DE GRUYTER

Nonlinear Engineering 2017; 6(2): 115-121

M. M. El-Borai, H. M. El-Owaidy, Hamdy M. Ahmed, A. H. Arnous*, and M. Mirzazadeh
Solitons and other solutions to the coupled
nonlinear Schrodinger type equations

DOI 10.1515/nleng-2016-0048
Received June 28, 2016; accepted November 30, 2016.

Abstract: Nonlinear Schrodinger type equations arise from
awide variety of fields, such as fluids, nonlinear optics, the
theory of deep water waves, plasma physics, and so on. In
this paper, two integration schemes are employed to ob-
tain solitons, periodic waves and other forms of solutions
of the coupled nonlinear Schrodinger type equations. The
two schemes that are studied in this paper are the Back-
lund transformation of Riccati equation and the trial solu-
tion method.
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1 Introduction

The Nonlinear Schrodinger (NLS) equation has been de-
rived as a model for weakly nonlinear wave packets in a
wide variety of physical systems by means of the pertur-
bative algorithm known as the method of multiple scales.
This equation is widely used in many branches of physics
and dynamics that it forms a separate class of equations
investigated thoroughly by many researchers. Inoué [1] de-
rived coupled nonlinear Schrédinger equations with the
same group velocities for the interaction of two wave-
packets in an isotropic dielectric material. In hydrodynam-
ics, the coupled NLS equations describe the propagation
of two wave packets along a direction in which the group
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velocity projections overlap. In optics, the propagation of
short pulses in birefringent fibers. In atmosphere, the pres-
sure pulses in artery vessels and nonlinear Rossby waves.
In a plasma, for instance, the interaction between the
high-frequency Langmuir and low-frequency ion-acoustic
waves is governed by the coupled NLS equation of the fol-
lowing form

iue + patter = (iul® + qualv”) u, M

IVe+ PoVax = (q2|v|2 + q21|u|2) V. 2

These equations also appear in nonlinear optics and geo-
physical flows [2-11]. In Egs. (1) and (2), u and v are the
complex amplitudes or envelopes of wave packets in two
different degrees of freedom of the underlying physical
systems, x and t are the spatial and temporal variables,
p1 and p» are the dispersion coefficients, g, and g, are
the Landau constants which describe the self-modulation
of the wave packets, while gq;, and g,; are the wave-
wave interaction coefficients which describe the cross-
modulations of the wave packets. The cross-modulation
terms are the glue that holds coupled-mode solitary waves
together. When both cross-modulation coefficients gi»
and ¢, are positive, however, the coupled-mode solitary
wave is stable. But when both or even just one of the cross-
modulation coefficients is negative, however, the solitary
waves fission and separate into two single-mode solitons
travelling independently in different modes at different
speeds. They are all real parameters and their values vary
for different polarizations in nonlinear optics or for differ-
ent kinds of basic flows in geophysical fluid dynamics.

Recently, a new coupled NLS equation

uxt=uxx+1_iﬂz|u|2u+u(V—W), (3)
Ju|?

vt=—(1+2’+(1+ﬁ)vx, (4)
Ju|?

W = <1_[2t+(1—ﬁ)wx, (5)

was proposed by Ma and Geng via a spectral problem and
its auxiliary one [12], where v and w are the real functions
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of spatial variable x and temporal variable t , while u is a
complex one and f is a real constant with || # 1.

In order to understand the mechanisms of those phenom-
ena, it is necessary to explore their solutions and proper-
ties. Solutions for these equations can not only describe
the designated problems, but also give more insights on
the physical aspects of the problems in the related fields.
In recent years, various powerful methods have been pre-
sented for finding exact solutions of the NLEEs in math-
ematical physics, such as transformed rational function
method [13, 14], multiple exp-function method [15], ex-
tended tanh method [16], trial equation method [17-22],
(G'/G) -expansion method [23-25], modified simple equa-
tion method [26-28], Q-function method [29, 30] and so
on. Lu [31] has introduced a reliable and effective method
called the Backlund transformation method of Riccati
equation to look for new exact solutions of nonlinear
fractional PDEs. The Backlund transformation method
of Riccati equation [20] is based on the assumptions that
the exact solutions of NLEEs can be expressed by a poly-
nomial in ¥, such that ¢ = (&) satisfies the Backlund
transformation of Riccati equation. In this paper, we ap-
ply the Backlund transformation of Riccati equation and
the trial function approach to obtain exact and soliton
solutions of Egs. (3)-(5).

2 The governing equation

In order to solve Egs. (3)-(5), the following solution struc-
ture is selected [32]

u(x, ) = U@)e'®™0 ) v(x, t) = V(&), wix,t) = W(&),
6)

where the wave variable ¢ is given by
& =k(x - vt), (7)
and the phase component ¢(x, t) is defined as
(X, t) =kx —wt +6 )]

where k is the frequency of the solitons while w represents
the wave number and 6 is the phase constant. Substituting
Eq. (6) into Egs. (3)-(5), we obtain the following equations

(1+0)U" -k(k+w)U + iU3 +U(V-W)=0, (9)

1-p2
- —C 2

V_(,8+1)(ﬁ+c+1)U’ (10)
- ¢ 2

VoG- nE-c-n” w
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where
(12)
Substituting Egs. (10),(11) and (12) into Eq. (9), we obtain
the following ordinary equation

2z
B2 -(c+1)

w = -k(c+2).

U +xU - U3 =0, (13)

3 Integration Schemes:
In this section, we outline the description of the Backlund

transformation of Riccati equation method and the trial so-
lution method.

3.1 The Backlund transformation of Riccati
equation

3.1.1 Description of the method

Recall that the Riccati equation:

P(&) =0+ (&), (14)
which has the following exact solutions
-y/-0 tanh (vV=0¢), 0<0,
-v/-0 coth (v=0¢), 0<0,
¢=1 +otan(Vo¢), >0, (15)
-0 cot (Vo &), 0>0,
—f%m, @ = const. o =0.

Next, let us consider the nonlinear evolution equation
(NLEE):
(16)

where u = u(x, t) is an unknown function, F is a poly-
nomial in u and its various partial derivatives u¢, ux with
respect to t, x respectively, in which the highest order
derivatives and nonlinear terms are involved.

F (u, ug, ux, Uxx, Uxt, -..) = 0,

By using the traveling wave transformation

u(x, t) = U(&), &=k(x-ct),

where k, ¢ are constant to be determined later, we can
reduce Eq. (16) to a nonlinear ordinary differential equa-
tion (NLODE) of the form

17)

p (U, U, U, ) - 0. (18)

Step 1: Suppose that Eq. (18) has the following solution

N
u@ =Y ap'®, (19)

=0
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where a;(l = 0, ..., N) are constants to be determined and
Y(&) comes from the following Backlund transformation
for the Riccati equation:

_ 0B+ D$()
that is Y(&) satisfies the Riccati equation
Y@ =o+9*@), 1)

where B, D are arbitrary parameters, o is a constant to be
determined and B # 0, ¢(&) are the well-known solutions
(15).

Step2 : Balancing the highest order derivatives and non-
linear term in (18) to determine the positive integer N in
(19).

Step3 : Substituting the explicit formal solution (19) with
(20) into Eq. (18) and setting the coefficients of the powers
of (&) to be zero, we obtain a system of algebraic equa-
tions which can be solved by the Maple or Mathematica
to get the unknown constants a,;(I = 0, ..., N),o, k and c.
Consequently, we obtain the exact solutions of Eq. (16).

3.1.2 Application to the governing equation

In this subsection, the Backlund transformation of the Ric-
cati equation is applied to obtain the exact solutions of the
governing equation.

Balancing U~ with U3 in Eq. (13), we obtain N = 1. Then
the solution has the form

Ul¢)=ag+a; (%) .

Substituting (22) along with (21) into (13) and then setting
the coefficients of ¢(¢) to be zero, we can obtain a set of
algebraic equations

(22)

2a}B? aoB3c?k? 2a0B3ck?
-B2+c2+2c+1 -BZ+c2+2c+1 -P2+c2+2c+1
apB3k? _ aop’B’K?
—BZ+c2+2c+1 -BZ+cZ+2c+1
6a(2)alB2D 2 2 2
+ Frcracii +a;B°Dk” + 2a;B"Do
6aoaiBD? 2a;D° 3
TR icii2ct 1l Prc2i2cl *2ab” =0,
(23)
60(2)01330' 3,2
-B2+c2+2c+1 @Bk
2p2 3p2
B“D
_ 2(11B30'2 _ 12610013 Do 6610

-BZ+c2+2c+1 -BZ+cZ+2c+1
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3aoB%c?Dk? 6aoB*cDk? 3aoB%Dk?
-B2+c2+2c+1 -BZ+c2+2c+1 -B2+cZ+2c+1
_ 3aof’B*DK*  6aiBD’0 12aga,BD?
—BZ+c2+2c+1 -BZ+cZ+2c+1 -B2+c2+2c+1
2p3
2,2 2 6aoaiD _
+2a;BD*k* - 2a;BD*0 + oo 0, (24)
3aoBD*k? 6aoBcD?k? 3agBc?D?k?
-B2+c2+2c+1 -BZ+c2+2c+1 -B2+c2+2c+1
3aoB*BD*k? 6agBD?

+ a1D3k2

B2+ c?+2c+1 —Prc2+2c+1
6aga, D’

3 2112 22
+2a,D’0 - 2a,B°Dk"0 + 2a;B* Do YR icTi2cH1

_ 12a§ayB’Do 12apaiBD’c
-BZ+c2+2c+1 -BZ+cZ+2c+1
2p3.2 3p27 2
6apaiB’o . 6a;B“Do _o0, (25)
-B2+c2+2c+1 -BZ+c2+2c+1
aoD3I? 2aocD3k? aoc’D3Kk?
-B2+c2+2c+1 -BZ+c2+2c+1 -B2+cZ+2c+1
_ a0B2D3](2 2a3D3 _a BDZkZO'
B2+c2+2c+1 -Pr+c2+2c+1 !
2 2
2a:BD“0° -2a.B Frc2racri
2p27 42 3p3,3
6apaiB Do 2aiB’0 0. 26)

Brrcl+2c+1 —Pr+c+2c+1

Solving this system with the aid of Mathemtica, we obtain

ap=0, a; =+\/p?-(c+1)?

where k, k, w, B, D are arbitrary real constants. The solu-
tions of Egs. (3)-(5) corresponding to Eq. (27) are

2
o=-5, @

2

ui(x, t) =
. B2 - (c+1)° %B—Dtanh[\%(x+(%+z)t)}
+ 2 D_%B tanh [Lz (x+(%+z)t)}
ei(Kx—wt+9) , 28)
vilx, f) =
2
k(B -c-1) [ 5B~ D tanh [% (x+ (2 +2) t)}
26+ 1) D—\%B tanh [% (x+(2+2) t)} ’
29)
wilx, t) =
2
ck®(B+c+1) [ yzB-Dtanh [% (x+(2+2) t)}
2(8-1) D - B tanh [% (x+(2+2) t)} :
(30)
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and

u(x, t) =

pB-(c+1? (V3

. 2 D—%B coth [Lz (x+(2+2) t)}
ei(xx—wt+0), (31)
volx, t) =
2
—a®(B-c-1) 5B - D coth {% (x+(2+2) t)}
28+ 1) D - 5B coth [%( +(2+2) t)} ’
(32)
wa(x, t) =
2
B+ c+1) \[B D coth [%( +(%2+2) t)}
2(6-1) D—jﬂcmhk%(+(%+aﬂ}
(33)

3.2 Trial equation approach

3.2.1 Description of the method

In this subsection we outline the main steps of the trial
equation method as following
Step 1. Take the trial equation

N2 _ S ]
(u) F(u) lz:(;a,u,

where a;, (I = 0, 1, ..., s) are constants to be determined.
Substituting Eq. (34) and other derivative terms such as u”
or u” and so on into Eq. (18) yields a polynomial G(u) of u
. According to the balance principle we can determine the
value of s . Setting the coefficients of G(u) to zero, we get
a system of algebraic equations. Solving this system, we
shall determine c, k and values of ag, a, ..., as .

Step 2. Rewrite Eq. (34) by the integral form

(&~ &o) =

(34)

/—i—du (35)
VF@)

According to the complete discrimination system of the
polynomial, we classify the roots of F(u), and solve the in-
tegral equation (35). Thus we obtain the exact solutions to
Eq. (16).

3.2.2 Application to the governing equation

The trial equation method is applied to obtain the exact so-
lutions of the governing equation. Balancing U~ with U> in
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Eqg. (13), then we get s = 4. Using the solution procedure of
the trial equation method, we obtain the system of alge-
braic equations as follows:

@ -, (36)
a +x°=0 (37)
3(13_
22 -0, (38)
2au-—— 2% 0 (39)
B cv)? C

Solving the above system of algebraic equations, we obtain
the following results:

1
B -(c+1)?
Substituting these results into Egs. (34) and (35), we get

+(2 - so)—/WO_KZU :

where ag is an arbitrary real constant. Now, we discuss two
cases as following:

a; =0, a,=-k*, a3=0, a,-= (40)

(41)

ﬁz ( 1)2 U

Casel. If we set ag = 0 in Eq. (41) and integrating with
respect to u, we get the following solutions of Egs. (3)-(5)

ui(x, t) = tk\/B2 - (c + 1)% sec [K <x+ (% + 2) t- {0)}

pilx-0t+6) @)
vi(x, 0) = %sec [k (x+ (S+2) - .,fo)(} ,)
53
wi(x, t) = g%msec [K (x+ (% + 2) - .fo)} ,
(44)
and
uac, 8 = /B2 - (e + 1) esc [k (x+ (2 +2)t-)]
ei(KX—a)t+9) (45)
valx, ) = % [ (xe (2 02)-8)].
(46)
- 5D o))
(47)

These solutions are singular periodic wave solutions.

4(p2_ 2
Case2. If we set ag = M in Eq. (41) and inte-
grating with resect to u, we get the following solutions of
Egs. (3)-(5)
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(b)

(@) (b)

Fig. 2: Plot of the singular periodic wave solutions (a) |uz|, (b) v2, (c) w2, parameters B = v/3,¢c = 0.5,k = 0.4,& =0, w = 1.
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(@ (b) (0

Fig. 3: Plot of the topological (kink-shaped) solutions (a) |u3|, (b) v3, (c) w3, parameters = /3, c = 0.5,k = 0.4, & = 0, w = 1.

U3(X,t)= W3(X,t)=
2
. /32—(c+1)2 K w wtanhz [K x+ (%42 t-¢ }, (50)
K ftanh[ﬁ(x+<?+2)t—&))} 2(8-1) ﬂ( (K ) 0)
ei(Kx—wHG), (48) and

U4(X,t)=
v3(x, t) =
—361<2(B—<:—1)t w2 | X (Y i) 49) +K ﬁz_(;Jrl)zcoth{K(x+(w+2)t—é,’o)]
e[ (e (§2)t-a)] vZL

ei(Kx—(uH@) , (51)
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(a) (b)

(o)

Fig. 4: Plot of the singular soliton solutions (a) |us|, (b) v4, () ws4, parameters f = v/3,c = 0.5,k = 0.4,& =0, w = 1.

va(x, t) =

—ck*(B-c-1) > x w

“Sgep b {ﬁ (x+ (¥ + 2) t- .{0)] , (52)
wy(x, t) =

c?(B+c+1) > x w
Wcoth [\ﬁ (x + (¥ + 2) t- {0)} . (53
Theses solutions are topological and singular soliton solu-
tions.

Remark-1

We can derive solutions (48)-(50) and (51)-(53) from solu-
tions (28)—(30) and (31)-(33) by putting B = 0Oand D = 0
into (28)—(30) or putting D = 0 and B = 0 into (31)-(33).

Remark-2

The Figures 1,2,3 and 4 show that the coupled NLS equa-
tion has singular periodic wave solutions, topological soli-
ton solutions and singular soliton solutions. It is clear that
it has no solitary wave solutions.

4 Conclusions

Many powerful methods are used in solitary waves theory
to examine exact soliton solutions for NLEEs. In this pa-
per, we studied the new application of the the Backlund
transformation of Riccati equation and the trial function
approach to derive new soliton solutions of the coupled
nonlinear Schrédinger type equations. These methods are
not only efficient, but also have the merit of being widely
applicable. The obtained results are new and show that the
proposed methods are direct, effective and can be applied
to many other NLEEs in mathematical physics.
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