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Abstract: In this paper, the influence of mixed convection
in a porous square enclosure under the effect of radiation
is numerically examined. The top and bottom walls are
maintained at uniform temperature θc while some portion
of the vertical walls is partially heated with temperature
θh and rest of the vertical walls are thermally insulated,
with θh > θc. The non-dimensional governing equations
are solved by MAC (Marker and Cell) method. The effect of
various parameters (thermal Grashof number, Darcy num-
ber, Prandtl number, Reynolds number) on flow patterns
and heat transfer has been presented.
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1 Introduction
Over the past few decades, several researchers studied
convection in lid driven cavities with different thermal
boundary conditions. Literature review guarantees that
many researchers have analysed convective heat trans-
fer in porous cavity play a vital role in various fields
such as cooling of microprocessors and electronic compo-
nents, nuclear waste, geothermal systems, drying of food
grains and textile materials, chemical industries, biolog-
ical processes and many others. Mixed convection is the
combination of forced and natural convection. Many re-
searchers [1–6, 6] studied mixed convection within enclo-
sures. Kalla et al. [7] adopted the Boussinesq approxima-
tion in Darcy model to study the double-diffusive natu-
ral convective flow in a shallow porous enclosure. Shirvan
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et al. [8] have examined the effect of MHD mixed convec-
tive heat transfer in a ventilated square cavity. It is found
that the rate of heat transfer decreased with an increase in
Hartmann number. Oztop [9] conducted a numerical study
to investigate the mixed convection in a porous cavity
with partially heated wall. He investigated an isothermal
heater location on mixed convection flow and heat trans-
fer. Chamkha [10] examined a numerical study to investi-
gate the effect of magnetic field with combined convection
flow in a vertical lid-driven cavity under the internal heat
generation or absorption. His results showed that the flow
characteristics behaviour inside the cavity are strongly af-
fected by the influence of magnetic field. Few researchers,
Chamkha and Abu-Nada [11], Tiwari and Das [12], and
Nasrin et al. [13] performed numerical studies utilizing
nanofluids to enhance heat transfer with mixed convec-
tion in lid-driven enclosures. Their results show that the
Richardson number plays a vital role on the heat trans-
fer characterization. In all these analysis, vertical walls
are considered in motion. Khanafer and Chamka [14] an-
alyzed on mixed convective flow in a lid-driven porous
cavity. They found significant effect on the features of the
temperature patterns and slight effects on the flow con-
tours for small values of the Richardson number in pres-
ence of the internal heat generation. In [15], Basak et al.
observed the effect of different thermal boundary condi-
tions onmixed convection in a square enclosure filledwith
porousmedium, It is found that at lowDarcy number (Da =
10−5), the heatlines are parallel and smooth for all val-
ues of Gr, Pr andRe. Thickness of the thermal boundary
layer decreases along the side walls with increase in Da
(Da = 10−3) for larger Pr at low Re and Symmetric distribu-
tion in heatlines is observed. The influence of lid driven
has been observed at higher Re, irrespective of Da and
the thermal boundary layer is confined to the bottom and
left wall as observed from packed heatlines. Sivakumar
et al. [16] numerically observed the influence of heating
size and location onmixed convection in driven enclosure.
Sivasankaran et al. [17] also examined the mixed convec-
tion in a square cavitywith nonuniformheating on left and
right walls. They found that heat transfer rate is enhansed
on increasing the ratio of amplitude and combined con-
vection flow and heat transfer in a lid-driven square cav-
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ity filledwith fluid saturated porousmediumwith nonuni-
form temperature distribution on both vertical walls was
analysed by Sivasankaran et al. [18]. Rahman et al. [19]
reported a numerical study of mixed convection flow in
a channel with a fully or partially heated cavity in pres-
ence of magnetic field effect. It was found that the flow ve-
locity decreases with increase in Hartmann number, and
this reduces heat transfer and flow strength. Few of the re-
searchers studied thermal radiation in detail [22–25].

In this article, mixed convection flow in a porous en-
closure with effect of Radiation numerically using MAC
method, in which both top and bottom walls are kept con-
stant with cold temperature has been studied. The left and
right walls are partially heated remaining portions are adi-
abatic. Obtained numerical results are presented graphi-
cally for stream functions and isothermsaswell as theNus-
selt number.

2 Physical model and
Mathematical formulation

The schematic description of the problem along with no-
slip thermal boundary conditionshasbeen shown inFig. 1.
It is a square enclosure with L = H. The square cavity filled
with porous medium having partially heated left and right
walls and uniform cold temperature horizontal walls. The
flow is considered to be 2D, laminar and incompressible.
Density of the buoyancy forces is formulated by Boussi-
nesq approximation. The Rosseland approximation [20] is
used to describe the radiative heat flux in the energy equa-
tion.

Fig. 1: Schematic diagram of flow configuration

Theunsteady laminar 2D conservative partial differen-
tial equations of momentum and energy in Cartesian sys-
tem can be written in dimensional form as follows:

∂ū
∂x′ +

∂v̄
∂y′ = 0 (1)

∂ū
∂t′ + ū

∂ū
∂x′ + v̄

∂ū
∂y′ = −

1
ρ
∂p̄
∂x′ + υ

(︂
∂2ū
∂x′2

+ ∂2ū
∂y′2

)︂
− υk ū

(2)

∂v̄
∂t′ + ū

∂v̄
∂x′ + v̄

∂v̄
∂y′ = −

1
ρ
∂p̄
∂y′ + υ

(︂
∂2 v̄
∂x′2

+ ∂2 v̄
∂y′2

)︂
− υk v̄

+ βg (T − Tc) (3)

∂T̄
∂t′ + ū

∂T̄
∂x′ + v̄

∂T̄
∂y′ = α

(︂
∂2T̄
∂x′2

+ ∂2T̄
∂y′2

)︂
− 1
ρcp

∂qr
∂y′ (4)

where α = k
ρcp , we introduce the following non-

dimensional variables

t = t
′U0
L , x = x

′

L , y =
y′
L , u =

ū
U0

, v = v̄
U0

,

p = p̄
ρU0

2 , T = T̄ − T̄c
T̄h − T̄c

The radiation heat flux qr is taken by Rosseland ap-
proximation [20] such that

qr = − 4σ3k*
∂T̄4
∂y′ (5)

where σ and k* are the Stefan-Boltzmann constant and
themeanabsorption coefficient.Weassume that the differ-
ences in temperature within the flow are sufficiently small
such that T̄4 can be described as a linear combination of
the temperature. This is accomplished by expanding T̄4 in
a Taylor series about T̄c and neglecting higher order terms,
then

T̄4 ∼= 4T̄3c T̄ − 3T̄4c
and

∂qr
∂y′ = −

16σT̄3c
3k*

∂2T̄
∂y′2

(6)

Utilizing Eq. (6), the Eqs. (1)- (4) transformed to

∂u
∂x + ∂v∂y = 0 (7)

∂u
∂t + u

∂u
∂x + v ∂u∂y = −∂p∂x + 1

Re

(︂
∂2u
∂x2 + ∂

2u
∂y2

)︂
− 1
ReDa u

(8)
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∂v
∂t +u
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2v
∂y2

)︂
− 1
ReDa v+

Gr
Re2

T

(9)

∂T
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∂T
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∂T
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Re Pr
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∂2T
∂x2 + ∂

2T
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+ 4
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Re Pr

∂2T
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Here Gr is the Grashof number, Pr is the Prandtl number,
Re is the Reynolds number and Nr is the Radiation param-
eter, which are defined as

Re = U0L
υ , Da = k

L2 , Nr =
kk*

4σT̄c3
,

Gr = gβ (Th − Tc) L
3

υ2 , Pr = υα
Where the non-dimensional quantities x and y are the
varying along horizontal and vertical directions respec-
tively, u and v are corresponding directional velocities, T
is the temperature of the fluid and p is the pressure.

The boundary conditions of the problemare described
as follows:

On the top wall

y = 1, 0 < x < 1, u = v = 0, T = 0

On the bottom wall

y = 0, 0 < x < 1, u = v = 0, T = 0

On the left wall

x = 0, 0 < y < 1, u = v = 0,

T =

⎧⎪⎨⎪⎩
∂T
∂x = 0 , for 0 < y < L

4
T = 1, for L

4 < y < 3L
4

∂T
∂x = 0 , for 3L

4 < y < 1
On the right wall

x = 1, 0 < y < 1, u = v = 0,

T =

⎧⎪⎨⎪⎩
∂T
∂x = 0 , for 0 < y < L

4
T = 1, for L

4 < y < 3L
4

∂T
∂x = 0 , for 3L

4 < y < 1
(11)

The fluid motion is expressed using the stream func-
tion ψ evaluated from velocity components u and v as fol-
lows [21]

u = ∂ψ∂y and v = −∂ψ∂x
One of the most physical quantities, the heat transfer

coefficient in terms of the local Nusselt number (Nu) is de-
fined by

Nu = −∂T∂n

The averageNusselt number of eachwall is defined by

AvgNu =
1∫︀
0
Nubdx, AvgNu =

1∫︀
0
Nutdx

AvgNu =
1∫︀
0
NuLdy, AvgNu =

1∫︀
0
NuRdy

3 Mac Numerical Solution and
Validation

The momentum and energy balance equations (8)–(10)
with conditions (11) have been solved using the MAC
(Marker and Cell) Method (Amsden and Harlow 1970). The
pressure distribution is obtained by making use of conti-
nuity equation (7). The numerical solutions are carried out
in terms of the velocity components (u, v) and stream func-
tions (ψ) . As per the Cauchy-Riemann equations, stream
function (ψ) is defined as u = ∂ψ

∂y and v = −
∂ψ
∂x where pos-

itive and negative signs of ψ denotes anti-clockwise and
clockwise circulations respectively. In the MAC approach
although we consider viscous flow, viscosity is not actu-
ally required for numerical stability (Amsden and Harlow
1970). Cell boundaries are labelledwith half-integer values
in the finite difference discretization. The marker particles
do not participate in the calculation. Here we elaborate
on the numerical discretization procedure. Based on the
weak conservative form of the unsteady two-dimensional
Navier-Stokes equations and heat conservation equation
as defined by eqns. (1)–(4), we implement a grid meshing
procedure using the following notation at the centre of a
cell:

ui−1/2,j =
1
2
[︀
ui−1,j + ui,j

]︀
(12)

Applying to the x-direction momentum conservation
Eq. (8) we have:
Discretized Advection terms:

∂(uu)
∂x = uu1 − uu2∆x (13)

where
uu1 =

[︀1
2
(︀
ui,j + ui+1,j

)︀]︀2
uu2 =

[︀1
2
(︀
ui−1,j + ui,j

)︀]︀2 (14)

Similarly, we have:

∂(uv)
∂y = uv1 − uv2∆y (15)

where

uv1 = 1
2
(︀
ui,j + ui,j+1

)︀
. 12

(︀
vi,j + vi+1,j

)︀
uv2 = 1

2
(︀
ui,j + ui,j−1

)︀
. 12

(︀
vi,j−1 + vi+1,j−1

)︀ (16)
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The following central difference formula is used for
the second order derivatives:

∇2u = ∂
2u
∂x2 + ∂

2u
∂y2

∇2u = ui−1,j − 2ui,j + ui+1,j∆x2 + ui,j−1 − 2ui,j + ui,j+1∆y2 (17)

Applying to the y-direction momentum conservation
Eq. (9) we have:
Advection term:

∂(vu)
∂x = vu1 − vu2∆x (18)

Here the following notation applies:

uv1 = 1
2
(︀
ui,j+1 + ui,j

)︀
. 12

(︀
vi,j + vi+1,j

)︀
uv2 = 1

2
(︀
ui−1,j+1 + ui−1,j

)︀
. 12

(︀
vi,j + vi−1,j

)︀
∂(vv)
∂y = vv1−vv2

∆y

vv1 =
[︀1
2
(︀
vi,j+1 + vi,j

)︀]︀2
vv2 =

[︀1
2
(︀
vi,j−1 + vi,j

)︀]︀2 (19)

The central difference formula for the Laplacian oper-
ator is given by:

∇2v = ∂2v
∂x2 +

∂2v
∂y2

∇2v = vi−1,j−2vi,j+vi+1,j
∆x2 + vi,j−1−2vi,j+vi,j+1

∆y2
(20)

Effectively the x-momentum equation discretization
technique can be summarized as:

̃︀u = un + dt. [︂−(︂u ∂u∂x + v ∂u∂y

)︂
+ α1

(︂
∂2u
∂x2 + ∂

2u
∂y2

)︂
− α2u

]︂
(21)

where α1 = 1/Re, and α2 = 1/Re.Da. There is a slightmodifi-
cation needed in the y-momentum equation due to the ad-
dition of a new term. Therefore this termmust be included
in the discretized equation and we have:

̃︀v =
vn + dt.

(︂
−
[︂
u ∂v∂x + v

∂v
∂y

]︂
+ α1

(︂
∂2v
∂x2 + ∂

2v
∂y2

)︂
− α2v + β.T

)︂
(22)

where α1 = 1/Re, α2 = 1/Re.Da and β = Gr
⧸︁
Re2. It is further

noteworthy that the temperature term T is co-located such
that it coincides with velocity before using it in the above
equation to account for the staggered grid. After ̃︀u and ̃︀v
are projected to get u and v by Poisson pressure equation

∇.u*
dt = ∇2p

we can use the discretized temperature equation to get T
at next time level (Tn+1) via the algorithm:

Tn+1 = Tn + ∆t.
[︂
−
(︂
u ∂T∂x + v ∂T∂y

)︂
+ χ

(︂
∂2T
∂x2 + ∂

2T
∂y2

)︂]︂
(23)

where χ = 1
Re Pr . Next, we integrate in time by an incre-

mental step dt in each iteration until the final time t =
1.0 is reached. The variables are co-located and plotted.
Modern variants of the MAC method utilize the conjugate
gradient schemes which solve the Poisson equation. Fur-
ther details are provided in Amsden and Harlow (1970). To
confirm mesh independence a grid-independence study
is conducted. In computational fluid dynamics, we adopt
different methods for simulation, among which finite dif-
ference simulation is merely one methodology. Once a
mesh provides a solution which is invariant with the finer
meshes, the coarser mesh can be adopted. This reduces
computational cost but retains the necessary accuracy. Ta-
ble 1 shows that accuracy up to three decimal places is
achieved for Nusselt number at the left wall with amesh of
61 × 61 which is sufficient for heat transfer computations
and therefore this is adopted for all subsequent simula-
tions.

Table 1: Grid independent study

Grid size Average Nusselt number (Nu)

21 × 21 0.1500
31 × 31 0.1525
41 × 41 0.1554
51 × 51 0.1587
61 × 61 0.1592

Furthermore to corroborate the present computations,
temperature (isotherms) and streamline distributions for
two special cases have been visualized. These replicate
the solutions of Kandaswamy et al. (2008). The equiva-
lent Rayleigh number used in (Kandaswamy et al. 2008)
is merely the product of the thermal Grashof number and
Prandtl number, which has been considered as Rayleigh
number (i.e. Ra = Gr Pr) in present study. Generally very
close correlation is attained, as observed in Figs. 2 and 3
and confidence in the present MAC computational code is
therefore justifiably high.
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Fig. 2: .Comparison contour plots, for bottom-bottom thermal condi-
tion vertical walls with Pr = 0.71, Gr = 105, Ha = 10

4 Results and Discussion
In this section, results of mixed convection in an enclo-
sure filled with porous medium have been discussed. The
horizontal walls of the enclosure are kept at constant tem-
perature (cold temperature) while the two vertical walls
are partially heated and the rest of the wall portions are
thermally insulated. The working fluid is chosen as air
with Prandtl number Pr = 0.71 and is fixed throughout
the study. Numerical results of streamlines and isotherms
for various values of governing flow parameters such as
Radiation parameter Nr, thermal Grashof number (Gr),
Darcy number (Da) and Reynolds number (Re) presented
graphically. The values of flow parameters are Nr = 1,
Pr = 0.71 and Re = 10 considered by default unless speci-
fied. The numerical computations are performed for Ri > 1
and Da ≥ 0.001, a remarkable changes in isotherms and
stream function patterns.

Fig. 3A-C shows the influence of Radiation on the flow
patterns and isotherms forGr = 103, Re = 10 and for
varying Darcy parameter

(︀
Da = 10−3 − 10−1

)︀
. The stream-

lines are formed in two circulation cells which occupy
equal space in the cavity and these circulations are formed
along active portion of the thermal wall is observed. The
isotherms are smoothly increasing from heated location
and are symmetric.

Fig. 4A-C illustrates the transient results of isotherms
and streamlines for Gr = 104, Re = 10, Nr = 1 and for
varying Darcy parameter

(︀
Da = 10−3 − 10−1

)︀
. Flow circu-

lation cells are appeared near the hot region is activated.
If Da is increased the primary circulation cell decreases.
Half of the cavity is occupied by the primary circulation

Fig. 3: Streamlines and Isotherms for Nr = 1, Gr = 103, Pr = 0.71,
(A) Da = 0.001, (B) Da = 0.01, (C) Da = 0.1

Fig. 4: Streamlines and Isotherms for Nr = 1, Gr = 104, Pr = 0.71,
(A) Da = 0.001, (B) Da = 0.01, (C) Da = 0.1

cell and another half by the secondary circulation cell and
these circulation cells are formed vertically. The isotherms
are distributed within the cavity from the active heating
portion of the side walls. The strength of the isotherms re-
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Fig. 5: Streamlines and Isotherms for Nr = 1, Gr = 105, Pr = 0.71,
(A) Da = 0.001, (B) Da = 0.01, (C) Da = 0.1

Fig. 6: Streamlines and Isotherms for Nr = 1, Gr = 106, Pr = 0.71,
(A) Da = 0.001, (B) Da = 0.01, (C) Da = 0.1

duces from the heating part to middle of the cavity, the ef-
fects are reflected in both opposite active portions.

Fig. 5A-C shows the streamlines and isotherms for
Gr = 105, Re = 10,Nr = 1 and for varying Darcy pa-
rameter

(︀
Da = 10−3 − 10−1

)︀
. The isotherms appear to be

distorted at the cold top wall of the cavity where as they

become hyperbolic shaped near the hot side of the ac-
tive portions, the similar patterns of isotherms are exam-
ined at Gr = 104. The symmetric circulation cells are ap-
peared near side walls of the square enclosure, also left
circulation cell is bigger than the right circular circulation
cell for all values of Da. Dense isotherm patterns are ap-
peared near the top coldwall with enhanced Da. Thewavy
shaped isotherms formednear the coldbottomwall for low
Da = 10−3, the wavy shape of isotherms near bottom wall
smoothly changes for increasing value of Da.

The transient results of streamlines and isotherms
are depicted in Fig. 6A-C, for governing parameters Gr =
106, Re = 10, Nr = 1 and for varying Darcy parame-
ter

(︀
Da = 10−3 − 10−1

)︀
. The effect of Radiation is observed

for various values of Da, the magnitude of streamlines is
very low signifying dominant conduction heat transfer is
observed. Symmetric circulation cells diminish gradually
for increase in Darcy parameter Da and also the circula-
tion cells shape is gradually changed. The isotherms are
compressed towards the cold top wall whereas the dense
isotherms are gradually disappear in centre of the cavity
and isotherms are almost symmetric. It is observed that the
streamlines stretch diagonally for two cases one is Da =
10−2 and another one is for high Da = 10−1. The thermal
boundary layer is formed gradually at heating portions for
increased Da.

Fig. 7: Central line velocity of U for various Nr values with Re = 10,
Pr = 0.71, Gr = 104, Da = 0.1

Figure 7 represents themid-plane u-velocity due to Ra-
diation effect. The velocities change their direction as the
Radiation increases. The mid-plane u-velocity increases
and then reaches back to zero for enhanced Radiation pa-
rameter (Nr). TheRadiation effect on central line v-velocity
of a square cavity filled with porous medium has been
shown in Figure 8. The mid-plane v-velocity gradually re-
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Fig. 8: Central line velocity of V for various Nr values with Re = 10,
Pr = 0.71, Gr = 104, Da = 0.1

Fig. 9: Average Nusselt Number for different Gr values with Re = 10,
Pr = 0.71, Da = 0.1

Fig. 10: Local Nusselt Number of bottom wall for different Gr values
and various Nr values with Re = 10, Pr = 0.71, Da = 0.1

duceswith increase in Radiation parameter (Nr). The aver-

Fig. 11: Central line velocity of U for various Da values with Re = 10,
Pr = 0.71, Gr = 105, Nr = 0

Fig. 12: Central line velocity of U for various Da values with Re =
10, Pr = 0.71, Gr = 105, Nr = 1

age Nusselt Number (Nu) varies with respect to Radiation
parameter (Nr) and Grashof number (Gr) at the left ver-
tical wall depicted in Figure 9. The average Nusselt num-
ber (Nu) is reduced with an increase in Grashof number
(Gr). The influence of Grashof number (Gr) on local Nus-
selt number at the bottom wall with varying Radiation pa-
rameter (Nr) has been observed in Figure 10 with fixed
Re = 10, Pr = 0.71 andDa = 0.1, the heat transfer in themid-
dle of the bottomwall is slowly increased with an increase
in the Grashof number (Gr). Figure 11–13 shows the varia-
tion of mid-velocity U for different Darcy numbers in pres-
ence of Radiation, the velocity is having sinusoidal nature
except the absence of Radiation, the velocity is enhanced
with increasing Da.
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Fig. 13: Central line velocity of U for various Da values with
Re = 10, Pr = 0.71, Gr = 105, Nr = 2

5 Conclusions
The numerical study has been analysed on mixed convec-
tion inporous square cavitywith central heating of vertical
walls under thermal Radiation. The non-dimensional gov-
erning parameters that influence the flow and heat trans-
fer characteristics are Grashof Number, Reynolds Number
and Radiation Parameter. In view of the computed results,
the following findings can be drawn to make a summary
as:

1. The heat transfer increases with an increase in the
Grashof number. Thus, Grashof number plays an im-
portant role to control heat transfer and fluid flow.

2. The heat transfer increases with increasing of Darcy
number for high values of Grashof number, the
Darcy number plays a vital role to control fluid flow
and heat transfer.

3. Thermal radiation parameter increases with an in-
crease in heat transfer for all values of Grashof num-
ber. The convection is controlled by thermal Grashof
number.

4. The flow and temperature contours are affected with
Grashof number and thermal radiation. The local
heat transfer enhancement is observed as the ther-
mal radiation increases.

In the present study we consider Newtonian fluid flow
with thermal Radiation in porous media within a square
enclosure. Furthermore, we study the similar effect on mi-
cro polar regime in different geometries like triangular,
skewed and wavy surface enclosures.
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