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Abstract: Present article reports the magnetohydrody-
namic flow of Carreau nanofluid in the presence of nonlin-
ear thermal radiation. In this model we incorporated slip
condition on heat and mass boundary conditions. Simi-
larity transformations are applied to convert the govern-
ing dimensional expressions into non-dimensional forms.
Runge-Kutta-Fehlberg method of fourth—fifth order using
shooting technique utilized to elaborate the numerical so-
lutions of physical phenomenon.A comparative analysis is
presented with the previous published data in special case
for the justification of present results. The role of physical
constraints on liquid velocity, temperature and concentra-
tion are discussed through numerical data and plots.

Keywords: Carreau nanofluid, thermal and solutal slip,
nonlinear radiation, magnetic field

1 Introduction

Convective heat transport is a fundamental aspect of var-
ious industrial operations. The efficiencies of thermal de-
vices and systems are related to heat transfer rates which
in turn depend on the thermal conductivity of the work-
ing fluids. With increasingly more sophisticated improve-
ments in nanotechnology and optimization, the request
is increasing for more effective and durable heat trans-
fer fluids with significantly greater thermal conductivi-
ties than traditional ones. Traditional heat transfer fluids
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(water, oils and ethylene glycol) applied in the currently
thermal systems have relatively low thermal conductivi-
ties compared to solids. Nanofluids, an enterprising and
clearly more efficient kind of working fluid, are gained
by dissolving nanometer-sized particles/fibers between 1
and 100 nm in traditional heat transfer fluids. An excel-
lent literature review on nanofluids transport phenomena
and their different applications is reported in Das et al. [1]
and Choi [2]. Nield and Kuznetsov [3] used the mathemati-
cal nanofluid model suggested by Buongiorno [4] to exam-
ine the influence of Brownian motion and thermophore-
sis on nanofluid natural convection flow over a vertical
plate under the improved boundary conditions. Due to the
importance of Brownian motion and thermophoresis ef-
fects, concentration boundary layer of nanoparticles was
considered in their study. Aziz et al. [5] have presented
nanofluid natural convection boundary layer flow over a
vertical plate subject to the convective boundary condi-
tions. Other studies of the recent evolutions in nanofluid
technology have been analyzed and are available in [6-9].

Lately, various investigations have been communi-
cated extending Buongiorno’s model for the magnetic
nanofluid dynamics, which are essentially helpful in
biomedicine, magnetic cell separation, cancer treatment,
etc. Bég and Ferdows [10] performed a numerical study
to discuss the influence of magnetic field on nanofluid
flow from an exponential stretching sheet. Ferdows et
al. [11] investigated the unsteady MHD free convective
and nanofluid flow from a radiate stretching surface. Su-
darsana Reddy et al. [12] reported the influence of mag-
netic field and chemical reaction on nanofluids over a ver-
tical cone. Ruchika et al. [13] have presented the influence
of velocity and thermal slip effects on MHD boundary layer
flow of nanofluid over an inclined cylinder. Rashad [14, 15]
analyzed the MHD slip flow of a nanofluid past a radiate
edge and stretching surface, respectively.

Presently many researchers are concentrating on
exploration of non-Newtonian liquids, because non-
Newtonian fluids have multidisciplinary applications in
modern industrial and technological products. Few exam-
ples of non-Newtonian materials include food, ketchup,
shampoos, slurries, granular suspension, paper pulp,
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paints, polymer solutions, certain oils, and clay coatings.
All the features of non-Newtonian liquids cannot be dis-
tinguished by a single mathematical relationship. In view
of the above applications Nadeem et al. [16] contemplated
the two-dimensional enduring incompressible Oldroyd-B
nanofluid stream past an extending sheet. Later they [17,
18] broadened their work on a Jeffrey and Maxwell lig-
uid model. Noor et al. [19] examined the mixed convection
boundary layer flow of a micropolar fluid almost a stagna-
tion point along a vertical extending sheet within the sight
of nano-particles and slip conditions. Ali and Hayat [20]
intoruduced analytical solution for the flow of a Carreau
fluid in an asymmetric channel. Olajuwon [21] investigated
the convective heat transfer in a MHD Carreau fluid over
a vertical radiate plate. Hayat et al. [22, 23] studied the
boundary layer flow of Carreau fluid over a stretching sur-
face with convective boundary conditions. As of late nu-
merous analysts [24-34] have studied and discussed about
the impacts of slips impacts and nonlinear type of thern-
mal radiation in the flow of non-Newtonian liquids.

The present problem addresses the impacts of mul-
tiple slips, Brownian motion and thermophoresis on
MHD flow of Carreau nanofluid over a radiate stretching
sheet. The transformed boundary layer equations which
represent the flow, temperature and concentration are
solved numerically using Runge-Kutta-Fehlberg method of
fourth-fifth order using shooting technique. Also compar-
isons of present result with previously published works
was done and are found in excellent agreement.

2 Mathematical formulation

We considered the steady-state incompressible Carreau
nanoliquid flow over a stretchable sheet. The x-axis is
along the sheet and y-axis normal to it. Here the flow gen-
eration is because of linear stretching of surface with dis-
tance x, i.e. Uy = bx. A constant magnetic field with
strength By is implemented in transverse flow direction.
Twis the surface temperature at wall and Cy the solutal
concentration. At larger distance from surface, tempera-
ture and nanoparticle concentration is represented by Teo
and C respectively.

The continuity, momentum, energy and concentration
expressions are described as

au ov

ax ody =0 W
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with the relevant boundary conditions (see Ibrahim and
Shankar [24])

Uu=uy, v=0, T= TW+K1(3T, C= CW+Kngaty 0,

U—0, T Tw, C—Coasy— oo, ()

where the velocity components are presented by u and v,
respectively, a for thermal diffusivity, v = % for kinematic
viscosity, p for density of fluid, o for electrical conductiv-
ity, 7 for ratio of effective heat capacity of the nanoparti-
cle material to the heat capacity of the fluid, K; and K,
for thermal and concentration slip factor, Dgfor Brownian
diffusion coefficient and Dy for thermophoresis diffusion
coefficient, g, for radiative heat flux. Radiation heat flux
qr via Rosseland approximation can be set in the form:
40" 9T* 160" 30T

=35y " 3K L oy (©)

where ¢ for Stefan-Boltzmann constant and k” for mean
absorption coefficient.

The energy equation with radiation heat flux takes the
form

LOT 160*T°°3> aT}

yOT 9 (44 =
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For the mathematical analysis of problem, we use the fol-

lowing transformation
b
v ’

b - ©®

u=bxf (1), v=—vVbvf(), n=

T =Te (1+ (6w ~1)6(n),

where 6y, = %, 6w > 1 being the temperature ratio pa-
rameter.
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After utilizing equation (8), equation (1) is satisfied
identically and equations (2), (4) and (7) takes the follow-
ing form

111 / 2 7 (n — 1) 7" 9
- (F )+ mfm+3T S wer o o

-Mf'(n) =0, 9)

"

(1 +R%(1 +(1+6w) 9)3> 0 (n+ Prf0'

+NbO' ¢ +Nto?2 =0, (10)

¢ +1eprf g+ a" =0, (1)

with the boundary conditions

f=0, f=1, 600)=1+B0, $0)=1+D¢p atn=0

f =0, 650, ¢ >0 asn=oo, (12)

2
where M = 'ﬁ“ for magnetic parameter, B = K; \/%and
D=K, \/% represents thermal and concentration slip pa-

. 2
rameters, n for power law index parameter, We = 20

for Weissenberg number, Pr = % for Prandtl number,
160" T2

= + r radiation parameter, Le = % for Lewis
R e for radiatio ter, L 1;"3 for L
number, Nb = w for Brownian motion parameter,

Nt = % for thermophoresis parameter.

The physical quantities of interest like skin friction
coefficient (C f) local Nusselt number (Nuy) and local Sher-
wood number (Shy) are

_ Tw _ Uwqw _ Uwqm
cr = p—Uav, Nuy = Kb (Tw - T2) and Shy b(Cor - C)’
where

ry g (QU M ()Y o

w = HO ay 2 ay qW - ay y=0

n=0
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and qw = —Da—y ly-0>

Dimensionless form of local skin friction coefficient (C),
local Nusselt number (Nuy) and local Sherwood number
(Shy) are

VRedts - |f @+ @D (7 )]
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Re:
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th 4
T == (0);
Re:z ¢
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where the local Reynolds number Rey =
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3 Numerical Method

Equations (9) to (11) together with the boundary conditions
(12) form highly non-linear ordinary differential equations.
The reduced set of non-linear ordinary differential equa-
tions is solved numerically using Shooting method along
with Runge-Kutta-Fehlberg fourth-fifth order scheme. In
algebraic package Maple, the Shooting method is imple-
mented as an algorithm called ‘shoot’. This Maple software
has been well tested for its accuracy and robustness and
this has been used to solve a wide range of non-linear prob-
lems. It is most important to choose an appropriate finite
value of 1. In this method, a suitable finite value of
is considered as 1, in such way that the boundary condi-
tions defined at infinity satisfy asymptotically. In addition,
the relative error tolerance to 10~ is considered for conver-
gence and the step size is chosen as An = 0.001. Further it
is important to mention that as finding the solutions of ve-
locity, temperature and concentration, the CPU time to es-
timate the values of velocity (1.32 sec) is much less than the
CPU time to evaluate the values of temperature (1.74 sec)
and the CPU time for concentration is 1.96 sec.

L.

Boundary Layer

» Force

Slit .
+ Stretching sheet
0

Fig. 1: Schematic representation of the flow diagram.

4 Results and discussion

In this section, the influences several physical parame-
ters on the velocity, temperature and nanoparticle con-
centration profiles are analyzed graphically with tab-
ulated results and relevant discussions. Egs. (7)- (9)
with the boundary conditions (10) are solved numeri-
cally with fifth-order Runge-Kutta Scheme using shoot-
ing scheme for the values of physical parameters like
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Fig. 2: (a) Influence of We on velocity profile. (b) Influence of We on
temperature and concentration profiles.

We, n, M, B, D, Nb, Nt, R, Oy, Pr, Le. The results are
reported graphically in Figures 2-5 and conclusions are
drawn to analyze the effects of various physical quantities
of interest on velocity, temperature and concentration pro-
files as well as the local skin friction, heat transfer rate and
mass transfer rates that have significant effects. Compar-
isons, displayed in Tables 1 and 2, the present results with
previously published works are performed and excellent
agreements have been obtained.

Fig. 2(a)-3(c) show the profiles for velocity f'(n7), tem-
perature 6(n) and concentration ¢(n) for different values
of Weissenberg number We and power law index n. It is
observed that an increase in the Weissenberg number We
and power law index n leads to increase the fluid veloc-
ity and to decrease both the temperature and concentra-
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Fig. 3: (a) Influence of n on velocity profile. (b)Influence of n on
temperature and concentration profiles.

tion profiles. The influence of magnetic field parameter M
on velocity, temperature and concentration profiles in the
boundary layer is displayed in Figs. 4(a)-4(c). It is noticed
from these figures that the hydrodynamic boundary layer
thickness decelerates whilst thermal boundary layer thick-
ness and solutal boundary layer thickness elevates with
enhance in the values of M. This is because of the fact that,
the presence of magnetic field in an electrically conduct-
ing fluid produces a force called Lorentz force, this force
acts versus the flow trend causes the depreciation in ve-
locity profiles Fig. 4(a), and at the same time, to overcome
the drag force imposed by the Lorentzian retardation the
fluid has to result in extra work; this additional work can
be converted into thermal energy which enhances the tem-
perature of the fluid Fig. 4(b) and also enhances the con-
centration profiles Fig. 4(c).
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Fig. 4: (a) Influence of M on velocity profile. (b) Influence of M on
temperature and concentration profiles.

Effects of thermal slip parameter B and solutal slip
parameter D on the dimensionless temperature, nanopar-
ticle volume fraction profiles are displayed in Figs. 5(a)-
5(b). As the thermal slip parameter B and solutal slip pa-
rameter D enhances, both the temperature and nanopar-
ticle volume fraction reduces near the plate surface. This
elucidates that temperature and nanoparticle volume frac-
tion near the surface reduces to a minimum with strong
thermal and solutal slips and achieves a maximum with
no thermal and solutal slip effects. This behavior happens
due to fluid in the boundary layer being insensitive toward
the heating effects of the plate surface and hence dimin-
ished heat and mass will be transferred from the surface
to the nanofluid body.

Fig. 6(a) demonstrates that due to increasing the value
of the Brownian parameter Nb, the temperature profile
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Fig. 5: (a) Influence of B on temperature and concentration profiles.
(b) Influence of D on temperature and concentration profiles.

boosts, whereas the opposite trend is noted for the concen-
tration profile. Therfore, the thermal boundary layer thick-
ness increases, whereas the concentration boundary layer
thickness decreases. This is due to the fact that the kinetic
energy of the nanoparticles promotes due to the strength
of this chaotic motion and as a result, the fluids temper-
ature raises. This is because the Brownian motion at the
nanoscale and the molecular levels is an important mech-
anism of the nanoscale level that dominates the thermal
behaviors. In systems using nanofluids, the Brownian mo-
tion takes place because of the size of nanoparticles which
can change the properties of heat transfer. As the scale size
of particles approaches the scale of nanometer, the par-
ticles Brownian motion and its result on the surrounding
liquids play a pivotal role in heat transfer characteristics.
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Fig. 6: (a) Influence of Nb on temperature and concentration pro-
files. (b) Influence of Nt on temperature and concentration profiles.

Fig. 6(b) reveals the impact of the thermophoresis
parameter Nt on the temperature and the concentration
of nanoparticle profiles. It is noticed that the tempera-
ture profile and the concentration of nanoparticle increase
with increasing Nt . This is because diffusion penetrates
profounder into the fluid due to boosting values of Nt
which produces the thickening of the thermal boundary
layer as well as the concentration boundary layer.

The significance of Prandtl number Pr on the tempera-
ture profiles is depicted in Fig. 7(a). It is noted that the tem-
perature distributions diminish when Pr values increases.
By definition, Prandtl number is defined as the ratio of
momentum diffusivity to the thermal diffusivity, raising
the values of Pr means higher momentum diffusivity or
lesser thermal diffusivity which results in the reduction in
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Fig. 7: (a) Influence of Pr on temperature profile. (b) Influence of Le
on concentration profile.

the thermal boundary layer thickness. Fig. 7(b) presents
the concentration profiles for different values of and Lewis
number Le. It is observed that concentration distributions
decelerate with elevating values of Le in the entire bound-
ary layer region. The Lewis number defines the ratio of
thermal diffusivity to mass diffusivity. Elevating the Lewis
number means a higher thermal diffusivity or lower mass
diffusivity and this provides thinner concentration bound-
ary layer.

Figs. 8(a)-8(b) illustrate the influences of temperature
ratio parameter 6y, and radiation parameter R on the tem-
perature profiles, respectively. It is seen that as the values
of Oy rises the fluid temperarure diminishes significantly
and this depreciation is more near the surface than in the
far-field regime (free stream of the boundary layer). Fur-
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Fig. 8: (a) Influence of 8, on temperature profile. (b) Influence of R
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thermore, it is perceived from Fig. 8(b) that as the values
of radiation parameter R increases the temperature pro-
files are also enhanced. This is because of the fact that the
mean absorption coefficient reduces with increasing val-
ues of radiation parameter; as a result the thermal bound-
ary layer thickness of the nanofluid is promotes.

The variations of skin-friction coefficient —f ! (0), Nus-
selt number -6 ’(0) and Sherwood number -¢ '(0) for di-
verse values of governing parameters are calculated and
summarized in Tables 3-4. It is clear from these tables
that the heat and mass transfer rates are both decelerates,
whereas the skin-friction coefficient enhances with the in-
creasing values of magnetic parameter M. It is also evident
that the increasing of power law index n leads to esca-
late all the skin-friction coefficient, Nusselt and Sherwood
numbers in the entire nanofluid regime, but reverse trend
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Table 1: Comparison results for the function —f” (0) for several val-
ues of M in the case, We =0, and n = 0, (absence of temperature
and concentration).

Cortell [32] Ramesh et al. [33] Present result
M -£"(0) -0 -0
0 1.000 1.000 1.00006
0.2 1.095 1.095 1.09546
0.5 1.224 1.224 1.22475
1 1.414 1.414 1.41421
1.2 1.483 1.483 1.48324
1.5 1.581 1.581 1.58114
2 1.732 1.732 1.73205

Table 2: Comparison of the result for Nusselt number -6 /(0) in the
absence of We, 6y, R, B, D.

Khan and Pop

Present result (RKF-45

Pr [34] method)
0.7 0.4539 0.45357
2 0.9113 0.91135
7 1.8954 1.89539
20 3.3539 3.35387
70 6.4621 6.46209

is noted with rising values of Weissenberg number We.
Moreover, increasing the thermal slip parameter B gener-
ates a growth in values of Sherwood number and decel-
eration in the Nusselt number, while the opposite behav-
iors occurs with the increment in the solutal slip parameter
D. Physically, as the thermal slip increases, this deceler-
ates the capability of the nanofluid in the boundary layer
to feel the heating impact of the plate surface, and hence,
heat transfer rate reduces. Furthermore, the heat and mass
transfer are enhanced when Brownian parameter Nb in-
creased, whereas, they are depreciated with higher val-
ues of the thermophoresis parameter Nt. It is observed that
both Nusselt number enhances and Sherwood numbers di-
minishes as Prandtl number Pr increases while the reverse
trend happens with improving values of Lewis number Le.

Table 3: Variation of skin friction coefficient, Nusselt number and
Sherwood number for different physical parameters.

M We n  -VReCr —pe -
0 02708 0.7742 1.0521
0.5 0.4255 07134 0.9961
1 0.5475  0.6629  0.9493
0.4324 0.7284 1.0112

03234 07147  0.9880

01217 07045  0.9801

0.9778  0.6983  0.9707

1 0.1258 0.7284 1.0112

1.2211 0.7573 1.0398
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Table 4: Variation of Nusselt number and Sherwood number for different physical parameter.
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B D 6, Le Nb N Pr R -~ N
0 0.8222 0.9894
0.5 0.7134 0.9961
1 0.6210 1.0024
0 0.6847 1.2686
0.2 0.7134 0.9961
0.4 0.7324 0.8199
1.2 0.7144 0.9961
1.3 0.7221 1.0050
1.4 0.7325 1.0125
5 0.7097 0.9961
10 0.7107 1.3919
15 0.7134 1.6437
0.2 0.6824 0.8760
0.4 0.6123 0.9526
0.6 0.5436 1.2344
0 0.7500 1.0548
0.2 0.6786 0.9468
0.4 0.6144 0.8714
3 0.6298 1.0037
0.7134 0.9961
5 0.7760 0.9907
0 0.4561 0.9845
0.5 0.7134 0.9961
1 0.9011 1.0051

Finally, It is seen that with the higher values of radiation
parameter R and temperature ratio parameter 6, both the
Nusselt and Sherwood numbers elevate in the boundary
layer regime.

5 Conclusion

The impacts of multiple slips and thermal radiation on
MHD flow of Carreau nanofluid over a stretching sheet with
thermal radiation are numerically analyzed in this arti-
cle. The slip of the heat and mass transfer in this prob-
lem is because of Brownian motion and thermophoresis.
In the mathematical modeling of the problem effect of
Carreau nanofluid, the dynamic effects of nanoparticles,
thermophoresis and Brownian motion are taken into the
account. The effects of different parameters on velocity,
temperature and concentration profiles, as well as skin-
friction coefficient, Nusselt number and Sherwood num-
ber were analyzed. The results of present study can be
summarized as follows:

. The Nusselt and Sherwood numbers deteriorate,
whereas the skin-friction coefficient is elevates with
the higher values of magnetic parameter M.

. With the higher values of values of thermophoretic
parameter Nt, the heat and mass transfer are re-
duced.

. A rise in Brownian motion parameter Nb improves
the heat and mass transfer rates.

. All the skin-friction coefficient, Nusselt and Sher-
wood numbers depreciate when Weissenberg num-
ber We is upgrades, whereas, they elevates as the
power law index nincreases.

¢  Increasing both the radiation parameter R and tem-
perature ratio parameter 8, both the Nusselt and
Sherwood numbers elevate in the boundary layer
regime.

Acknowledgement: The authors are very much thankful
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and constructive suggestions to improve the presentation
of this manuscript.

Nomenclature
b Constants

Bo magnetic field
B and D thermal and solutal slip parameter
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C nanoparticle volume fraction
Cw concentration at the wall

Co. ambient nanofluid volume fraction
Cy skin friction coefficient

¢p specific heat coefficient

K; and K; slip factor

T fluid temperature

Ty surface temperature

T ambient surface temperature
Dg Brownian diffusion coefficient
Dt thermophoretic diffusion coefficient
k thermal conductivity

k" mean absorption coefficient
Le Lewis number

Nb Brownian motion parameter
Nt thermophoresis parameter
Nuy local Nusselt number

n Power law index

Pr Prandtl number

qr radiative heat flux

gw heat flux

gm mass flux

R radiation parameter

Reyx local Reynolds number

Shy local Sherwood number

u, v velocity components

Uw stretching sheet

We Weissenberg number

X, y Coordinates

Greek symbols

6 dimensionless temperature

0y temperature ratio parameter

¢ dimensionless nanoparticle volume fraction
v Kinematic viscosity of the fluid

u coefficient of fluid viscosity

0" Stefan-Boltzmann constant

7 ratio of the effective heat capacity of the nanoparticle to
that of an ordinary fluid

Tw shear stress along the wall

a Prandtl parameter

B elastic parameter

a; thermal diffusivity of the fluid

p fluid density
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