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Abstract: Optical pulling forces exerted on small particles 
can be achieved by tailoring the properties of the elec-
tromagnetic field, the particles themselves, or the sur-
rounding environment. However, the nonlinear optical 
effect of the surrounding environment has been largely 
neglected. Herein, we report the optical pulling forces on 
a Rayleigh particle immersed in a nonlinear optical liquid 
using high-repetition-rate femtosecond laser pulses. The 
analytic expression of time-averaged optical forces allows 
us to better understand the underlying mechanism of the 
particle transportation. It is shown that the two-photon 
absorption of the surrounding liquid gives rise to a nega-
tive radiation force. Transversely confined Rayleigh parti-
cles can be continuously dragged towards the light source 
during a pulling process.

Keywords: pulling force; laser trapping; nonlinear optical 
effect; two-photon absorption; femtosecond laser pulses.
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1  �Introduction
In the past 40  years, an optical tweezers technique 
has experienced impressive progress for trapping and 
manipulating small objects in air [1], in vacuum [2, 3], 
in liquid [4, 5], in solid [6, 7], or at interfaces [8–10], 
taking advantages of the optical forces produced by a 
tightly focused continuous-wave laser beam [4, 5]. This 
technique has become a very important tool in various 
disciplines, including optics [5], quantum physics [2], 
biological science [6, 11], and chemistry [12]. Recently, 
the optical tweezers technique has been extended 
by substituting a continuous-wave laser with high-
repetition-rate femtosecond laser pulses [13–16]. In the 
femtosecond laser tweezers, the high peak intensity of 
each laser pulse leads to instantaneous trapping of a 
particle and the high-repetition-rate ensures repetitive 
trapping by successive pulses. Interestingly, femtosec-
ond laser pulses have revealed novel phenomena in 
the optical trapping of particles, such as the trapping 
split behavior in the process of capturing gold nano-
particles [13], directional ejection of optically trapped 
nanoparticles [16, 17], and immobilization dynamics of 
a single polystyrene sphere [15]. Moreover, it has been 
demonstrated that the nonlinear optical effects originat-
ing from the particle could modify the optical trapping 
potential [13], enable the realization of super-resolution 
optical manipulation [18], or enhance the optical force 
[14, 19–21]. It is noteworthy that the optical force arising 
from nonlinear polarization becomes significant and 
cannot be neglected if the trapped particles exhibit non-
linear optical effects [13, 18, 21–27]. However, the non-
linear optical response of the surrounding medium has 
never been considered before.

Theoretically, the optical forces exerted on a particle 
are divided into two parts: one is the gradient force, which 
is proportional to the gradient of intensity and drives the 
particle toward the equilibrium point [5]; the other is the 
radiation (i.e. scattering and absorption) force, which is 
proportional to the orbital part of the Poynting vector of 
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the field and destabilizes the trap [28–31]. In general, the 
radiation force acts as a pushing force (i.e. in the direction 
of a beam’s propagation) on a particle. However, the par-
ticle can be pulled by the negative radiation (scattering) 
force towards the light source. Recently, this counterintui-
tive optical pulling force has received great attention due 
to its academic interest and technological applications 
[32–48].

The physical mechanisms of this pulling force can 
be exploited by the optical gradient force [33], backward 
scattering force [34], and/or negative photophoretic force 
[35, 36]. Through manipulation of the properties of the 
electromagnetic field, researchers realized the optical 
pulling force on particles with super-oscillating beams 
[37], solenoid beams [38], interference of multiple beams 
[34], nonparaxial gradientless beams [39], two interfer-
ing waves [40], etc. By contrast, the shape and material 
composition of a small particle have been modified to 
obtain the pulling force, including gain media [41, 42], 
microspheres with antireflection coatings [43], and chiral 
particles [44, 45]. In addition, optical pulling on parti-
cles can also be achieved through the use of surround-
ing media with specifically designed properties, such as 
resonator-waveguide systems [46], hyperbolic metamate-
rials [7], photonic crystal waveguides [47], and bilayer PT-
symmetric structures [48].

In this work, we report the theoretical investigation 
of optical pulling forces on a dielectric Rayleigh parti-
cle immersed in nonlinear optical liquids (e.g. carbon 
disulfide) arising from focused femtosecond laser pulses. 
It is found that the two-photon absorption of the sur-
rounding liquid is the predominant physical mechanism 
for the negative radiation force.

2  �Theory
In the optical trapping experiment using high-repetition-
rate femtosecond laser pulses, the pulse duration τF 
(FWHM) and repetition-rate v (i.e. the inverse of the pulse 
period T) for a commercial Ti:sapphire laser are typically 
about 100 fs and 80  MHz, respectively [13–16]. Accord-
ingly, the spectral bandwidth is so narrow that the pulsed 
laser can be regarded as a monochromatic field. Hence, 
the spatial and temporal characteristics of laser pulses 
can be treated independently. For laser pulses with a 
Gaussian temporal envelope, the time-harmonic electro-
magnetic waves are expressed as:
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and ω is the circular frequency.

Now we consider a homogeneous, isotropic, non-
magnetic spherical particle with a radius R and a permittiv-
ity ε0

p illuminated under an extern field 
 ( , )E r t  propagating 

in a medium with a permittivity ε0 .m  In addition, we assume 
that both the particle and the surrounding medium exhibit 
instantaneous optical nonlinearities with the third-order 
nonlinear optical susceptibilities of χ3

p and χ3 ,m  respec-
tively. According to the Clausius-Mossotti relation and 
taking into account the radiative reaction correction [49, 
50], we obtain the particle-induced dipole moment arising 
from the linear and nonlinear polarizations as:
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where χ χ χ= −′ 3 3
p m and χ χ χ= +′′ 3 32 .p m  λ Is the wavelength, 

k = 2π/λ is the wavenumber, and ε0 is the permittivity of 
free space.

Under the excitation of ultrafast laser pulses, the 
time-averaged optical force acting on the Rayleigh particle 
(R  λ) is [51]:
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where * denotes the complex conjugate.
Substituting Eqs. (1)–(4) into Eq. (5) (see Section 1 in 

Supplementary Information for more details) we get:
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where c and μ0 are the speed of light and permeability of 
light in vacuum, respectively.

Eq. (6), which is the basic result of the present work, 
gives the total optical forces as a sum of the gradient force 
and the radiation force on a nonlinear optical Rayleigh 
particle immersed in a nonlinear optical medium. Espe-
cially, Eq. (6) degenerates into the ones reported previ-
ously [21, 28, 30] for a Rayleigh particle without/with 
optical nonlinearity when the optical nonlinear response 
of the surrounding medium is neglected (i.e. χ3 = 0m ). Differ-
ent from the conventional optical forces originating from 
the interaction of optical fields with linear polarizations, 
the optical forces of nonlinear optical particles immersed 
in a nonlinear optical medium arises from both the linear 
and nonlinear polarizations. As described by Eq. (6), the 
optical forces on the nonlinear particle immersed in a 
nonlinear optical medium strongly depend on the linear 
and nonlinear optical properties of both the particle and 
surrounding medium, the distribution of the electric field, 
and the laser characteristics.

To trap and manipulate nanoparticles, an x-polarized 
Gaussian beam is focused by a high numerical-aperture 
(NA) objective lens (see Section 2 in Supplementary 
Information for more details). It is noteworthy that one 
determines 〈 〉 = 〈 〉

 
orbS S  along the direction of the beam’s 

propagation from Eq. (7) when the input beam is a linearly 
polarized beam [21]. Hence, the radiation force expressed 
by Eq. (6) is only proportional to the Poynting vector 〈 〉


S  

in the following analysis. From Eq. (6), it can be seen that 
the gradient force is mainly determined by the real part of 
polarizability Re(α), while the radiation force relies on the 
imaginary part of polarizability Im(α).

For the absorptive particle [i.e. Im(α) > 0] with a 
refractive index larger than the surrounding medium [i.e. 
Re(α) > 0], the backward gradient force can be larger or 
smaller than the positive radiation force, making it easy to 
realize the trapping or pushing of a high-refractive-index 

particle, respectively [5]. Interestingly, in order to produce 
a pulling force on the particle predominantly contributed 
by the negative radiation force [see Eq. (6)], the necessary 
requirement of Im(α) < 0  should be satisfied. One could 
get Im(α) < 0 for the gain particle immersed in a lossless 
surrounding medium [41, 42]. Alternatively, the negative 
radiation force can be realized for the particle immersed 
in a medium with nonlinear absorption, as we will demo-
nstrate below.

3  �Numerical simulations and 
discussions

First, we assume a silicon nitride (Si3N4) particle with the 
size of R = 40 nm immersed in carbon disulfide (CS2). CS2 is 
chosen as a solvent because it is readily available. Moreover, 
it is well documented that CS2 exhibits a large refractive 
nonlinearity in the visible region and strong two-photon 
absorption in the short wavelength region. In addition, both 
CS2 and Si3N4 are highly transparent in the visible region. 
Accordingly, the linear absorption of the solution could be 
safety omitted. The linear and nonlinear optical parameters 
of both CS2 and Si3N4 within a wavelength range from 
400  nm to 650  nm are taken from the reported ones (see 
Section 3 in Supplementary Information for more details).

Without loss of generality, we take the following 
parameters unless otherwise mentioned as NA = 0.8, 
τF = 100 fs, v = 80  MHz, and the average power of laser 
pulses P = 100 mW for numerical simulations. The optical 
forces on the Si3N4 nanoparticle immersed in CS2 solvent 
using tightly focused laser pulses are calculated with 
Eq.  (6) and shown in Figure 1. Figure 1A illustrates the 
distributions of the longitudinal forces Fz on the particles 
produced by focused laser pulses on the z-axis (x = y = 0) 
at different wavelengths from 400  nm to 650  nm. Here, 
positive (or negative) longitudinal forces mean that their 
direction is along the +z (or −z) direction. Obviously, the 
longitudinal forces exerted on the particle have different 
behaviors at different wavelengths. Within a wavelength 
range from 460 nm to 650 nm, the particle can be trapped 
at the focal plane due to the existence of the mechanical 
equilibrium point (e.g. Figure 1B1 and B2). However, in a 
short wavelength region (i.e. 400–460  nm), the particle 
will be pulled axially towards the light source owing to 
the strong negative longitudinal force. For an example, 
as shown in Figure 1B3, the longitudinal trapping force 
on the particle at 420 nm remains continuously negative 
during the pulling process. For the transverse force pro-
files, as shown in Figure 1C, the maximal y-axis force max

yF  
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is obviously larger than max.xF  This is due to the fact that, 
for the Rayleigh particle, the transverse force is propor-
tional to the intensity gradient of the focused beam. For 
the x-linearly polarized beam, the intensity gradient along 
the y-axis appears greater than that in the x-axis. Interest-
ingly, at a wavelength of 420 nm, the Rayleigh particle that 
is stably trapped in the transverse plane will be continu-
ously pulled towards the light source during the during 
the 1.5 λ range pulling process (see Section 4 in Supple-
mentary Information for more details).

To gain insight into the physical mechanisms for the 
pulling force of a nonlinear optical particle immersed in a 
nonlinear optical medium, we simulate the longitudinal 
force profiles on the z-axis and transverse force profiles on 
the y-axis for both the particle and solvent with or without 
optical nonlinearities at 420 nm. For the solvent without 
optical nonlinearity (i.e. χ3 = 0m ), as shown by the dotted 
line in Figure 2A, the positive longitudinal force destabi-
lizes the trap by pushing the particle away from the focal 
plane. When the optical nonlinear effect of the solvent is 
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considered (see the solid line in Figure 2A), however, the 
particle will be pulled towards the light source owing to the 
negative longitudinal force. For the sake of comparison, 
the results of the particle without optical nonlinearity (i.e. 
χ3 = 0p ) are also presented by the dashed line in Figure 2. 
It is shown that the pulling force still exists whether the 
particle exhibits the optical nonlinearity or not. Further-
more, the effect of the particle with optical nonlinearity 
on the pulling force is relatively weak compared with that 
of the solvent. On the contrary, as shown in Figure 2B, the 
transverse forces are nearly identical, whether the parti-
cle and the solvent have optical nonlinearities or not. It is 
also noted that the two-photon absorption is a dominant 
process in the optical nonlinearity of the CS2 solvent at 
420  nm (see Figure S3A in Supplementary Information). 
Thus, we conclude that the optical pulling forces on the 
Rayleigh particle are mainly contributed by the radiation 
forces originating from the two-photon absorption of the 
surrounding liquid.

Since the power of the laser pulses plays an important 
role in the nonlinear optical effect and subsequently the 
optical force, we present in Figure 3A the power depend-
ence of the longitudinal force at the focal point Fz(r = 0) 
and transverse force max

yF  normalized by the power P at 
420 nm. It is shown that the value of Fz(r = 0)/P becomes 
increasingly negative as the incident power increases 
owing to the two-photon absorption of CS2. At a relatively 
low power, Fz(r = 0) is positive, acting as the pushing force 
because of the relatively weak nonlinear optical effect. 
However, when the incident power increases beyond 
25  mW, Fz becomes negative and pulls the trapped par-
ticle. By contrast, the value of max /yF P slowly increases 
with increasing power. As described by Eq. (6), for the 
prescribed light field and the excitation wavelength, the 
radiation force and the gradient force are determined by 
Im(α) and Re(α), respectively. At the focal plane of the 
focused beam, the values of Im(α) and Re(α) are directly 

related to the longitudinal trapping force and the trans-
verse trapping force, respectively. The values of Im(α) 
and Re(α) as functions of P are shown in Figure 3B as 
expected. As described by Eq. (9), the polarizability arises 
from the contributions of both the linear and nonlinear 
parts. The linear polarizability is independent of P [see 
Eq. (10)]. However, the nonlinear polarizability depends 
on the incident optical power [see Eq. (12)]. The imaginary 
part of the polarizability [i.e. Im(α)] is directly related to 
the relative absorption coefficient of the particle and the 
ambient. Due to the relatively strong nonlinear absorp-
tion of the ambient, as shown in Figure 3B, the value of 
Im(α) decreases approximately linearly with increasing 
power. On the contrary, the real part of the polarizabil-
ity [i.e. Re(α)] depends on the relative refraction index of 
the particle and the ambient. The value of Re(α) slowly 
increases as the incident power increases, because of the 
weak nonlinear refraction effect. It should be emphasized 
that the value of Im(α) becomes negative at a relatively 
high power, resulting in the pulling force on the parti-
cle. To enhance the pulling force, one should decrease 
the negative value of Im(α). This can be done by increas-
ing either the two-photon absorption of the surrounding 
medium or the saturable absorption (equivalent to the 
nonlinear gain) of the particle.

The Si3N4 particle in CS2 is just used as one example 
of many possible combinations for producing the optical 
pulling force. To pull the Rayleigh particle confined 
transversely, there are two necessary requirements to be 
satisfied: (i) the particle must be stably captured in the 
transverse plane, i.e. Re(α) > 0; and (ii) the radiation force 
is negative and directs to the light source, i.e. Im(α) < 0. 
For the sake of simplicity, we consider the Rayleigh parti-
cle with the effective permittivity of ε ε χ= +eff 2

0 3 | |p p
p E  in CS2 

solvent at 420 nm. Figure 4 illustrates the distributions of 
the polarizability as a function of real and imaginary parts 
of the particle’s permittivity [i.e. εeffRe( )p  and εeffIm( )p ]. 
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As shown in Figure 4A, the value of Re(α), which is nearly 
independent of εeffIm( ),p  increases as εeffRe( )p  increases, 
resulting in the enhancement of the transversely trapping 
ability. It is found that the condition of ε >effRe( ) 3p  satisfies 
the requirement of Re(α) > 0. The distribution of Im(α) as a 
function of both εeffRe( )p  and εeffIm( )p  is shown in Figure 4B. 
Clearly, both the magnitude and the sign of Im(α) strongly 
depend on the values of εeffRe( )p  and εeffIm( ).p  The black 
line in Figure 4B corresponds the condition of Im(α) = 0. 
For a high-refractive-index particle with relatively strong 
absorption, namely, large values of both εeffRe( )p  and 

εeffIm( ),p  one obtains the positive value of Im(α). In this 
case, the radiation force is positive and destabilizes the 
trap. Interestingly, for particles with a relatively weak 
absorption, as shown in the bottom-left of Figure 4B, the 
value of Im(α) is negative. As a result, the radiation force 
is negative. When the negative radiation force provides a 
sufficient magnitude against the gradient force, the nano-
particle will be pulled towards the light source. According 
to this, many nanoparticles such as LiI and Al2O3 can gen-
erate the optical pulling force in the CS2 solvent at 420 nm. 
Thus there is a wide range of particles that can be chosen 
to utilize this traction behavior.

In addition, we also investigate the influence of the 
solvent’s permittivity on the polarizability of Si3N4 nano-
particles at 420 nm. As mentioned above, for the fixed par-
ticle, the linear refraction index [i.e. ε0Re( )m ] and nonlinear 
absorption coefficient α2

m of the solvent mainly determine 
the polarizability. Figure 5 illustrates the distributions of 
the polarizability as a function of both ε0Re( )m  and α2 .m  
Similar to results in Figure 4, it is found that the value 
of Re(α), which is nearly independent of α2 ,m  decreases 
as the value of ε0Re( )m  increases. For the solvent with a 
high refractive index and large nonlinear absorption coef-
ficient, interestingly, the value of Im(α) is negative as 
shown in the top-right of Figure 5B. The results suggest 
that the solvent with a strong nonlinear absorption effect 
(e.g. CS2) could provide the optical pulling force on Si3N4 
nanoparticles at 420 nm.

4  �Conclusions
In summary, we studied the time-averaged optical forces 
exerted on a Rayleigh particle immersed in nonlinear 
optical solvent using high-repetition-rate ultrafast laser 
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pulses. As an example, we investigated the character-
istics of the three-dimensional optical forces for Si3N4 
nanoparticles immersed in CS2 at different excitation 
wavelengths. Interestingly, it is shown that the Rayleigh 
particle confined transversely can be continuously pulled 
towards the light source during the pulling process at a 
specific wavelength (in this study 420 nm). The physical 
mechanism of the pulling forces is predominantly the 
negative radiation force originating from the two-pho-
ton absorption of the ambient liquid. Beyond the linear 
optics regime, the concept and results presented in this 
work provide a novel and practically nonlinear optical 
approach to manipulate optical forces, resulting in the 
particle transportation towards the light source.
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