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Analytical Solutions for Rumor Spreading
Dynamical Model in a Social Network

Abstract: In this paper, Laplace Adomian decomposition
method is utilized for evaluating of spreadingmodel of ru-
mor. Firstly, a succinct review is constructed on the sub-
ject of using analytical methods such as Adomian decom-
posion method, Variational iteration method and Homo-
topy Analysis method for epidemic models and biomathe-
matics. In continue a spreading model of rumor with con-
sideration of forgettingmechanism is assumed and subse-
quently LADM is exerted for solving of it. By means of the
aforementionedmethod, a general solution is achieved for
this problem which can be readily employed for assess-
ing of rumor model without exerting any computer pro-
gram. In addition, obtained consequences for this prob-
lem are discussed for di�erent cases and parameters. Fur-
thermore, it is shown the method is so straightforward
and fruitful for analyzing equations which have compli-
cated terms same as rumor model. By employing numer-
ical methods, it is revealed LADM is so powerful and ac-
curate for eliciting solutions of this model. Eventually, it is
concluded that this method is so appropriate for this prob-
lem and it can provide researchers a very powerful vehi-
cle for scrutinizing rumor models in diverse kinds of so-
cial networks such as Facebook, YouTube, Flickr, LinkedIn
and Tuitor.
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1 Introduction
Analyzing of nonlinear problems is one the most crucial
�elds in the appliedmathematics. In fact, nonlinear equa-
tions have an important position in the leading-edge sci-
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ence and in minds of scientists. Unavoidably, understand-
ingof nonlinear problemsgivesus anopenwindow for bet-
ter studying and examining of our world. Recently, new
analytical methods disclosed solutions of a number of
equations in di�erent �elds. Perturbation methods [1, 2]
are the most familiar approaches for analyzing of non-
linear problems. Homotopy Analysis method [3–5] is an-
other technique which is so strong for analyzing of non-
linear phenomena and it has been invented by Professor
S.J.Laio. Homotopy analysis method is a very potent ap-
proach in comparison with lots of analytical techniques
and a number of approaches are actually special cases of
this method. Abilities of the method motivate researchers
to use it for di�erent nonlinear problems [6–8]. Variational
Iteration method [9] is a further example of analytical
techniques for solving nonlinear equations. This approach
has been so far implemented for a number of systems
in �uid mechanics [10], structural dynamics [11] and ap-
plied physics [12, 13]. Adomian decompositionmethod [14,
15] can be cited as another instance of analytical ap-
proaches which has been suggested by G. Adomain. In ad-
dition, Non-perturbative approaches such as Energy Bal-
anceMethod [16–19], Hamiltonian approach [20–25], Vari-
ational approach [26], Max-Min approach [27] and Har-
monic balance method [28] can be mentioned as novel
techniques that have been used for investigating a number
of nonlinear equations. As mentioned in abstract of this
paper, �rstly, applications of Homotopy analysis method
and its derivatives, variational iteration method and Ado-
mian decomposition method are brie�y outlined for ana-
lyzing epidemicmodels and biomathematics. As �rst case,
SIR epidemic model with constant vaccination strategy
has been studied by Yildirim and Cherruault [29]. Homo-
topy perturbationmethod has been used in their works for
analyzing of their objective model [29]. Furthermore, the
aforementionedmodel hasbeenanalyzedbyO.D.Makinde
using Adomian decomposition method [30]. Merdan et
al. [31] have used variational iteration method and modi-
�ed variational iteration method for �nding analytical so-
lutions of a dynamical system which describes HIV in-
fection of CD4+ T cells. A multistage Homotopy pertur-
bation method has been employed for solving Human T-
Cell Lymphotropic Virus I (HTLV-I) infection of CD4+ T-
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Cells Model by Gokdogan andMerdan [32]. Besides, a frac-
tional order di�erential equation model of human T-cell
lymphotropic virus I (HTLV-I) infection of CD4+ has been
explained and analyzed exerting multi-step generalized
di�erential transformmethod by Ertürk et al. [33]. SIR and
SIS epidemic models have been investigated by Khan et
al. [34]. Homotopy Analysis method has been utilized by
them for solving of their models [34].

Table 1. Biomathematics and epidemic models that have been in-
vestigated by analytical methods such as VIM, ADM, ETDM, HPM
and HAM.

Models
SIR Model [29, 30]
dS
dt

= (1 − P)πN − β
SI
N
− µS,

dI
dt

= β
SI
N
− (γ + µ)I

dR
dt

= PπN + γI − πR
S, I and R describe susceptible group, infected group and removed
group, respectively [29, 30].
Model of HIV infection of CD4+ T cells [31]
dT
dt

= q − αT + γT
(

1 −
T + 1
Tmax

)
− kVT

dI
dt

= kVT − βI

dV
dt

= NβI − γV
T(t), I(t) and V(t)represent concentration of susceptible CD4+ T –
cells, CD4+ T cells infected by the HIV Viruses and free HIV virus par-
ticles, respectively [31].
Model for Humen T-Cell Lymphotropic Virus I infection of CD4+

Cells [32]
dT
dt

= λ − µTT − kTAT

dTL
dt

= k1TAT − (µL + α)TL

dTA
dt

= αTL − (µA + ρ)TA

dTM
dt

= ρTA + βTM(1 −
TM
T max

) − µMTM
T(t), TL(t), TA(t) and TM(t) illustrate the concentration of healthy
CD4+ T-cells at time t, the concentration of latently infected CD4+
T-cells at time t, the concentration of actively infected CD4+ T-cells
and the concentration of leukemic cells at time t, respectively [32].

Kelleci and Yildirım have applied Homotopy pertur-
bation method for �nding solutions of nonlinear ordinary
di�erential equations arising in kinetic modeling of lac-
tic acid fermentation and epidemic model [35]. Enhanced
multistage di�erential transform method has been pre-
sentedbyDoand Jang [36] for evaluating dynamicalmodel
of prey-predator systems. Fractional ordermodel ofHIV in-
fection of CD4+ T cells andHanta virus infectionmodel has

Table 2. Biomathematics and epidemic models that have been in-
vestigated by analytical methods such as VIM, ADM, ETDM, HPM
and HAM.

Models
Fractional order di�erential equation model of human T-cell lym-
photropic virus I [33]
DαT = λ − µTT − kTAT

DαTL = k1TAT − (µL + α)TL
DαTA = αTL − (µA + ρ)TA

DαTM = ρTA + βTM
(

1 −
TM
T max

)
− µMTM

T(t), TL(t), TA(t) and TM(t) illustrate the concentration of healthy
CD4+ T-cells at time t, the concentration of latently infected CD4+
T-cells at time t, the concentration of actively infected CD4+ T-cells
and the concentration of leukemic cells at time t, respectively [33].
Hantavirus infection model [38]
dSm
dt

= b(Sm + Im) − cSm −
Sm(Sm + Im)

k
− aSm Im

dIm
dt

= −CIm −
Im(Sm + Im)

k
+ aSm Im

Sm(t) and Im(t) denote susceptible and infected mice, respectively
[38].
Prey and Predator [36]
dx(t)
dt

= rx(t)
(

1 −
x(t)
k

)
−
mxp(t)

1 + xp(t)
y(t)

dy(t)
dt

= y(t)
(
µ
mxp(t)

1 + xp(t)
− D

)
x(t) and y(t) are the population size for the prey and the predator
model, respectively [36].

been studied by Gokdogan et al. [37, 38] utilizing multi-
stepdi�erential transformmethod.Nonlinear equations of
above-mentioned papers are tabulated for interested read-
ers in Tables 1 and 2.This paper aims to analyze a spread-
ingmodel of rumor with consideration of forgettingmech-
anism [39]. Obviously, rumor is an essential part of so-
cial communication and therefore spreading of it has strik-
ing in�uences on the societies. Present study focuses on
model of spreading rumor in the social networks [39]. In-
evitably, social networks such as Facebook, Tuitor and
so on are the most straightforward ways for spreading
rumors. In this paper, Laplace Adomain decomposition
method [41, 42] is applied for solving of spreading rumor in
the social networks with consideration of forgettingmech-
anism. The objective model of this paper is brie�y intro-
duced in the next section.
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2 Mathematical Modeling
Figure 1 represents dynamical modeling of spreading ru-
mor with consideration of forgetting mechanism in social
networks schematically [39, 43].

Fig. 1. Schematic of rumor spreading procedure [39].

This system can be mathematically described by non-
linear di�erential equations as [39]:

dI(t)
dt = −λk I(t) S(t)

dS(t)
dt = λkI(t)S(t) − αkS(t)(S(t) + R(t)) − δS(t)

dR(t)
dt = αkS(t)(S(t) + R(t)) + δS(t) (1)

with the initial conditions :

I(0) = N − 1
N

S(0) = 1
N

R(0) = 0 (2)

The components of Eq. (1) are the density of ignorant,
spreaders and sti�ers that are correspondingly denoted by
I(t), S(t) and R(t). Furthermore, k represents the average
degree of social network. In Eq. (1), λ, δ and α are spread-
ing, forgetting and sti�ing rates, respectively. In addition,
the following conditions are presumed for this model:
Condition. 1
α+ δ ≤ 1 This conditionmakes themodel of rumor spread-
ing more �tting to the actual situation [39].
Condition. 2 R(t) + S(t) + I(t) = 1 Normalization condi-
tion [39].

3 Solution Procedure
Firstly, A = λk̄, B = αk̄, C = δ are considered as param-
eters of Eq. (1) for simplicity of it. Subsequently, Laplace
Adomian decomposition method is applied to Eq. (1) and

next we have:

L
{
dI(t)
dt

}
= −Lλk I(t) S(t)

L
{
dS(t)
dt

}
= LλkI(t)S(t) − LαkS(t)(S(t) + R(t)) − LδS(t)

L
{
dR(t)
dt

}
= LαkS(t)(S(t) + R(t)) + LδS(t) (3)

Consequently we reach to Eq. (4):

L {I} = r1
s −

A
s L {IS}

L {S} = r2
s + A

s L {IS} −
B
s L
{
S2
}
− Bs L {SR} −

C
s L {S}

L {R} = B
s L
{
S2
}

+ B
s L {SR} + C

s L {S} (4)

E = IS, F = SR and G = S2 are illustrated as new variables
and Eq. (4) is altered to a new form.

As standard form of Adomian decomposition method
the solutions of Eq. (4) are supposed to be as the sum of
the following series:

I =
∞∑
n=0

In , S =
∞∑
n=0

Sn , R =
∞∑
n=0

Rn (5)

Afterwards, nonlinear terms in Eq. (4) are approximated as
follows:

E =
∞∑
n=0

En (6)

F =
∞∑
n=0

Fn (7)

G =
∞∑
n=0

Gn (8)

then Eq. (9) is de�ned as:

IS =
∞∑
n=0

En(I0, . . . , In , S0, . . . , Sn)

En = 1
n!


dn(

∞∑
j=0
Ejηj)(

∞∑
j=0
Sjηj)

dηn


η=0

(9)

and we have

En = ϕ1(Mn , t) Mn =
n∑
i=0

AiBn−i (10)

Similarly for other nonlinear terms, we de�ne the fol-
lowing function

SR =
∞∑
n=0

Fn(S0, . . . , Sn , R0, . . . , Rn) (11)
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Fn = 1
n!


dn(

∞∑
j=0
Sjηj)(

∞∑
j=0
Rjηj)

dηn


η=0

,

Fn = ϕ2(Nn , t) and Nn =
n∑
i=0

BiCn−i (12)

and eventually for last nonlinear term of Eq. (3), Eq. (13)
is considered:

S2 =
∞∑
n=0

Gn(S0, . . . , Sn , S0, . . . , Sn) (13)

Gn = 1
n!


dn(

∞∑
j=0
Sjηj)(

∞∑
j=0
Sjηj)

dηn


η=0

,

Gn = ϕ3(Pn , t) , Pn =
n∑
i=0

BiBn−i (14)

Using the abovemntioned functions, we �nd the Ado-
mian polynomials as follows:

A0 = I0 = I(0) = r1,
A1 = −Ar1r2,

A2 = −AM1
2 ,

A3 = −AM2
3 ,

B0 = S0 = S(0) = r2,
B1 = Ar1r2 − Br2

2 − Cr2,

B2 = 1
2 (AM1 − BP1 − BN1 − CB1),

B3 = 1
3 (AM2 − BP2 − BN2 − CB2),

C0 = R0 = R(0) = r3,
C1 = Br2

2 + Cr2,

C2 = 1
2 (BP1 + BN1 + CB1),

C3 = 1
3 (BP2 + BN2 + CB2 (15)

Easily the following functions can be obtained or the
Eq. (3)

An = −AMn−1
n (16)

Bn = 1
n (AMn−1 − BPn−1 − BNn−1 − CBn−1) (17)

Cn = 1
n (BPn−1 + BNn−1 + CBn−1) (18)

and furthermore, we obtain Eqs. (19-21) as solution of
Eq. (3).

In = An tn (19)

Sn = Bn tn (20)

Rn = Cn tn (21)

Using Eqs. (16-18, 19-21) and inserting of them in Eq (5),
the solution of Eq. (3) is obtained.

4 Numerical Discussion
In this section, accuracy of achieved results are exam-
ined by means of numerical methods. For two di�erent
cases, the analytical results are studied.
Case 1.
N = 108,α = 0.5 , λ = 0.3, δ = 0.1, k̄ = 5
Case 2.
N = 108,α = 0.5 , λ = 0.5, δ = 0.5, k̄ = 5

Firstly, I(t), R(t) and S(t) are plotted for case 1. Fig-
ures 2-4 show behavior of I(t), S(t) and R(t), respectively.
As seen, Laplace Adomian decomposition method is a
strong method for analyzing of this problem even for
a long time.Furthermore, as parameters of case 1 have
been illustarated, this method has this ability to ana-
lyze this dynamical model for strong nonlinearity. Like-
wise, Figures 5-7 show aptitudes of LADM for analyz-
ing of ‘Objective’ problem of this paper.These �gures
demonstrate this method can predict dynamical behav-
ior of the rumor spreading for a long period of time.

Fig. 2. Comparison of the LADM solutions of I(t) with numerical
method.
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Fig. 3. Comparison of the LADM solutions of S(t) with numerical
method.

Fig. 4. Comparison of the LADM solutions of R(t) with numerical
method.

Fig. 5. Comparison of the LADM solutions of I(t) with numerical
method.

Fig. 6. Comparison of the LADM solutions of S(t) with numerical
method.

Fig. 7. Comparison of the LADM solutions of R(t) with numerical
method.

5 Conclusion
In this paper, Laplace Adomian decomposition method
was used for analyzing solution of a spreading model of
rumorwith consideration of forgettingmechanism. Firstly,
recent applications of analytical methods such Homo-
topy Analysis method, Variational Iteration method and
Adomian decompositionmethod in analyzing of epidemic
models were discussed. Furthermore, a number of epi-
demic and biomathematics models that had been investi-
gated by researchers were tabulated and illustrated. After-
wards, the objectivemodel of this paperwas schematically
andmathematically revealed. In continue, LADMwas em-
ployed for �nding solutions of abovementioned model.



28 | R. Fallahpour et al., Analytical Solutions for Rumor Spreading Dynamical Model in a Social Network

Two numerical cases were considered and next, the ob-
tained analytical results were compared with numerical
method. This comparison provides us a very outstanding
conclusion. According to that, this method is so powerful
for analyzing of this model even for strong nonlinearity.
Furthermore, it can be very e�ective for predicting dynam-
ical performance of this system for a long period of time.
In addition, this approachpresents us an explicit series so-
lution without using any computer program and this fea-
ture of LADM can facilitate to understand sophisticated
and vague parts of this model.
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