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Abstract: This paper aims to investigate the heating 
behaviors of Y-TZP arrays under microwave irradiation. 
In this study, a three-dimensional numerical model 
of the microwave heating system was developed by 
COMSOL Multiphysics software. The numerical model 
was verified by microwave heating experiment, and the  
average root means square errors (RMSE) between  
the simulation and experimental data also confirmed the  
reliability of the model. The varying position and arrays 
of materials were applied to predict and visualize the 
three-dimensional distribution of the electromagnetic 
field and temperature during the microwave heating 
process. The results show that the temperature field dis-
tribution in microwave cavity was highly sensitive to the 
dielectric materials, the arrangement of the Y-TZP array 
interfered with the distribution of standing waves. The 
results can serve as references for the study to design 
and optimize the ceramic’s application in terms of mic-
rowave heating.
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Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.
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1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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1  Introduction
Biomass is an abundant green renewable resource that can 
be partially substituted for fossil energy. Biomass pyrolysis 
is one way of thermochemical conversion, producing 
plenty of chemical compounds: permanent gas, pyrolytic 
liquid (tar or bio-oil) and char [1]. Fast pyrolysis and 
carbonization, two main pyrolysis processes, are of interest: 
fast pyrolysis [2] and carbonization [3] for maximizing the 
bio-oil and the charcoal production, respectively. Fast 
pyrolysis offers the advantage of generating a liquid fuel 
(bio-oil), which can substitute for fuel oil or diesel in 
many static facilities including boilers, furnaces, engines 
and turbines for electricity generation. To improve the 
quality of the product, biomass rapid pyrolysis should be 
carried out with a quite high heating rate of the solid up 
to a moderate temperature (around 500°C) and with short 
residence time of the vapor-phase products [4]. 

Microwave dielectric heating has the potential to 
be rapid and energy-efficient [5,6] and has been widely 
applied in heterogeneous gas-phase catalytic systems 
and a variety of other fields including food processing [7],  
wood drying, plastic and rubber processing as well as 
curing and preheating of ceramics. In contrast with 
conventional heating, the dielectric material (microwave-
absorbing material) can quickly absorb microwave energy 
and convert it into thermal energy in the electromagnetic 
field [8]. It presents numerous advantages such as higher 
heating rates, selective heating, a better control of the 
heating process, reduced equipment size and reduced 
waste. As biomass materials are scarce receptors of 
microwave energy, which are hardly heated. But the added 
dielectric material acting as “microwave receptors” highly 
improves the conversion rate. In the fast pyrolysis process, 
excellent thermal conductive materials are indispensable 
as transfer carriers that can make biomass rapidly heated 
to moderate temperatures [9].

The zirconia ceramic (Y-TZP) material has good 
microwave absorbance, thermal stability and chemical 
stability without reacting with the sintered body. And it has 
good thermal shock resistance to be an ideal setter material. 
Guo et al. [10] reported the mixture of coconut-based 
activated carbon, coke and graphite has a better microwave 
absorbance than oxidized ilmenite. Therefore, it could be 
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speculated that Y-TZP, as a stable dielectric material, can 
be mixed with biomass to improve the microwave heating 
rate, and the mixture is likely to be a good microwave-
absorption material, i.e., the rapid pyrolysis of biomass can 
be realized by absorbing the heat energy exchanged from 
the external surface of zirconia ceramic [11,12].

Experiments are of great importance for investigating 
microwave heating, however, the electromagnetic 
evolution during heating cannot be physically measured. 
Furthermore, it is hard to predict the internal thermal 
field of heated material [13,14]. Over the last two decades, 
numerical simulation has become a promising tool to 
quantize and visualize the complex microwave heating 
process. As a powerful software package, COMSOL 
Multiphysics is feasible to simulate microwave heating 
by coupling electromagnetic and heat transfer physics 
[15-17]. The field of microwave heating has attracted a 
lot of researches with numerical modeling and analysis 
techniques. Despite extensive research, the complexity 
of interactions among multimode cavity microwave 
and materials impeded the development of reliable 
theoretical models. Most of the microwave simulation 
researches focused on variables such as microwave 
frequency, power input, heating time, sample size and 
so on [18,19]. However, there are few studies focusing on 
the effect of dielectric material physical array distribution 
of absorbance. From the perspective of efficient usage of 
microwave energy and cost control, it is more feasible to 

adjust the material’s position and size to achieve optimal 
microwave absorbance. Therefore, accurate estimating 
of the electromagnetic-thermal distribution of Y-TZP in a 
microwave cavity is critical to microwave processing.

The main purpose of this paper is to establish a 
coupled model of electromagnetic and heat transfer to 
investigate the thermal behavior of Y-TZP under microwave 
irradiation. The specific achievements of this research 
work are: (i). A numerical model of the microwave heating 
system was developed by COMSOL Multiphysics software 
(ii). The model was verified through the microwave heating 
experiments. (iii). The three-dimensional distribution of 
the electromagnetic field and temperature was modeled 
based on different parameters (sample height, sample 
periodic array distribution, missing array distribution). 
This study will provide the basis for parameter optimization 
in the microwave heating process design.

2  Model formulation

2.1  Geometric model

The microwave heating system in this work is designed 
and fabricated by the Key Laboratory of Unconventional 
Metallurgy of the Ministry of Education, Kunming University 
of Science and Technology (Figure 1). The geometric model 

Figure 1: Schematic diagram of the geometric model.
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developed in COMSOL Multiphysics was the same as the 
size of the experimental device, and the global model size 
parameters shown in Table 1. The computer-controlled 
magnetron generated microwave energy and supplied into 
the microwave cavity through the waveguide (x-direction). 
The mode of the microwave was assumed to excite the TE10 

mode wave at 2.45 GHz frequency. The temperature of the 
material was measured by an infrared thermometer, all 
sensors use the same mounting hardware and (Raytek) 
DataTemp Multidrop software. The infrared thermometer 
converted the radiant energy (infrared rays) into an 
electrical signal, which reflected by material. The infrared 
thermometer was aligned with the material, and the angle 
of the infrared thermometer was adjusted according to the 
position of material.

2.2  �Governing equations and boundary 
conditions

The COMSOL simulation design for the microwave 
cavity is the solution of Maxwell’s equations under 
certain boundary conditions and excitation conditions. 
The Maxwell’s equations describing the essential 
characteristics of electromagnetic fields listed in Table 2.

The energy absorbed (Pab) by the material is converted 
as follows:

	

ωε ε
=

″
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The dielectric permittivity (εr) of the material is expressed 
in complex form as:
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where = -j 1, and εŕ  is the dielectric constant (F/m) that 
reflects the capacity of the material to store electromagnetic 
energy, whereas εr̋  is the loss factor that dominates the 
conversion of electromagnetic energy into heat. 

By eliminating E from Maxwell equations, the 
following Helmholtz equation of electric field vector 
fluctuation can be obtained:

	

µ ε σ

ωε
( )∇× ∇ × - -













 =- E Ek j 0

r r
1

0
2

0

� (3)

where wave number in free space, k0 is defined as:

	

ω
=k
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where c0 is the speed of light in vacuum.
The thermal and heat transfer conditions for the 

Y-TZP ceramics applied according to Eq. 5. This equation 
coupled the electromagnetic heating module of COMSOL 
with those of the heat transfer by Fourier’s energy balance 
equation as follows:

	
ρ ( )∂

∂
= ∇ ⋅ ∇ +C T

t
k T Q

P
� (5)

where ρ is the density (kg/m3), CP is the specific heat 
capacity (J/(kg  ·  K)), k is the thermal conductivity  
(W/(m · K)) of the material, T is the temperature (K) and Q 
is the heat source.

Table 1: Global model parameters.

Depth (mm) Width (mm) Height (mm) Radius (mm)

Microwave cavity 600 – – 250
Waveguide 54.61 109.22 180 –
Y-TZP ceramics – – 150 to 450 20

Table 2: Maxwell’s equations.

Maxwell’s equations Governing laws Terms

∇ × H = -jωε0ε*E Maxwell-Ampere’s law E – electric field intensity
∇ × E = -jωμH Faraday’s law H – magnetic field intensity
∇ · (εr E ) = 0 Gauss law e electric ω – angular frequency
∇ · H = 0 Gauss law e magnetic fields μ – permeability

ε0 – free space permittivity
εr – complex dielectric permittivity
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The heat source (Q) in Eq. 5 represents the 
electromagnetic losses (Ql), due to an electrical and 
magnetic field and is given by Ref.

	
= +Q Q Q

l rh ml � (6)

where the resistive losses (Qrh) is given by:

	
( )= ⋅ReQ J E1
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and magnetic losses (Qml) is given by:
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A perfect electrical conductor boundary condition was 
defined for the microwave cavity walls and waveguide, 
whereas the perfect magnetic conductor boundary 
condition (n × H = 0) assigned for the symmetry boundaries.
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The properties in Eq. 9 such as relative permittivity (εr), 
relative permeability (μr), and electrical conductivity (σ) 
are all taken from the material. The symmetry boundary 
considers that there is no heat flux across the boundary 
and that the boundaries are thermally well insulated 
which is defined by the following equation:

	
( )⋅ ∇ =n k T 0 � (10)

2.3  Material

The zirconia ceramics (Y-TZP) was supplied by Jiangxi 
Pingxiang Baitian New Material Co., Ltd. The typical 
Purity Data (%) of zirconia ceramics were determined by 
Foshan Ceramics Research Institue Co, Ltd, and the results 
are as follows: 94.75 of ZrO2, 4.90% of Y2O3, 0.30% of Al2O3, 
0.01% of Fe2O3 and 0.01% of Na2O. The thermal and electric 
properties of the Y-TZP shown in Table 3.

2.4  Mesh size

The mesh element sizes differed based on the problem 
definition and the effect of various parameters studied in 

this paper, free tetrahedral mesh element selected for the 
whole geometry. The number of tetrahedral and triangular 
elements was 191896 and 8764. However, to ensure the 
simulation converges and to get an accurate result, the 
maximum mesh element size in the Y-TZP was refined 
to 4.7 mm, while a predefined normal mesh element size 
of 24 mm selected for the multimode cavity, reactor, and 
waveguide.

Grid Element Quality (MEQ) measures the 
morphological regularity of mesh elements, which 
is essential for model validation, and lower MEQ 
poses problems for model convergence, the model 
is considered reliable when MEQ  >  0.3 [21]. The 
visualization and statistical statistics of MEQ are shown 
in Figure 2, respectively. It can be clearly found that the 
quality of the model unit is satisfactory, and the model 
is considered to be reliable.

2.5  Assumptions

Even though there has been rapid advancement in the 
computational software to provide accurate results that 
can be applied in real a case with maximum confidence, 
still one cannot avoid numerical errors arising from the 
sparse discretization of time and space domain. Hence, 
assumptions need to be made in order to simplify the 
problem and reduce computational time.

1.	 Constant dielectric properties and thermal conductivity 
properties were applied when solving the heat transfer 
equations.

2.	 No heat transfer was considered from the surrounding 
cavity and environment.

3.	 The mass transfer and shrinkage of Y-TZP ceramics 
were assumed negligible.

Table 3: Thermal and electric properties of Y-TZP used for  
simulation work.

Material properties Unit Values

Y-TZP Copperb Airb

Relative permittivity 1 27-1.112*j a,c 1 1
Relative permeability 1 1 1 1
Electrical conductivity S/m 0.056 5.998e7 0
Thermal conductivity W/m K 2c 400 0
Density kg/m3 6030c 8960 –

a Taken from Ref [20].
b Taken from COMSOL built-in material library.
c This study.
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4.	 Detailed simulation on how the energy was 
extracted from the waveguide into the cavity was 
not modeled.

5.	 The waveguide port was excited by a transverse 
electric field in the x-direction.

6.	 The quartz glass plate was not modeled because it 
was transparent to the microwave. 

3  Experimental work and validation
Upon entering system geometry and defining the 
boundary and initial conditions in COMSOL Multi-
physics, the partial differential equation solve by the 
Finite Element Method. The calculation time range was 
from 0 to 300 with each step of 30 s. The whole process of  

Figure 2: Construction of resonant cavity grid: (a) the visualization of MEQ distribution in model, (b) the MEQ statistics in the model.
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keeping applying a power of 1000 W and a frequency  
of 2.45 GHz. There are two combinations in this study,  
A and B, as shown in Figure 1. Y-TZP ceramics were placed 
in the x and y planes component along the microwave 
excitation direction. Based on the combinations, the 
height of the Y-TZP varying along the z component red 
line, moved from 150 to 450 with a step of 100 mm. 

To evaluate the model accuracy between the 
experimental and simulated temperature data, the root 
means square error (RMSE ) is defined as:

	
∑ ( )= -

=
RMSE

n
T T1

i

n

s e1

2
� (11)

where Te and Ts are the experimental date and simulated 
temperature, respectively.

The numerical model can record the temperature at 
any position of the sample. Figure 3 shows the simulated 
temperature and experimental data at the upper surface of 
the Y-TZP ceramics. It can be seen that agreement between 
the experiments and simulations was quite reasonable, 
and the RMSE range from 50.34 to 53.38 K. This error 
could be attributed to the assumption of monochromatic 
and material properties, e.g., a magnetron operates at a 

range of frequencies, the permittivity of Y-TZP also could 
cause the deviations of simulation temperature from 
experimental data. Agreement between the experiments 
and simulations is quite reasonable due to this is a complex 
couple microwave heating simulation, although the errors 
are inevitable, the mathematical model is still reliable [22].

4  Results and discussion

4.1  �Effect on Y-TZP height in the  
microwave cavity

The distribution of the electric field and temperature 
distribution in the cavity are exhibited in Figures 4 and 5, 
rainbow maps are used in profiles, where red represents 
a high-intensity region and blue is a low-intensity region.  
One of the caused for non-uniform heating of Y-TZP subjected 
was the extremely uneven electric field distribution 
within the cavity, as shown by the electric field in the  
z component and y component. The effect of the materials’ 
height on temperature profile was clearly, the heating rate 
got modified with height varying, it means that the Y-TZP 

Figure 3: Comparison of the experimental and simulated temperature evolution of Y-TZP, h = 250 mm and h = 350 mm.
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Figure 4: Influence of the variations of height on the heating rate and temperature distribution, combination A.

Figure 5: Influence of the variations of height on the heating rate and temperature distribution, combination B.
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position affected the electric fields. The heating curve shows 
the temperature in the center of the Y-TZP for heating 300 s. 
Interesting, compared with two combinations that there has 
a common characteristic, the heating rate was the fastest at 
first 27 s, and then the heating rate became slower. At the 
initial stage of microwave heating, with heating process, 
the polar molecules to rotate and realign to alternate 
electromagnetic field, a multitude of molecular rotation 
and collision generate friction thereby resulting in heat 
quickly. The dielectric loss factor changes and stabilizes 
after reaching the critical temperature, which also makes 
the microwave heating rate tend to be stable [23].

It is widely accepted that the heating rate of the material 
greatly depends on the electric field intensity. Higher electric 
intensity leads to more microwave absorption [24,25]. The 
electric field diagrams of Y-TZP moved from the bottom of the 
microwave cavity to the top, the red area represents the high 
intensity, and the blue indicates the low intensity. Obviously, 
the addition of Y-TZP affected the distribution of standing 
waves, it caused a non-uniform electric field distribution 
in the microwave cavity. Y-TZP has a better microwave-
absorbing effect, where located in a strong electric field area. 
Furthermore, it caused thermal runaway because of the large 
gradient of the field strength difference around the Y-TZP. 

The non-uniform heat generation with microwave 
irradiation due to the spatial variations of the 
electromagnetic field or non-homogeneous distribution of 
material. The high-temperature areas in the material are 

usually known as ‘hot spots’ [22]. It can be seen from the 
temperature diagram that the temperature distribution 
was significantly affected by the materials’ height. With 
the materials’ height varying, there was a vast difference 
between the highest temperature (hot spot) and the lowest 
temperature (cold spot). Both combinations’ hot spots 
were around h = 350 mm, the hot spot of combination 
A reached to 748 K, and the combination B was 825 K. 
Unusually, the hot spot not only appeared close to the 
waveguide but also appeared in the distance.

4.2  Effect of global total cumulative energy

After the height of the Y-TZP ceramics reached to h = 220 mm  
from the bottom of the cavity, the heating curve tended 
to be more consistent., combination B of temperature was 
generally better than combination A in general. Hence, 
this section focus on an analysis of the arrangement of 
combination B. In order to be more optimized and more 
precise, parametric scanning was defined in the range from 
320 to 370 mm, with a step length of 10 mm. The profiles 
of simulation results limited the temperature legend 
boundary, plan view of the temperature distribution 
(Figure 6) shows the hot spot occurred at h = 340 mm, 
where the center position has the highest temperature.

There is a significant gradient change in energy 
accumulation at different heights as exhibited in Figure 7. 

Figure 6: The temperature distribution profiles of combination B, height range from 320 to 370 mm.
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The energy accumulation effect increased firstly and then 
decreased with the height increased. The curves followed 
the great trend at the height of 330 and 340 mm. Before 
27 s, the speed of the overall geometric energy gathered 
increased, and the maximum rate occurred at h = 340 mm, 
where is consistent with the thermal field distribution in 
Figure 6, i.e., the interaction of the electric field with Y-TZP 
has a best coupled [26,27].

4.3  �Effect of a missing array element  
of the sample

Through the above calculation work, the heating effect 
was best when Y-TZP was located at h = 340 mm. Deleted 
elements of the initial symmetrical Y-TZP, the heating curve 
of the missing array is shown in Figure 8, the solid line 
in the profile represents the heating curve of the original 
periodic array, and the dashed line represents the heating 
curve after the missing element; mat1, mat2. mat3, mat4, 
and mat5 represent the position of Y-TZP, the temperature 
monitoring points were the three-dimensional center 
intercept point of the Y-TZP.

The heating curves of the missing array are exhibit in 
Figure 8. The heating rate of the missing array model was 
significantly improved. For combination A, missing the 
mat1 near the waveguide (Figure 8a) or missing the mat3 far 
away from the waveguide (Figure 8b), the temperature of 

the outer layer increased 100~200 K in generally. removed 
mat1, the temperature of mat3 can reach to 900 K in 300 s;  
For combination B, removed mat1 and mat2 (Figure 8c), 
the temperature of mat5 increased 150 K than before, but 
there was a little change for mat3 and mat4. When mat3 
and mat4 were removed (Figure 8d), the temperature has 
greatly improved than before. With microwave irradiation 
for 300 s, all the materials’ temperature rose more than 
870 K, especially the center mat5 reached to 950 K.

The geometrical simulation and experimental data 
are shown in Figure 9, which used the arrangement of 
Y-TZP in Figure 8d. There were two spherical symmetrical 
distributions near the waveguide, and another one 
located on the central line of the waveguide port, the 
missing array presented as a triangular, and the infrared 
thermocouple aligned mat1 for temperature measurement. 
The experimental results were agreement to the simulated 
data, the error of the model has described in section 3. The 
array of Y-TZP varying resulted in more microwave energy 
converted into heat, and the Y-TZP reached the specified 
temperature in a shorter time.

4.4  Equivalent circuit analysis

According to the characteristics of electric field distribution 
in the cavity, placed the Y-TZP at the high electric intensity 
fields, the optimal coupling results can be obtained by 

Figure 7: Global total cumulative energy rate (W), height range from 320 to 370 mm.
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Figure 8: The heating curve for missing array of Y-TZP, at h = 340 mm.

Figure 9: Comparison of the experimental and simulated temperature evolution of Y-TZP, at h = 340 mm.
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microwave irradiation. The great absorption of Y-TZP 
achieved at Y-TZP near waveguide and h = 340 mm. The 
equivalent circuit was used to analysis the microwave-
absorbing of mat1, mat2 was better than mat3, mat4. 
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In the equivalent circuit, the microwave considered 
as the current, and the Y-TZP considered as the resistors. 
Defined the air dielectric loss and the reflection of the 
metal wall as RL, mat1, mat2, mat3, mat4, and mat5 
represents the resistors R1, R2, R3, R4, R5, respectively. For 
the current passed through the resistor, following the 
principle of energy conservation, the resistor blocked and 
reduced a part of the current and converted into heat. As 
shown in Figure 10, for Y-TZP neared to the waveguide, 
the microwave transmission distance increased, it led 
the value (RL) of air dielectric loss and the reflection loss 
became larger, i.e., the value of RL1 was higher than RL2. The 
initial value was regarded as the same current in Eq. 13,  
R1, R2, R3, and R4 were connected in parallel with the 
circuit, the total value of Rb was less than Ra. With current 

passing through Ra, Rb, resistance loss and converted into 
more thermal energy (Wb > Wa).

5  Conclusions 
In this paper, using COMSOL Multiphysics software 
simulated the microwave heating the array of Y-TZP, the 
numerical coupled electromagnetic and heat transfer 
equations were successfully solved. This model was verified 
by the microwave heating experiment and the average 
root means square errors, and the simulated temperature 
obtained has a good agreement with the experimental data. 
The varying parameters of Y-TZP were applied to visualize 
the three-dimensional distribution of the electromagnetic 
field and temperature during microwave heating process. 
The following results are obtained:

(1)	 The varying parameters of Y-TZP affected temperature 
distribution and thermal behavior. 

(2)	 The arrangement of the Y-TZP array interfered with 
the distribution of standing waves.

(3)	 The missing array elements have a great influence on 
Y-TZP microwave absorbing.

Among the aspects that have not been given 
consideration in this study and whose importance should 
be evaluated by the development of more advanced 
models. A further analysis of the influences of the medium 
dielectric properties and the size/shape of both materials 
are also needed for the successive steps of technology 

Figure 10: Schematic diagram of equivalent impedance matching.
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design and optimization. Finally, detailed measurements 
of the field variables and properties of material are needed 
for improving the knowledge of the process fundamentals 
and for experimental validation of comprehensive models.
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