(u)=/e”‘/f(un;r)g(u(x—n);r)udndx,
0 0

O=<rs<1 (104)

taking, 7 = unand dt = udn, un € [0, ux]whenn € [0, x|,
therefore:

uQ(u)M(u)=/e‘X [/f(r;r)g((ux—r);r)dT] dx
0 0

S[(f*g) 1] (105)

and

oo

u@(u)ﬁ(u)=/e”‘ [/f(r;r)g((ux—r);r)dr] dx
0

0

-s[(F*8) ] (106)

ForOs<r<1.
Lemma 3.4.1.1

Let f and g be fuzzy-valued function and g (x) = 1,
then convolution theorem yields the fuzzy Sumudu trans-
form of the anti-derivative of f (x). i.e.

SIfx)) =S [/f(r)dr] =uG ). (107)
0
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with lower and upper functions are:

S[fx;sn] =S [/f(r;r)d‘r] =uG(u),
0

S[f(x;r)} =S [/Xf(r;r)d‘r] =uGu), Osrs<1
0

(108)

4 Applications of Fuzzy Sumudu
transformation on Fuzzy
Differential Equations

In this section, applications of fuzzy Sumudu transform is
elaborated by solving some fuzzy differential equations,
taken from [28].

4.1 Example

Let

Y (%) = 0o, Oo=(r-1,1-r  (109)

be second order fuzzy differential equation with initial
conditions

y0;n)=(r-1,1-1,y (0;)=(r-1,1-r)  (110)

To solve this equation we consider the following four cases
of strongly generalized H-differentiability:
Casel:

Let y (x) and y’ (x) are (1)-differentiable. Then apply-
ing fuzzy Sumudu transform on both sides of Eq. (109) we
obtain:

S|y 0] = sioal, (1

with lower and upper functions,

S[L”(x;r)} = S[oo], S{V(X;r)} =S[oo], O<rs<1

(112)
Using Theorem 3.7, we get:
Sly(x;r 0;r (057
yosn] gy©n oy ©n _
u? u? u
SN 5¥ 051 5y (051) _
075207 1 = 0o (113)
After some simplification:
Slyosn] =y(0;r)+ uy;(O; r) + u’oo,
Sye;n]=y(O;r) + uy’ O;n)+ u?ao (114)
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Taking inverse fuzzy Sumudu transform on both sides of
Eq. (114), we get

YOG =y (00 S 1] +y (031) S [u] + 065 [uz} ,
(115)

VoG =y (0;1)S 1] +Y (0;7) S [u] + 00S™ [uz] .
(116)
Using inverse values from Table A.1 in Belgacem et al. [2],

we obtain
2

X(x;r)=X(O;r)+L'(0;r)x+00X7, (117)
_ x2
y(x;1r)=y(0;r)+y (0; r)x+007. (118)
Using Eq. (110) we obtain solutions as:
X2
ysn=(r-1) [1+x+?] ,
2
yx;n=01-r1) [1 +X+ ?] (119)

Casell:

Let y(x) and y (x) be (1)-differentiable and (2)-
differentiable, respectively. Considering lower and upper
functions of Eq. (109) and applying fuzzy Sumudu trans-
form on both sides we get:

YO Z(O?’)@S [y ;1)

u? u iz %0
V(051 _y (051 ST GT)] _
WY Y Ne Bl my  (120)

Following similar manipulation done in Case I, we get:

ysn=(r-1) [1+X—X22],

X

yx;n=(1-r) [1 +X - 22] (121)

Case III:

Let y (x) is (2)-differentiable and y’ (x) is (1)-differentiable.
Taking lower and upper functions of Eq. (109) and apply-
ing fuzzy Sumudu transform on both sides,

B X(Oz; r)@&(O;r)@S &(xz; n]
u u —u

= 0o,

_y(oz;r)gy (O’r)QSW(XZ’r)] =09 (122)
u u -u
Similarly, following Case I, after some manipulation we
obtain the solutions of lower and upper functions as:

ysn=(r-1) |:1—X—X22:|,

X2

y(;r)=(1-7) [1 -Xx- 7] (123)
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CaseIV:

Consider y(x) and y (x) of Eq. (109) are (2)-
differentiable. Applying fuzzy Sumudu transform on both
sides of its lower and upper functions we get:

S [y (1) oL @1 y (01
u? u? u

S ; y (0; Y (0;
szc )] QY(M2 n,Y (u " _ g (124)

0o,

Similar to Case I, after some simplification we get the solu-
tions of lower and upper functions as:

ysn=(r-1) |:1—X+X22:| s

yx;n=01-r1) [1—x+xzz} (125)

4.2 Example

Considering another example of fuzzy differential equa-
tion with fuzzy initial conditions as

Y ) +yX) =00, Go=(r,2-1)  (126)

yO;n=0r-1,1-1,y 0;n=r-1,1-r) (127

As in Example 4.1, we have the following four cases:
Casel:

Let y (x) and y (x) are (1)-differentiable. Then on ap-
plying fuzzy Sumudu transform on both sides of Eq. (126)
we get:

S|y 0] + Sy 0l = S ool (128)
with lower and upper functions
S [L”(X; r)} +S [y (x;1)] = S[oo],
S [V(X; r)} +S[y(;n]=S[oo], Osrs<s1 (129)

Using Theorem 3.7

S &()zf;r)] @X(Oz; M oY (0:1)
u u u

+S &(x; r)] =09 (130)

and

SNl oV (051) oV (07) CA =
u2 e u2 e 0 S[y(x;n]=o0o (131)
After some simplification:

Sy (1 + uz) =y (0; 1) +uy (0;7) + u’0o,

Sy (x;n] (1 + u2> =y(0;1)+uy (0;7) +u’co (132

DE GRUYTER

Taking inverse fuzzy Sumudu transform on both sides of
Eq. (132):

i 00 |+ 00 [

2
+ oS! [(1 u uz)] , (133)
yosn =y 0;ns™ [ﬁ] +y (O;ns [(lf—uz)]
2
+ 005! [7( — uz)] (134)

Using inverse values from Table A.1 in Belgacem et al. [2]:

y(x;1) =y (0;7) [cosx] +y (05 ) [sinx] + 0o [1 - cosx] ,
(135)

Y (x;7) = ¥ (0;7) [cos x] + ¥ (0;7) [sinx] + 0o [1 — cos x] .
(136)

Using initial conditions from Eq. (127), solutions obtained
are:

y () =r(1l+sinx)-cosx -sinx,
y(x;r)=(2-r)(1 +sinx) - cosx - sinx (137)
CaseII:
Let y(x) is (1)-differentiable and y'(x) is

(2)-differentiable. Then applying fuzzy Sumudu transform
on both sides of lower and upper functions of Eq. (126) we
get:

y(0;7) Z(O;r)@S [y ()]
- 2 2
u u —u

+S @(x; n] =00 (138)

Y1) Y (0:i1) oS (i) .
- u2 - u C) “u2 +S[y(x; 1] =00 (139)
After doing manipulation as done in Case I, we obtain the
solutions of lower and upper functions as:

y(x; 1) =r (1 +sinhx) - cosx - sinh x,

y(x;r) = (2 -1r)(1 +sinh x) - cos x — sinh x (140)

Case III:

Lety (x) and y (x) in Eq. (126) be (2)-differentiable and
(1)-differentiable, respectively. On applying fuzzy Sumudu
transform on both sides of its lower and upper functions,
we obtain:

YO0y (©0in) S[y0an)]

2 ” P (141)

+S u(x; n] = 0o
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_?(32; Do (2; Ne® [)7_(:2 Ny s Vesnl=00 (142)

Similarly, following manipulation in Case I, we obtain the
solutions of lower and upper functions as:

y(x;r) =r(1-sinhx) - cosx + sinh x,

y(x;r) = (2 -71)(1 -sinhx) — cos x + sinh x (143)

CaseIV:

Let y (x) and y’ (x) are (2)-differentiable. Taking lower
and upper functions of Eq. (126) and applying fuzzy
Sumudu transform on both sides we obtain:

Sy (s 0; (03
&g )] @z(uzr) ) L(u D\ slyasn) =00 (44
S[VZS)ZG T)]@?(Sz; N, y'(g;r) +S[yen] =00 (145)

Similar to Case I, after some manipulation we obtain lower
and upper solutions as:

y(x;r)=r(l-sinx)-cosx+sinx,

y(x;r)=(2-71)(1-sinx)-cosx +sinx (146)

5 Conclusions

In this document, we extended Sumudu transform to fuzzy
Sumudu transform for the solution of linear differential
models with uncertainty. Presented illustration of its fun-
damental properties and its application on some second
order fuzzy linear differential equations considered under
strongly generalized Hukuhara differentiability. Thus it is
concluded that:

— The proposed transformation has unit and scale pre-
serving property, which is advantageous for uncertain
physical models.

— Due to analytical duality of fuzzy Sumudu transform
with fuzzy Laplace transform as discussed in Theo-
rem 3.1 each problem solved by fuzzy Laplace trans-
form can also be solved by fuzzy Sumudu transform
method.

- From examples it is depicted that fuzzy Sumudu trans-
form is very effective and reliable tool with less compu-
tation in obtaining exact solutions of fuzzy differential
equations.

Further, to study its applications in future we will gener-
alize fuzzy Sumudu transformation to fractional order for
solving fuzzy fractional linear differential equations.
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