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Abstract: This study theoretically investigates the effects
of variable viscosity, thermal conductivity and wall con-
duction on a steady mixed convection flow of heat gener-
ating/absorbing fluid passes through a vertical channel.
One of the channel plates moves with a constant veloc-
ity while the other is stationary. The governing flow equa-
tions are solved analytically using homotopy perturbation
method (HPM). The effects of the thermophysical and hy-
drodynamics parameters are captured in graphs and ta-
bles. It has been observed that, both the velocity and tem-
perature distributions decrease with increase in viscosity
and boundary plate thickness near the heated plate while
areverse cases were observed near the cold plate. Increase
in thermal conductivity € decreases the fluid flow near the
heated plate. When the boundary plate thickness is in-
creased, the critical value of Gre to onset the reverse flow
increases while increase in thermal conductivity reduces
the critical value of Gre. It’s also noticed that the skin fric-
tion and rate of heat transfer at the heated plate decrease
with increase in boundary plate thickness d.

Keywords: mixed convection, viscous dissipation, verti-
cal channel, boundary plate thickness, mass flux, variable
viscosity, variable thermal conductivity

Nomenclature

k1: Thermal conductivity of plate p; (Wm™1s7!)

k,: Thermal conductivity of plate p, (Wm™1s7!)

u”: Dimensional viscosity (m?s™1)

k*: Dimensional thermal conductivity of the fluid
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(Wm1s™1)

A: Variable viscosity of the fluid (m?s™!)

€: Variable thermal conductivity of the fluid (Wm™s™1)
u": Dimensional velocity (ms™1)

y": Dimensional distance between the plates (m)
p: Fluid density (kgm3)

g: Acceleration due to gravity (ms~2)

B: Thermal expansion coefficient (K1)

T;: Dimensional temperature of the fluid (K)

cp: Specific heat at constant pressure (Jkg K1)
Qo: Heat absorption coefficient

To: Temperature of the cold plate (K)

Tw: Temperature of the heated plate (K)

T,,: Dimensional temperature of plate p; (K)

Tp,: Dimensional temperature of plate p, (K)

Tp, : Temperature of plate p; (K)

Tp,: Temperature of plate p, (K)

h: Channel width (m)

U: Velocity of the heated plate (ms ™)

x: Distance along y-direction (m)

y: Distance along x-direction (m)

%’: thermal conductivity ratio of fluid and plate p,
%: thermal conductivity ratio of fluid and plate p,
P": Dimensional pressure (Pa)

d": Dimensional plate thickness (m)

d: Plate thickness (m)

1 Introduction

Heat transfer and fluid flow have been matters of research
for many years due to their applications in modern indus-
tries. Fluid flows are captured in many mathematical ge-
ometries. Such flows could be laminar or turbulent. Fluid
dynamics has so many applications in lubrication indus-
tries, gas turbine power plant, polymer technology, food
processing industries, plasma power plant, thermal and
insulating engineering, MHD power generators etc. These
fluid flows are driven either by natural, forced or mixed
convection.
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Ajay and Feffrey [1] studied combined forced and natural
convection heat transfer where they showed that the veloc-
ity profile reduces near the channel plate (y = 0) with in-
creasing mixed convection while the reverse case was ob-
served at the other plate (y = 1). Jha et al. [2] examined
mixed convection flow in a vertical tube filled with porous
material. They found that the velocity decreases near the
inner surface with increasing mixed convection while it in-
creases on the surface of the outer cylinder. Mohamed [3]
studied transient mixed convection heat transfer along a
vertical stretching surface in the presence of variable vis-
cosity and viscous dissipation. He concluded that the ef-
fect of the mixed convection on the velocity and temper-
ature in the steady flow is more prominent than the tran-
sient flow. He further discovered that the flow and thermal
distributions are enhanced as the strength of the mixed
convection increases. Jha et al. [4] studied mixed convec-
tion flow in an inclined channel filled with porous ma-
terial and concluded that the flow is reversal type, since
the velocity profile increased by enhancing the value of
mixed convection on the lower inclined channel wall while
the trend increased with increase in negative value of the
mixed convection on the heated wall. Finite element anal-
ysis of heat and mass transfer by MHD mixed convection
flow of a non-Newtonian power-law nanofluid was investi-
gated by Machal and Naikoti [5]. They concluded that, the
velocity profile increases with increase in mixed convec-
tion while the reverse case was observed on the fluid tem-
perature. Recently, Jha and Aina [6] studied effect of heat
generation/absorption on MHD mixed convection flow in
a vertical tube. They concluded that, heat generation in-
creases the rate of heat transfer, while the reverse trend
was observed in the case of heat absorption. Entropy gen-
eration and irreversibility analysis on a steady mixed con-
vection flow in a vertical porous channel was investigated
by Ajibade and Onoja [7]. They revealed that the velocity
profile increases with increase in mixed convection while
a reverse case was observed for temperature distribution.
Jha and Aina [8] analysed the effect of induced magnetic
field on MHD mixed convection flow in vertical microchan-
nel.

In lubrication industries, viscous dissipation effects can-
not be overlooked since internal energy is generated as a
result of fluid particles’ interaction which affects the fluid
flow and thermal behaviour in a medium. Pantokratoras
[9] studied effects of viscous dissipation in natural con-
vection flow along a heated vertical plate. They concluded
that the viscous dissipation has a strong effect on veloc-
ity profile as it helps the upward and opposes the down-
ward flow. Jha and Ajibade [10] studied effect of viscous
dissipation on natural convection flow between vertical
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parallel plates. They showed that the viscous dissipation
heating within the channel increases the fluid temperature
above the plate temperature when the Prandtl number of
the working fluid is relatively small. Kumar and Sanchayan
[11] investigated effects of viscous dissipation on the limit-
ing value of Nusselt numbers for a shear driven flow be-
tween two asymmetrically heated plates. They concluded
that the temperature profile and the driven temperature
difference increase with an increase in viscous dissipation.
In arelated work, Fransisca et al. [12] examined heat trans-
fer with viscous dissipation in Couette-Poiseuille flow and
found that viscous dissipation has significant influence on
the fluid temperature. Recently, Kabir et al. [13] investi-
gated effects of viscous dissipation on MHD natural con-
vection flow with heat generation and found that the veloc-
ity and temperature profiles increase with increasing vis-
cous dissipation. Mohamed [14] examined mixed convec-
tion flow on a micropolar fluid over an unsteady stretch-
ing surface in the presence of viscous dissipation. He con-
cluded that the velocity and the temperature profiles in-
crease with increase in Eckert number. Prabhakar [15] ex-
amined effects of thermal diffusion and viscous dissipa-
tion on an unsteady Magnetohydrodynamics free convec-
tion flow past a vertical porous plate in the presence of
heat sink. Their work concluded that the velocity and tem-
perature profiles increase with increase in viscous dissipa-
tion. RaihanulHaque et al. [16] examined effects of viscous
dissipation on natural convection flow over a sphere with
temperature dependent thermal conductivity in the pres-
ence of heat generation. They found that the velocity and
temperature profiles increase with increase in viscous dis-
sipation. All the reviewed articles mentioned above made
a common assumption and that is to assume that the
boundary plates in each of their investigation is of neg-
ligible thickness or rather, heat conduction through the
boundary plates plays an insignificant role in the hydro-
dynamics and thermal behaviour within the channel.

The boundary plate thickness of a material has significant
effects on the heat flux and fluid flow through a chan-
nel with thick-plate boundaries. This is in the conclusion
reached in an earlier investigation of Ajibade and Umar
[17] in which it was discovered that the rate of heat transfer
from the plate to the fluid decreases with growing thick-
ness in the boundary plates. In the study of effects of wall
heat conduction on the reforming process of methane in
microreactor, Michael and Dimos [18] concluded that heat
transport through the solid wall depends on the cross-
sectional area of that solid. Hassab et al. [19] analysed ef-
fect of axial wall conduction on heat transfer between two
parallel plates. Their result showed that, increase in wall
thickness serves as thermal resistance to the heat trans-



414 — Abiodun O. Ajibade and Ayuba M. Umar, Mixed convection flow in a vertical channel

fer. Ates et al. [20] analysed a transient conjugated heat
transfer on a thick walled pipes and found that more heat
penetrated backwardly through the upstream region by ax-
ial conduction in the thick wall. Mei et al. [21] examined
criteria of axial wall heat conduction under two classical
thermal boundary conditions and showed that the tem-
perature gradient number of the thin-wall tube is higher
than that of thick-wall tube. The effects of wall conduc-
tion on a mixed convection heat transfer in an externally
finned pipes were studied by Moukalled et al. [22]. They
observed that the axial wall conduction in the pipe wall
is found to have strong effect on the flow and thermal
fields. Other works that investigated the effect of boundary
plates’ thickness include the work of Kevin and Barbaros
[23].

Convective flow in nature and engineering phenomena re-
quires that viscosity and thermal conductivity of fluids
vary with temperature. For instance, the viscosity of dry
air at 100°C is 21.94 x 10~ 6kg/ms while at 200°C, it is
26.94 x 107 6kg/ms . The thermal conductivity of a dry
air at 100°C is 31.39 x 10" 3W/mK while at 200°C, it is
37.95 x 107 3W/mK ( Adrian et al. [24]). Tarakaramu et
al. [25] investigated the effects of variable thermal con-
ductivity on 3D flow of nanofluid over a stretching sheet
using numerical simulation while Dulal and Hiranmony
[26] analysed the effects of temperature-dependent viscos-
ity and variable thermal conductivity on mixed convective
diffusion flow. They found that velocity profile increases
while temperature decreases with increase in mixed con-
vection. Subhas and Mehesha [27] studied heat transfer
on a magnetohydrodynamics viscoelastic fluid flow over
a stretching sheet with variable thermal conductivity and
radiation and found that the variable thermal conductiv-
ity has an influence in enhancing the temperature and
fluid flow. The works of Rahman et al. [28] and Naseem
[29] have shown that the velocity and temperature profiles
increase with increase in thermal conductivity. Vajravelu
et al. [30], Singh and Shweta [31] and Isaac and Auselm
[32] showed that, velocity distributions decrease with in-
crease in viscosity while the temperature profiles increase
with increase in variable viscosity. MHD effects on heat
transfer over a stretching sheet embedded on a porous
medium with variable viscosity, viscous dissipation and
heat source/sink were studied by Hunegnaw and Naikoti
[33]. Uwanta and Murtala [34] studied heat and mass trans-
fer flow past an infinite vertical plate with variable ther-
mal conductivity, heat source and chemical reaction. They
concluded that, velocity and temperature profiles increase
with increase in thermal conductivity. Sumayya et al. [35]
investigated efficiency analysis of a straight fin with vari-
able heat transfer and thermal conductivity. They con-
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cluded that, temperature profile increases with increase in
thermal conductivity.

Devi and Prakash [36] examined temperature-dependent
viscosity and thermal conductivity effects on hydromag-
netic flow over a slendering stretching sheet. They con-
cluded that, increase in the viscosity decreases the veloc-
ity profile. The work of Animasaun [37] concluded that
fluid velocity decreases while temperature increases with
increases due to increasing viscosity. The works of Gopal
and Jadav [38], Jadav and Hazarika [39], Gopal and Ban-
dita [40], Bandita [41] and Kareem and Salawu [42] have
shown that the velocity profiles decrease with increasing
viscosity while the temperature profiles increase with in-
crease in viscosity. Recently, Sreenivasulu et al. [43] stud-
ied variable thermal conductivity influence on hydromag-
netic flow past a stretching cylinder in a thermally strati-
fied medium with heat source/sink. They concluded that
the velocity profile increases with increasing mixed con-
vection and the temperature profile increases with in-
crease in thermal conductivity. Muthtamilselvan et al. [44]
investigated an internal heat generation of a dusty fluid
passes through porous media of a stretching sheet using
Range-Kutta fourth order method.

The aim of this work is to carry out a theoretical investiga-
tion on the effects of viscous dissipation, wall conduction,
boundary plate thickness, variable viscosity and thermal
conductivity on a steady mixed convection flow. Due to
the wide application of viscous dissipation, conduction
at the channel wall, boundary plate thickness in lubri-
cation industries, cooling of nuclear reactors, food pro-
cessing industries, cooling of electric appliances, plasma
physics, aerodynamics etc., it is inappropriate to neglect
these important parameters in natural and forced con-
vection as results obtained with constant viscosity and
thermal conductivity as well as neglecting the plate thick-
ness and international heat generation as a result of fluid-
particle interactions are either under-determined or over-
determined as the case may be. Therefore, it is important to
investigate the role of boundary plate thickness, wall con-
duction, viscous dissipation, variable viscosity and ther-
mal conductivity on mixed convection flow of viscous in-
compressible heat generating/absorbing fluid.

Obtaining a closed form solution of this model is a very dif-
ficult task due to the coupling and nonlinearity nature of
the governing equations. Various solution methods have
been derived for such problems ranging from numerical
solutions (Doh et al. [45], Kairi et al. [46], Kumar et al. [47],
Rostami et al. [48], Hosseinzadeh et al. [49], Mukundan
and Awasthi [50] etc.), perturbation methods and several
other approximate solution techniques (Travis and Erturk
[51], Singh et al. [52] etc.), thus, this problem has adopted
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the Homotopy Perturbation Method to carry out its inves-
tigations.

2 Mathematical analysis

We consider a two-dimensional steady mixed flow of an in-
compressible viscous fluid passes through vertical paral-
lel plates of some thickness d”. One of the plates moves in
the direction of the fluid flow while the other is stationary
(see figure 1). The plate at y* = ~d” which moves uniformly
with velocity U is heated to temperature T\, while the other
aty" = h + d" is kept at ambient temperature Ty. In ad-
dition, an external pressure is applied to the flow which
gave rise to mixed convection and also the presence of vis-
cous dissipation was considered. The flow is assumed to be
along x" direction and y” is normal to the plates. Internal
energy generation is considered as a result of fluid parti-
cles interaction and the thermophysical and hydrodynam-
ics properties are assumed to be constant except for vis-
cosity and thermal conductivity that both vary with tem-
perature. The physical model describing the situation, fol-
lowing the works of (Ajibade and Umar [17], Ajibade and
Umar [53]) is given as:

’ (”*fizylg) reB;-To- 295 -0 @

,ﬁ,d;y{;? =0 @

é <1<*‘;;T2’:) - %(T}— To)+p% (3;:)2 o
pkci,d;yTéz =0 ()

The first, second and third terms of the momentum equa-
tion (1) are the viscosity, thermal buoyancy, and pressure
gradient effects while the first, second and third term of
the energy equation (3) of the fluid are the thermal conduc-
tivity, heat generation/absorption and viscous dissipation
effects respectively. Equations (2) and (4) are the energy
equations of the bounding slabs p; and p, respectively.
Since the flow is steady, we assume that the appropriate
boundary conditions of the model are:

*

u=U at 0
u'=0 at h

T;,l =Ty at y* =-d,
Tp,=T; at y =0,

ATy t =0 (5)
dy* a y - 9

-

*

<. <
1

-

ar;,

dy* =k

k 1
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Tp,=T; at y =h,
dT;z _ k* de *
dy* dy*

* * *

Ty, =To at y

2

k 2

The viscosity of the fluid and its thermal conductivity
are both assumed to vary linearly with temperature so that

K =ko[1-b (T~ To)]
AN RS

where po and kg represent the viscosity and thermal con-
ductivity of fluid temperature Ty, a and b are the thermal
factors that control the change in viscosity and thermal
conductivity respectively with increase in temperature.

In order to harmonize the various dimensions that are in-
volved in the model, the velocity has been scaled up with
U, the velocity of the moving plate while the horizontal
distances; y* and d” were scaled up with h. All other di-
mensionless parameters are as described in eqn (6):

U’ ' T T =Ty P T,-T,’ ©
_Tp,-To 4 P _X'vo
=7, -7 4% P oz "R

Using the dimensionless quantities (6), the momentum
and energy Eqs.(1) - (4) are presented as:

d*>u ,dTs du dp
(1—/\Tf)d—y2—)ld—yd—y+6reTf—a—O 7)
d*Ty,
dy2 - O (8)
d’T dT,\
f f
du\?
+Br(1-¢Ty) (d—y> =0 9)
d*Ty,
dy? =0 (10)
subject to the boundary conditions:
u=1 at y=0,
u=0 at =1,
Tp, =1 at y=-d,
Tp, = Tf at y=0,
dTp, _ de _
Tp, = Ty at y=1,
dTp, _ de _
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Tp, = To at y=1+d,
where
Qohz UZ
S= , Ec= ,Pr=—, EcPr=Br,
k cp(Tw - To)
_ 3
@=&=1Gre=g=g7ﬁ(]wW To)h .
ki k Re v2 Uh
A=a(Tw-To), €=b(Tw-To).

The parameters of interest that appeared in the dimension-
less eqn (10) are; heat generation/absorption, (S), viscous
dissipation (Eckert number, Ec), Prandtl number (Pr),
Grashof number and Reynold number (%), viscosity and
conductivity factor parameters (A) and () respectively. All

other physical parameters are defined in nomenclature.

3 Method of solution

Several methods ranging from numerical, perturbations
and many other approximate solution techniques are used
to solve linear, nonlinear and coupled (partial or ordinary)
differential equations. Homotopy Perturbation Method
(HPM) is one of the easiest approximate solution since the
first two iterations are of accuracy than the traditional per-
turbation techniques and it doesn’t require only a small pa-
rameter. The method was first initiated by He [54] where he
presented the method by considering a nonlinear differen-
tial equation

Aw)-f(r) =0, reQ

subject to the boundary conditions

B(u,%)=0, rel,
on

where A is the general differential operator, B is a bound-
ary operator, f(r) is a known analytic function, I is the
boundary of the domain Q. The operator A can be divided
into two parts, namely, L and N, where L is the linear
and N nonlinear parts. Therefore, the nonlinear differen-
tial equation can be transformed as:

L(u)+ N(u) - f(r)=0.

Now the convex homotopy can be constructed from the
nonlinear differential equation and its boundary condition
as:

v(r,p) : Q x [0, 1] — R which satisfies

H(v,p) = (1 - p)[L(v) - L(uo)] + p[A(v) - f(r)] =0
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or
H(v, p) = L(v) - L(uo) + pL(uo) + p[N(v) - f(r)] = 0,

where p € [0, 1] is an embedding parameter, ug is the
initial approximation which satisfies the boundary condi-
tions. Therefore, we have

H(v,0)=L(v) - L(ug) =0

H(v,1)=AWv)-f(r)=0 (12)

Now the solution of the nonlinear differential equation is
expressed as:

V=Vo+pVi+pVa+pV3 + ...
setting p = 1, the approximate solution can be written as
V=Vo+Vy+Vy+V3+...

Therefore the convex homotopy of momentum and energy
equations are expressed as:

d*u  d*vo d*u
H(u,p)=(1-p) [—dyz - Tyz } +p {—dyz + GreTy
du dTf d*u dP] _
Ay dy ~ fd*yz‘a]‘o- (13)

Since the zeroth order equations are linear and can be
solved exactly with the boundary conditions, then initial
approximation vg, is not required. Therefore we have

Ziylzl =p {%—Greﬂw\%% +/1Tf227121 (14)
such that
U=1Ug+pUy +P°Us + P Us + ..y
T;=Tg, +pTy +pszZ +p3Tf3 +eey
Tp, = Tpyy, +PTpy, +D°Tpy, + 0’ Tpy, + oo (15)

Ty, = szo +pr21 "'pZTIi’z2 +p3TPz3 T

Substituting eqn(15) into eqn(14) and comparing the coef-
ficients of p°, p!, p?, p>,..., we have

0. 622;120 0, (16)
1, ‘;2;‘21 = %: - GreTy, +Ai—l§/° ddl;{o +ATfoii27;20’ (a7)
2, ‘22;22 = -GreTy, + /16%0 ddi;fl % dd];fo (18)
+/1Tf0ddz—;21 +/1Tf16§7;20,
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similarly, eqns (8),(9) and (10) can be transformed as

d*T,
0, Py _
Pl st =0 (19)
a’T
1 b1y
: =0, 20
P (20)
a’T
2 p1,
: =0, 21
PT = 0 1)
a*T
0 fo
: =0, 22
=0 22)
d’T d’T dT; \? dug\ 2 dup \ 2
1, fi _ fi f Ug Up 2
p dyzl =Ty, dy20 +g< dy0> - Br (Ty) + BreTy, < dy> + STy, - SeTf, (23)
d*T a’T a’r dTy, dT, dug d dug d
2, fo _ fi fo fo“7f Uo auy Up duy
Ly eTy, &2 +eTy &2 +2¢e dy dy 2Br dy dy +2BreTy, dy dy o0
5 .
+ BreTy, (‘%) + STy, - 25T}, Ty,
d*T,
0. P2, _
p : dy? o, (25)
a’T
1 D2y
: =0, 2
% 0 (26)
d*T,
2 p2,
: =0, 2
PTi g 0 @7
and the boundary conditions are transformed as
u=1l,ur=uy=u3=...=0 at y=0,
Up=U;j=Uy=us=..=0 at y=1,
Tplo = 1, Tpll = Tpl2 i O at y = —d,

Tpyy =Tss Tpy, =Tp, Tpy, =Tf, Tpy,=Tp,... at y=0,

dTplo _ dTy, dTp11 _ dTy, - T dTy,
dy dy ’ dy dy fomay
dTplz dTy, dTy, dTy, v
_ - - 8)
dy dy € |:Tfo dy + Ty, dy } ,... at y=0,

szo = Tfo’ szl = Tf1’ Tp22 = sz, sz3 = Tf3, ..oat y=1,

ATy, _dTy, ATy, ATy . 4Ty
dy ~dy’ dy dy fo"ay

Ty, dTy, at;, . dTy,
dy _Ty =—-& |:Tf0 dy +Tf1 dy :| 3 oo at y— 1,

TPZO = szl =Tp22 =...=0 at y:1+d.
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Solving from the above eqns(16), (19), (22) and (25) and applying the boundary conditions (28), we have

up = Aoy +A4Ai, (29)

Tp,, = A2y + A3, (30)

Tj, = Agy + As, (31

Tp,, = Asy + A7, (32)

Ag=-1, A, =1, A2=A4=A6=—ﬁ, A3 =As=A; =1+ Asd.
Solving eqns(17), (20), (23) and (26) and applying the boundary conditions (28) we have

u1—73—5—6re [A4y63+A5‘V22} —/1A4y72+A8y+A9, (33)

Tp,, = Aoy + A11, (34)

2 2 3 2 3 2
Ty, =‘9A12‘y7 —Bry7 + Bre [Af% +A5y7} +S {Al,yz +A5y?}

4 3 2 (35)
~Se |A2Y_ v a,as Y A2 +Apy+As
“12 3772 ’
Tp,, = A14y + Ass, (36)
o, Ay gre|As, As] My _1dP
Ag =0, Ag—GT€|:6+2:|+ 3 5 dx’
Ao B eAl  Bre [Ay As| S [A4 A5
12700 +2d) 20+2d) (1+2d) | 6 2| (1+2d) 2
2
Se A4 . ALAs N As . Brd Bred A + As
(1 +2d) 3 1+2d) (1+2d)
Sd A4 Sed A4 2€A4A5d
- — +A A As + A —_—
(1+zd){ 5]+(1+2d){ TAafs T 5} 1+2d)
Ao =A1p —€A4As, Aqp=A13=A0d,
A4 A124 2
A14 =Aq10 - Br+ Bre 7+A5 +S +A5 - S¢ ?+A4A5+A5 .
Solving eqns(18), (21), (24) and (27) and applying the conditions (28), we have
4 4 5 4 5 4
- 2y y _ o Y| _ o Yy
u; = —-GreeA; % + GreBr24 GreBre {A4 130 +As 24} GreS l:Az, 170 + As 24]
2 y° y ey y’ y’
+ GreAS |:A43@ +A4A5@ +A5ﬁ} - GreA, = ¢ GreA13 —/\eA 6 +Br)l€
~ Brie A4"4 +A5 -salal +Asﬁ +Se Aﬁy +A4A5y4 +A§£
246 246 60 12 6 37)
dap 3 3 2
—AAlz— +/\A4—% - GreA [Ai)zl—l‘ +A4A53ﬂ —AZA?,y— +/1A4Agy7
dP 2 2
HAS [Az, . +A5y2} Grel [A412 +A4A5y? + A2 } -2 {A x +A4A5y2}

Aey +Ar7,
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(38)

Tp,, = A1gy + A1,

3 2 3 2
Ty, = &2 [AZ)% +A§A5yﬂ - {Aﬁ% Asyﬂ + Bre? [A412 +A4A5’L +A2Y }
y’

+S£[A2y +AyAs T + y +A4A§L+A3Y7]

A5 A }’7} Se? {A2§O+A4A5—
2 3)’3 J’3 2 2)/4 y 2y )/3
+& A4? - Br£A4? + Bre {A‘*ﬁ +A4A5?} + S¢g {Al‘ﬁ +A4A5?}
5 4 3 d 3
- S¢? {AZ%’—O +AﬁA5y? + A4A§)ﬂ +eA4ALY? + Brd—y? - Br/\Aﬁ%
y
3

4 3
- GreBr {A4y— +A5y3

4 4

] +BrA8y —Breg [Aﬁ% + As ] +Br£2A§§—4
2y’ y* 2)’3 2y y y*
+ GreBre {A[‘ 50 +A4A5 53 ] + BreA {A46 + A4As 3] -Br? €34
y’ 2 20[, ¥ y* A 69

- Bre |:A4Ag? + AsAgy ] +Bree |:A4m +A52—4} + BrSe {Al’ﬁ +A5€]
5 4 3
y +A§y—} +Br£A12y? + Br.€A137

- BrSe? A%y—6 +AAs=— y’ +S£A124y—4
360 60 24

24

4 6 5 2

:| —SZE |:A[2,y7 +A4A5% +A5 24:| +SA12Z +SA13y2
y5 4:|

360
s [ s a2a Y| CBrse? (42X s auns Yo 1 a2
47512 “90 4575 T 4595

5
2 y y
+S |:A4120+A524

420
27 Y o o2V e ny y 2y 3Vt
- S% { +A4A51—5+A5ﬁ} +S°¢e {A4—+A4A53—6+A4A5 13 +A5ﬁ

490
)3 ¥
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Now, the approximate solution of the momentum and energy eqns(7) and (9) of the fluid as p — 1 are:

U=ug+uy+uy+...
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Tf = Tfo + Tfl + sz + ... (42)

The interesting phenomena to be investigated in this study are onset of reverse flow, pressure gradient, skin friction,
rate of heat transfer between the fluid and boundary plates and the pressure gradient.
In order to obtain the pressure gradient required to drive the flow formation for a constant mass flux g, the integral

1

/ udy = q (43)

0

is evaluated for different flow parameters (see table 1).
The pressure gradient can be expressed as:

dP X,
=5 (44)
where
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12724 T 12
The critical values of mixed convection parameter Gre which signalled the onset of reverse flow at y = 1, can be obtained
from the turning point of u, i.e g—;‘, ly=1 = 0. Therefore, the influence of different parameters as they control the critical
Gre are presented in table 2.

The skin friction at the plate surfaces can be defined as:

«du”
Too,1) = H & ly =0,k (47)

where y* is the dimensional variable viscosity. Thus, the local skin friction factor can be expressed as:

_ Te,nh du
;?013] = (1-ATp) -0 48)
while the local surface heat flux is expressed as:
L dT;
©0,1) ="k dT/*'y*:o’h (49)

where k" is the dimensional variable thermal conductivity, together with the expression of Nusselt number,

l h
__loy
Nuy, T T ko (50)

Therefore, the Nusselt number can be expressed as:

daT
Nu=-(1-¢Ty) T;\yzo,l (51)



DE GRUYTER

Validation

Setting Br=0,A=0,e =0, % = 0and d = 0, the work of
Jha and Ajibade [55] is recovered, see table 5.

Figure 1: Schematic diagram of the problem

Figure 2: Velocity profile for different values of Brinkman number Br
(§=0.4,Gre=10,A=-0.3,e=-0.3,d=0.2,g=1)

4 Results and discussion

Viscous dissipation and boundary thickness effects
on a steady mixed convection flow in the presence of
variable viscosity and thermal conductivity have been
theoretically analysed. The flow is governed by six basic
parameters, which are: Gre, thermal buoyancy, S heat
generating/absorbing, A, viscosity variation parameter
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Figure 3: Temperature profile for different values of Brinkman num-
ber Br (S = 0.4, Gre = 10,A=-0.3,£6 =-0.3,d=0.2,q=1)
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Figure 4: Velocity profile for different values of heat source/sink
parameter S (Br = 0.2, Gre = 10,A = -0.3,e=-0.3,d=0.2,qg = 1)

and ¢, thermal conductivity variation parameter, Br
Brinkman number, ¢ mass flux and d the boundary
thickness. The value of Pr is chosen to be 0.71 throughout
the work for air as the working fluid. The solutions for
momentum and energy equations in the fluid section
have been simulated for carefully selected values of the
controlling parameters and the results are presented
in figures 2-15. Also, the pressure gradient required to
drive the flow to a prescribed mass flux is presented in
table 1 while the critical values of the mixed convection
parameter after which flow reversal is achieved near the
stationary plate is given in table 2. The skin friction and
the rate of heat transfer on the fluid-plate interface were
tabulated in tables 3 and 4.

Figures 2 and 3 show the effects of Brinkman number Br
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Table 1: Variation of pressure gradient(‘;—i’) for different values of S, g, d and Gre where A = -0.3, £ = -0.3, Br = 0.2

Table 2: Critical values of Gre at the stationary plate y = 1 for different values of S, A, d and € where g = 1 and Br = 0.2

S q | (d=0.2,Gre=10) (d=0.2,Gre=20) (d=0.5,Gre=20)
ap dpP dap
dx dx dx
-0.4 -0.6376 5.5742 7.0079
-0.2 -0.9155 5.0210 6.0491
0 1 -1.1935 4.4677 5.0903
0.2 -1.4715 3.9145 4.1316
0.4 -1.7494 3.3612 3.1728
-0.4 -14.7532 -8.5434 -7.1098
-0.2 -15.0332 -9.0967 -8.0686
0 2 -15.3112 -9.6499 -9.0273
0.2 -15.5891 -10.2032 -9.9861
0.4 -15.8671 -10.7565 -10.9449

S A d=0.2,e=-0.2) (d=0.2,e=-0.4) (d=0.5,e6=-0.4)
Grey Greq Grey

-0.4 54.57910812 52.84378325 67.22029661
-0.2 56.09504727 54.43472074 70.01808552

0 0.2 57.69881288 56.12581355 73.06158621
0.2 59.39826494 57.92682695 76.38465434
0.4 61.20223028 59.84883818 80.02766446
-0.4 61.51931314 59.59863180 75.71150476
-0.2 64.02558277 62.22361979 80.59857570

0 0.4 66.74858497 65.09490123 86.16966963
0.2 69.71770381 68.24884547 92.57920319
0.4 72.96788618 71.72935347 100.0318533

DE GRUYTER

Table 3: skin friction 7 at the heated plate y = 0 and cold plate y = 1, for different values of S, d and A where Br = 0.2, £ = -0.3, Gre = 10

andg=1

(d=0.2,1=-0.2)

(d=0.2,1=-0.4)

(d=0.5,1=-0.4)

S
To T1 To T1 To T1
-0.4 | 0.5218 3.5129  2.2957 3.6098 2.5932  4.3377
-0.2 | 0.3835 3.3964 2.1362 3.4779 2.3013  4.0554
0 2.2464  3.2811 1.9789  3.3484 2.0196 3.7858
0.2 | 2.1104 3.1670 1.8236 3.2212 1.7470  3.5279

0.4

1.9755 3.0539

1.6703  3.0961

1.4820 3.2806
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Table 4: Rate of heat transfer at the heated plate y = 0 and cold plate y = 1 for different values of S, d and € where Br = 0.2, Gre = 10,g = 1

and A =-0.2
(d=0.2,6=-0.2) (d=0.2,e=-0.4) (d=0.5,e=-0.4)
S
Nll() Nu1 NM() Nlll Nu() Nu1
-0.4 | 0.6852 1.1133 0.7986 1.1820 0.4326 0.9635
-0.2 | 0.7643 1.0529 0.8861 1.1139 0.5320 0.8638
0 0.8370 0.9976 0.9639 1.0532 0.6143 0.7807
0.2 | 0.9034 0.9476 1.0321 0.9997 0.6805 0.7133
0.4 | 0.9635 0.9027 1.0911 0.9533 0.7316 0.6608
Table 5: Comparison of present work and Jha and Ajibade (2010)
Jha and Ajibade (2010) Present Work
S Gr=10,y=0.5 Gre=10,y=05,Br=® -d-1-¢-0
Velocity — Temperature | Velocity Temperature
1 1.0659 0.4434 1.0599 0.4440
0.5 1.0940 0.4703 1.0924 0.4704
-0.5  1.1593 0.5330 1.1576 0.5329
-1 1.1975 0.5697 1.1901 0.5690

Figure 5: Temperature profile for different values of heat
source/sink parameter S (Br = 0.2, Gre = 10,1 = -0.3, ¢ = -0.3,
d=0.2,g=1)

on velocity and temperature distributions. It is seen that
the velocity increases at the heated plate with increase
in Br. This is due to the fact that, Brinkman number
is the ratio of heat produced by viscous dissipation to
heat transported by molecular conduction. However, a
decrease is observed near the cold plate with growing Br.
This clearly reveals the effect of the pressure gradient and
the impulsive motion by the heated plate to increase the
velocity near the plate y = 0. On the other hand, figure 3
reveals that the temperature distribution decreases with
increase in Brinkman number near the heated plate while

Figure 6: Velocity profile for different values of mixed convection
parameter Gre (Br = 0.2,S = 0.4,A = -0.3,¢ = -0.3,d = 0.2,
q=1

an increase is observed near the cold plate as a result of
energy diffusion towards the cold plate which increases
the temperature of the fluid. It is also observed that the
inter-facial temperature decreases at the heated plate
with an increase in Br while an increase is observed near
the cold plate. The effect of Br is more pronounced at the
cold, thus increases the temperature at the region.

Figures 4 and 5 show the effects of heat generat-
ing/absorption parameter S on velocity and temperature
distributions. The velocity increases with increase in heat
generation S < O near the heated plate while it decreases
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Figure 7: Temperature profile for different values of mixed convec-
tion parameter Gre (Br = 0.2, S = 0.4,A = -0.3,& = -0.3,d = 0.2,
g=1)

near the cold plate. However, near the heated plate,
the velocity distribution decreases with increase in heat
absorption S > 0 due to the fact that the heat generated
is absorbed by the fluid particles which makes the fluid
more dense, thus reduces the temperature and slow down
the fluid flow. It is also observed that the temperature
distribution increases across the channel with increase
in heat generation S < 0. This is physically true since
heat generated strengthens the convection current of
the fluid thereby reduces the density of the fluid, thus
increases the fluid temperature. This is attributed to
the fact that, viscous dissipation, wall conduction and
thermal conductivity add more heat to the fluid and the
heat diffuses by pressure gradient. It is further noticed
that the temperature distribution decreases with increase
in heat absorption S > 0. This physically true, when
heat is absorbed, then the fluid becomes dense and the
temperature reduces. The effect of S on the inter-facial
temperature is more pronounced at the heated plate than
the cold plate.

Figures 6 and 7 show the effects of mixed convection Gre
on the velocity and temperature distributions respectively.
The velocity profile increases with increase in Gre near
the heated plate. This is attributed to the role of heat
generated from the wall and the internal heat generated
which makes the fluid less dense and moves easily by the
buoyancy forces. Near the cold plate, it has been observed
that the velocity distribution decreases with increase in
Gre as the fluid is more dense near the cold plate. On
figure 7, the temperature profile increases with increase in
Gre. This is physically true, since the heat generated by
wall conduction and viscous dissipation diffuses by the
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Figure 8: Velocity profile for different values of variable viscosity A
(Br=0.2,S=0.4,Gre =10, =-0.3,d=0.2,g=1)
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Figure 9: Temperature profile for different values of variable viscos-
ity A(Br=0.2,S=0.4,Gre =10, =-0.3,d=0.2,g=1)

buoyancy forces which strengthens convection current,
which in return increases fluid velocity and consequently
the sheared heating at every fluid sections. The effect of
Gre on the inter-facial temperature is insignificant at the
plates.

The effects of variable viscosity A on velocity and tem-
perature distributions are captured on figures 8 and 9.
It is observed from figure 8 that the velocity distribution
decreases near the heated plate with increase in viscosity
while an increase has been observed near the cold plate.
Decrease in velocity near the heated plate is due to the
fact that there is an increase in convection current which
in return increases the viscosity of the fluid, thereby
increasing the viscous drag that decreases the velocity.
However, the increase of velocity near the cold plate is
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Figure 10: Velocity profile for different values of variable thermal
conductivity e (Br = 0.2, S = 0.4, Gre = 10,A = -0.3,d = 0.2,
g=1)

attributed to the decrease in heat which reduces the fluid
viscosity, and eventually increases the fluid velocity. The
temperature distribution decreases near the heated plate
with increase in viscosity A while it increases near the
cold plate. The change in viscosity affects the inter-facial
temperature on both the plates. It can be seen that the
temperature at the heated plate decreases with increase
in viscosity while a reverse case was observed at the cold
plate.

The effects of thermal conductivity € on velocity and tem-
perature are depicted on figures 10 and 11. It is observed
that the velocity distribution decreases with increase
in thermal conductivity near the heated plate while it
increases near the cold plate. On the other hand, the tem-
perature distribution decreases with increase in thermal
conductivity. This is attributed to increase in thermal
conductivity which enhances heat transport within the
system so that heat from the internal heating mechanism
diffuses towards the cold plate at a rate proportional to the
thermal conductivity. Consequently, convection current is
weakened near the heated plate and strengthened near
the cold plate. The effect of the thermal conductivity on
the inter-facial temperature is little bit pronounced at the
cold plate than the heated plate as a result of the energy
generated which diffuses towards the plate thus increases
the temperature.

Figures 12 and 13 show the different boundary layer thick-
ness d effects on velocity and temperature distributions.
It can be seen from figure 12 that the velocity distribution
decreases with increase in boundary plate thickness d
near the heated plate. This is physically true, since when
the thickness of a material is increased, the heat flux
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Figure 11: Temperature profile for different values of variable ther-
mal conductivity € (Br = 0.2, S = 0.4, Gre = 10,A = -0.3,d = 0.2,
q=1

reduces and cools down the fluid. Towards the cold plate,
the velocity distribution increases. This is attributed to the
fact that the energy dissipated diffuses towards the cold
plate which strengthens the convection current, hence
increases the fluid flow. The temperature distribution
decreases near the heated plate with increase in boundary
plate thickness. This is due to the fact that, increase in
the thickness of a material reduces the heat flux through
the system, which causes decrease in the temperature
of the fluid. It is also observed that the boundary plate
thickness has more effect on the inter-facial temperature
at the heated plate than the cold plate.

Figures 14 and 15 display the velocity and temperature dis-
tributions for different values of mass flux g. The velocity
distribution increases with increasing q. This is due to the
fact that, increase in mass flux is attributed to increase
in pressure gradient to boost the fluid particles’ flow.
The temperature distribution decreases near the heated
plate with increase in g while a reverse case is observed
near the cold plate. Since the mass flux increases with
growing pressure gradient, the effect of natural convec-
tion decreases so as to maintain the required flux within
the channel. However, the effect of channel boundary
motion is not there so that an increase is required in fluid
temperature to drive the flow to the prescribed flow.

Table 1 shows the effect of dimensionless flow parameters
on pressure gradient in the channel. It is observed that
the pressure gradient increases with increase in mass
flux g. That is, an increase in mass flux requires a corre-
sponding increase in pressure gradient to drive the flow.
This is obtained when Gre is relatively small. However,
when Gre is large, the natural convection dominated
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Figure 12: Velocity profile for different values of boundary thickness
d(Br=0.2,5S=0.4,Gre=50,A=-0.3,e=-0.3,g=1)

Figure 13: Temperature profile for different values of boundary
thickness d (Br = 0.2, S = 0.4, Gre = 50,A = -0.3,¢ = -0.3,
qg=1)

the heat transfer, pressure gradient acts against the flow
so as to obtain the required mass flux, thus the positive
values of pressure gradient at large Gre. The table also
shows that, a decrease in pressure gradient is obtained
by increasing heat absorption S < 0. This is due to the
fact that, increase in heat generation leads to increase
in convection current by buoyancy forces. It is further
observed that the pressure gradient acts against the flow
when the boundary thickness is increased for relatively
small mass flux. However, when the mass is high, the
required pressure gradient decreases for a corresponding
increase in boundary thickness.

Table 2 shows the critical values of Gre which signal the
onset of reverse flow at the cold plate y = 1. It can be
seen that smaller critical values can be obtained by en-
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Figure 14: Velocity profile for different values of mass flux g (Br =
0.2,S=0.4,Gre=10,A=-0.3,e =-0.3,d = 0.2)

Figure 15: Temperature profile for different values of mass flux g
(Br=0.2,S=0.4,Gre=10,A=-0.3,e =-0.3,d = 0.2)

hancing the thermal conductivity € or the heat generation
parameter S < 0. This is physically true, since increase
in thermal conductivity or heat generation enhances
the convection current which in return strengthens the
boundary layer thickness of the fluid, hence reduces the
density of the fluid thereby needs smaller value of Gre
to nullify the boundary friction on the plate. However,
when boundary plate thickness or heat absorption is
increased, the convection current within the channel
weakens which raises the required critical values of Gre
to nullify the boundary friction. The critical value of Gre
increases with increase in viscosity. A general view of this
table indicates that, each physical quantity that boosts
convection current requires a decrease in Gre while the
reverse trend is observed for each physical quantity that
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weakens the convection current.

Table 3 displays the skin friction 7 between the fluid and
the plates. It is observed that the skin friction increases
at the heated plate with increase in viscosity A while it
decreases with an increase in boundary plate thickness.
However, the skin friction decreases on the cold plate with
increase in viscosity A while a reverse trend is observed
when the boundary plate thickness d is increased. On
the other hand, when heat generation S < 0 is increased,
then an increase in skin friction is observed on both the
plates. It is further observe that the skin friction decreases
with increase in heat absorption S > 0 on both boundary
surfaces.

The rate of heat transfer Nu is depicted on table 4. It
shows that the rate of heat transfer at both the plates
increases with increase in thermal conductivity €. This
physically true, since when the thermal conductivity of
a fluid is increased, thermal diffusivity becomes high
thereby increasing the thermal boundary layer thickness
of the fluid, thus increasing the rate of heat transfer.
However, the rate of heat transfer decreases with increase
in boundary plate thickness d on both the plates. This
is due to the fact that the increase in plate thickness
reduces the heat flux through the plate to the fluid which
in return weakens the convection current of the fluid. It is
also observed that the rate of heat transfer decreases on
the heated plate with increase in heat generation S < 0
while a reverse trend is observed on the cold plate. It is
further observed that the rate of heat transfer increases
on the heated plate with increase in heat absorption
S > 0 but a decrease is observed on the cold plate.
This is physically true since fluid temperature decreases
with heat absorption thereby reducing the temperature
difference between the fluid and the cold plate while it
increases same on the fluid interface with the heated plate.

5 Conclusion

The present work theoretically investigated the effects of
viscous dissipation and boundary plate thickness on a
steady mixed convection flow in the presence of variable
thermal conductivity and viscosity. The work concluded
that the velocity profile increases near the heated plate
with increase in Br, Gre, and S < 0 while the reverse
trends were observed near the cold plate. A decrease in
velocity distribution is observed near the heated plate
with increase in A, d, € and S > 0 while reverse cases were
observed near the cold plate. It is also concluded that the
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temperature distribution decreases near the heated plate
with increase in Br, A, ¢ and d while a reverse cases were
observed near the cold plate. It’s further concluded that
the skin friction and rate of heat transfer decrease with in-
crease in boundary plate thickness d. The required critical
value of Gre can be obtained by increasing the thermal
conductivity while the pressure gradient increases with
increase in mass flux. When Brinkman number (Br),
viscosity (A), thermal conductivity (g), pressure gradient
(z—f) and boundary plate thickness (d) are set to zero, the
work of Jha and Ajibade [55] is recovered.
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