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Seyit Temir

CONVERGENCE OF AN IMPLICIT ITERATION PROCESS
WITH ERRORS FOR TWO ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS

Abstract. The purpose of this paper is to introduce an implicit iterative process
with errors for approximating common fixed point of two finite families of asymptotically
nonexpansive mappings in the framework of Banach space. The results presented in this
paper extend and generalize the corresponding results of Qin et al. [Convergence analysis
of implicit iterative algorithms for asymptotically nonexpansive mappings, Appl. Math.
Comp. 210 (2009), 542-550], Thakur [Weak and strong convergence of composite implicit
iteration process, Appl. Math. Comp. 190 (2007), 965-973] and some others.

1. Introduction

Let K be a nonempty subset of a real Banach space X and T': K — K
be a mapping. Let F(T) = {x € K : Tz = z} be denoted as the set of fixed
points of T

A mapping T : K — K is called nonezpansive provided

T2 — Tyl < ||z -y,

for all z,y € K and n > 1.

An important generalization of the class of nonexpansive mappings and
the class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [4]. They proved that every asymptotically nonexpansive self-
mapping of a nonempty closed convex subset of a uniformly convex Banach
space has a fixed point.

T is called asymptotically nonexpansive mapping if there exists a sequence
{kn} C [1,00) with lim,,_,~ k, = 1 such that

[T"z = T"y[| < Enllz —yll,
for all z,y € K and n > 1. A mapping T : K — K is called uniformly
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Lipschitzian with a Lipschitzian constant L > 1, if there exists Lipschitzian
constant L > 1 such that

[Tz = T"y|| < Lllz —yl,

forall x,y € K and n > 1. It is obvious that an asymptotically nonexpansive
mapping is also uniformly L-Lipschitzian with L = sup{k, : n > 1}.

In 2001, Xu and Ori [10] introduced an implicit iteration process for a fi-
nite family of nonexpansive mappings. Xu and Ori [10] proved the weak
convergence of an implicit iterative process to a common fixed point of the
finite family of nonexpansive mappings defined in Hilbert space. Zhou and
Chang [11], in 2002, studied the weak and strong convergence of implicit
iteration process to a common fixed point for a finite family of nonexpan-
sive mappings in Banach spaces. Chidume-Shahzad [2], in 2005, proved the
strong convergence of an implicit iteration process to a common fixed point
for a finite family of nonexpansive mappings in Banach spaces. Sun [7], in
2003, extended an implicit iteration process for a finite family of nonexpan-
sive mappings due to Xu and Ori [10] to the case of asymptotically quasi-
nonexpansive mappings in a setting of Banach spaces. Chang et al. [1], in
2003, studied the weak and strong convergence of a Mann implicit iteration
process with errors to a common fixed point for a finite family of asymp-
totically nonexpansive mappings in Banach spaces. Qin et al. [5], in 2009,
proved the weak and strong convergence theorems of an implicit iterative
process with errors for two finite families of asymptotically nonexpansive
mappings in the framework of Banach spaces. Thakur [9], studied weak and
strong convergence of composite implicit iteration process for a finite family
of asymptotically nonexpansive mappings in Banach spaces.

The purpose of this paper is to establish weak and strong convergence
theorems of the following implicit iterative process for two finite families
of asymptotically nonexpansive mapping in Banach space. In this paper,
motivated and inspired by [10], [5], [9], we introduce the following implicit
iteration process for two finite families of asymptotically nonexpansive map-
pings. Let K be a nonempty subset of Banach space X. Let 1T1,T5,...,Tn
and Sp, 59, ..., SN be asymptotically nonexpansive self-mappings on K. Let
{un}, {vn} be two bounded sequences in K and {a,},{5,} be two real se-
quences in [0,1]. For arbitrary zp € K, the sequence {z,} is generated as
follows:

T = Qq1xg + (1 — Oél)Tl [ﬁll‘o + (1 — 61)51:131 + Ul] + uq,
xo = asx1 + (1 — o) Ta[Baxr + (1 — B2)Saxa + v2] + ug,
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zy =anzy_1+ (1 —an)ITn[Byen—1 + (1 — BN)SnaN + vN] + un,
N1 = anp1zn + (1 — an 1 TE Btz 41

+ (1= Bn41)SieN41 + vn41) + un1,

Ton = aonTan—1 + (1 — aon) T [BanTan
+ (1 — Bon)S&wan + van] + uan,
Ton+1 = Qon12Zon 4 (1 — aony1)TE[Ban11Zan 11

+ (1 = Bon11)S3xoni1 + vany1] + uan 1

which can be written in the following compact form:

Yn = /ann—l + (1 - Bn)slk((nn))xn + Un;

(n)

n

(1.1)

k
Ty = QpTp—1 + (1 - Oén)Tl( Yn + Un,

Vn > 1, where n = (k(n) — 1)N +i(n), i(n) € {1,2,..., N}, k(n) > 1.

2. Preliminaries and notations

Throughout this paper, we assume that X is a real Banach space, K is
a nonempty closed convex subset of X and F(T') is the set of fixed points
of T. A Banach space X is said to be uniformly convex if the modulus of
convexity of X

eyl
ote) =t {1 = P8 o = ) = 1o =gl = > 0

forall 0 < e <2 (ie, 0:(0,2] — [0,1]).

A Banach space X is said to satisfy Opial’s condition if for each sequence
{zn} in X, x, — x implies that limsup,,_, . ||z, —2z| < limsup,,_, ||zn—y||
for all y € X with y # x, where x,, — x denotes that {z,} converges weakly
to x.

In order to prove the main results of this paper, we need the following
statements:

LEMMA 2.1. [3] Let X be a uniformly convexr Banach space, K be a non-
empty closed convex subset of X and T : K — K be an asymptotically
nonexpansive mapping with F(T) # 0. Then I — T is semi-closed at zero,
i.e., for each sequence {x,} in K, if {x,} converges weakly to p € K and
{(I =T)zp} converges strongly to 0, then (I —T)p = 0.
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LEMMA 2.2. [8] Let {an}, {bn} and {c,} be sequences of nonnegative real
numbers satisfying the following conditions: Yn > 1, apt1 < (14 04)an +bn,
where Y7 op < 00 and Y02 g by < 00. Then limy, o0 a,, exists.

LEMMA 2.3. [6] Let K be a nonempty closed convex subset of a uniformly
conver Banach space X and {r,} be a real sequence in [6,1 — ¢], for some
0 €(0,1). Let {zn} and {yn} be two sequences in K such that

lim sup ||z,|| < d, limsup ||y, || < d
n—00 n—00

and
limsup ||rp2n + (1 — 70)ynl| = d

n—oo

hold for some d > 0. Then
Jim[|z, = yn| = 0.

Let X be a Banach space and K be a nonempty closed convex subset
of X. Let T, T5,..., Ty and 51,53, ..., Sy be asymptotically nonexpansive
self-mappings on K There exists a sequence {k%} C [1,00) with ki — 1 as
n — oo such that |77z — T'y|| < kY||z — y||, for all z,y € K and n > 1.
In similar way, there exists another sequence {u} C [1,00) with uf, — 1 as
n — oo such that ||S'x S"y|| <tz —yl, for all 2,y € K and n > 1.

Letting h, = max{k}, k2, ... kN, ul p2,..., iV}, we have that {h,} C
[1,00) with h, — 1 as n — oo and ||[T)'z — Ty|| < K |lz — y|| < hallz — ]|
and ||Stz — Syl < pllz — yl| < hullz — y||, for all z,y € K and for each
i=1,...N.

Moreover, let Ty, T5, ..., Ty and S1,Ss, ..., Sy be asymptotically nonex-
pansive self-mappings on K. {T; : i € {1,...,N}} and {S; : 1 € {1,...,N}}
are uniformly Lipschitzian with a Lipschitzian constant L > 1 if there exists
Lipschitzian constant L > 1 with L = sup{h,, : n > 1} such that

T3z = Ti'yll < Lllz —yll and [|S7z — S57'yl| < Lz — yl|,
for all z,y € K and n > 1.

DEFINITION 2.4. Let T1,T5,..., Ty and S1,.52,...,SN be asymptotically
nonexpansive self-mappings on K with F = ﬂf\i L F(T)NF(S;) # 0 are said
to satisfy condition (A) on K if there is a nondecreasing function f : [0, oo) —
[0, 00) with f(0) = 0, f(r) > 0, for all 7 € [0, o) such that max;<,<n{3(||z—
Tox|| + ||z — Sez|))} > f(d(z, F)), for all z € K.

3. Convergence of implicit iteration for two finite families asymp-
totically nonexpansive mappings
Let X be a Banach space and K be a nonempty closed convex subset
of X. Let 11,75, ..., Ty and Sy, 59, ..., Sy be asymptotically nonexpansive
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self-mappings on K. For any x,_; € K, and {a,},{Bn} € [0,1], define
W,: K— K
Wn(x) = QpTn—1+ (1 — an) [ﬁnl‘n 1+ ( 5n) Zk((nn) xr + Un] =+ Up.

For any xz,y € K

[Wa(@) = Wa(y)]
= flan@nt + (1 - an)T, (n) [ﬁnxn 1+ (1= 62)S
— [anzn-1 + (1 - an)T} [ﬂnmn 14+ (1= Ba)Sin)y + va] + |
< (1=an)L||Buzn-1+(1 m 0= [Buwam1+ (1= Ba) Sy y+va] |
< (1= an)LI(1 = B)lIS{ e = S5 yl] < (1= an) LI = B) Ll =yl
(1= an)L[(L = Ba) L]z =yl < (1 = an)(1 = Bu) L2z — ]

If 1?2 < m for all n > 1, then W, is a contraction. By Banach

contraction mapping principal, there exists a unique fixed point z,, € K such
that

T = Walzn) = annoy + (1= an) T By + (1 - B) S5

k(n)x + vp| + up,

IN

T+ Vp ]+ Up.
That is, the implicit iterative process (1.1) is well defined.

LEmMmMA 3.1. Let X be a real Banach space, K be a nonempty closed
convex subset of X, {T; : i € {1,...,N}} and {S; : i € {1,...,N}} be
two finite families of asymptotically nonexpansive self-mappings of K with
F= ﬂf\il F(T,)NF(S;) # 0. Let {un}, {vn} be two bounded sequences in K
and {an}, {Bn} be two real sequences in [0,1]. Let {hy,} be a sequence such
that {hn} C [1,00) with h, — 1 as n — oo and L = sup{h, : n > 1} > 1.
Let xy € K be any given point, {x,,} be the sequence defined by (1.1), satis-
fying the following conditions:

(1) 252 (hn — 1) < 00
(2) there exist constants 11,72 € (0,1) such that 0 < 71 < (1 — ), (1 —Bn)
< Ty, foralln>1,

(3) 3 | < 00, 52 lowl| < o0,
Then lim,, o0 ||z, — p|| exists for all F = (N, F(T;) N F(S;) # 0.
Proof. From (1.1), we have for any p € F = Y, F(T;) N F(S;) # 0,
(B Ny =2l = 1Bazar + (1= B)S| 0+ va) = 2

< Ballzn—1 —pll + (1 - %)HSZ(,L =2l + loal
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< Bulln—1 = pll + (1 = Bu)hnllzn = pll + llvall.
On the other hand, we have that
k
(32)  Jan —pl = (ann—1+ (1 = an) TSy + un) — |
k
< anflen = pll + (1= an) T4 yn = ol + unl|
< anllzp—1 = pll + (1 — an)hallyn — pll + [uall-
Applying (3.1) to (3.2), we obtain
(3.3)  llzn —pll € anllzn—1 —pll + (1 = an)hnBn||zn-1 — Pl
+ (1= an)(1 = Ba)hylzn — pl
+ (1 = an)hnlon | + [lunl,
S (an + (1 - an)hnﬂn)uxn—l _pH
+ (1= )1 = Ba)hipllen — pll + Lllva| + [Junll

Here we take kp, = (h, — 1) and 3, = 2k, + k2 = (h2 — 1) and set (3.3). Tt
follows that

(1+ kn) L||vn|| + |lun]|
3.4 —pl| € ———L—\lzp_1 — _
(34) e =l < g sl =l + T
Ty + K + Op Ljvn || + [Jua]|
< (1 7) - WU ll T Ml
_< + 1—7’2—5n ||xn ! p||+ 1—7'2—5n

By condition (1), > 72 kn < 00, and so > ;o d, < 00, 0, — 0. There-

fore, there exists a positive integer ng such that é,, < 1_272, for all n > ng.

This implies that

2(r9 + Ky, + 0 2L||v, || + 2||u
35) oo —pl < (14 2 gy g 2 2]
< (1 + O'n)H:Enfl *PH +Sn, VN 2> nyg,
where o, = M%:;M and ¢, = %—g”q‘"” Taking infimum over all

p € F, we have
d(xn, F) < (1+op)d(zn-1,F) + Sn-

It follows from Lemma 2.2 that lim, ||z, — p|| exists, lim,_ oo d(zy, F)

N
exists for each pe F= (| F(T;) N F(S;). m
i=1

THEOREM 3.2. Let X be a real Banach space, K be a nonempty closed
conver subset of X, {T; :i € {1,...,N}} and {S; : i € {1,...,N}} be two
finite families of asymptotically nonexpansive self-mappings of K with F =
ﬂij\il F(T;))NF(S;) # 0. Let {un}, {vn} be two bounded sequences in K and
{an}, {Bn} be two real sequences in [0,1]. Let {h,} be a sequence such that
{hn} C [1,00) with hy, = 1 asn — oo and L = sup{h, : n > 1} > 1. Let
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xo € K be any given point, {x,} be the sequence defined by (1.1) satisfying
the following conditions:

o0

(1) > (hn —1) < o0,

n=1
(2) there exist constants T1, 172 € (0,1) such that 0 < 71 < (1 —aw,), (1 —Bn)
< Ty, foralln>1,

(3) 2onzy llunll <00, 3252 [lvnll < oo
Then the implicit iterative sequence {xy,} converges strongly to a common
fized point p € F = (., F(T;) N F(S;) if and only if
(3.6) lim inf d(z,,, F) = 0.

n—oo
Proof. The necessity of condition (3.6) is obvious. Next, we show the suffi-
ciency. For any p € F = ﬂivzl F(T;) N F(S;), we have by (3.5), ||z, —p| <

14+ 0)||Tn-1—p| +n, where > °° 0, < oo and Y °° . ¢, < co. Hence, we
n=1 n=1
find

(3.7) d(xn, F) < (1+op)d(zp-1,F) + Sn,
for all n > 1. Tt follows from (3.7) and Lemma 2.2 that liminf,,_, d(z,, F)
exists. By assumption lim inf,, o d(x,, F) = 0, we obtain

lim d(z,,F)=0.

n—oo
Next, we show that {z,} is a Cauchy sequence in K. Notice that 1 +t <
exp(t), for all t > 0. From (3.6), for any p € F, we have

n+m n+m n+m
[@ntm =l exp (D o) lan—pl+exp (Y o) (D <)
i=n+1 i=n-+2 i=n+1
o
< Mllzn —pll+M( Y i),
i=n+1

for all natural numbers m, n, where M = exp{}> >, 0,} < 4o0. Since
lim,, o0 d(zp, F) = 0, for any given € > 0, there exists a positive integer Ny
such that for all n > Ny, d(z,, F) < WEM) and > 7% ¢ < 5y7. There

exists px € F = ﬂf\il F(T;) N F(S;) such that ||z, —px*| < IEESTIR
Hence, for all n > Ny and m > 1, we have

|Zn+m — Toll < |Tngm —p* || + |20 —p* ||

<M —prl+ (3 )

i=n+1
_(Oane Moy
201+ M) ' 2M
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which shows that {x,,} is a Cauchy sequence in K. Thus, the completeness of
X implies that {x,} is convergent. Assume that {z,} converges to a point p.
Then p € K, because K is closed subset of X. The set F = ﬂfvzl F(T;)NF(S;)
is closed. lim, o d(x,, F) = 0 gives that d(p,F) = 0. Thus p € F =
ﬂfil F(T;) N F(S;). This completes the proof. m

LEMMA 3.3. Let X be a uniformly convex Banach space, K be a nonempty
closed convex subset of X, {T;:i € {1,...,N}} and {S;:i € {1,...,N}} be
two finite families of asymptotically nonexpansive self-mappings of K with
F= ﬂf\il F(T,)NF(S;) #0. Let {un}, {vn} be two bounded sequences in K
and {an},{Bn} be two real sequences in [0,1]. Let {h,} be a sequence such
that {h,} C [1,00) with hy, — 1 asn — 0o and L = sup{hy, : n>1} > 1. Let
xo € K be any given point, {x,} be the sequence defined by (1.1), satisfying
the following conditions:

(1) 22521 (hn = 1) < o0,
(2) there exist constants T1, 72 € (0,1) such that 0 < 71 < (1 —aw,), (1 —Bn)
<1, for allm > 1,

(3) 2ot llunll < o0, 32024 [lvnl| < occ.
Then limy, o0 |20 — p|| ewists for all F = O, F(T;) N F(S;) # 0. The
sequences {xn} and {yn} are defined by (1.1), the following conclusions hold:

Tz, — xp|| = lim || Sezy, — x| =0,¥4=1,2,...,N.
n—oo

lim
n—oo
Proof. By Lemma 3.1 for any p € F, lim,,_, ||z, — p|| exists. Let
(3.8) Jim |z, —p[| = d.
Now suppose d > 0. It follows from (3.8) and (1.1) that

(3.9) llzn = pll = lanl(@n-1 = p) + tn] + (1 = ) (T3 0 — p) + un ||

By virtue of (3.8) and the condition (3), we have
(3.10)  limsup [[[(zn—1 = p) + up]|| <limsup(||z,—1 = pl| + [Junll) < d.
n—oo

n—oo
) k
(3.11) hm_)sup |](71(,(3)yn —p) + unl|
n (o]
. k
< limsup ||TZ(£S)yn —pll + llunl
n—oo

N

< limsup(hy||yn — pl| + [|un|]
n—oo

IN

lim sup i fnl|zn-1 = pll + (1 = Ba)hi || — pll

n—oo

 limsup b [on | + [Jun | < d.
n—oo
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and
(3.12)

[#n = pl| = [lom[(zn-1 — p) + ]
+ (1= a) (T g = p) +un]| = d, as (n = 00).
Therefore, from (3.9)—(3.12) and Lemma 2.3, we know that
(3.13) tim sup || Ty — 21| = 0.
n—oo
From (1.1) and (3.13), we obtain
|lzn — Tp—1ll = ||n®n—1 — Tp—1 + (1 — an)ilji’zq(g)yn + up |
<(1- ozn)HT(n Yn — Tn—1|| + ||unl| = 0, as (n — o0).
(3.14) lim ||z, — zp_1|| =0,
n— o0
which implies that
(3.15) lim ||zp, —zpejl| =0, Vj=1,2,...,N.
n—oo
On the other hand, we have
= pll = llan@n-1 + (1 = an) Ty + wn = |

< anllwn1 = pll + (1= @) [Ty v

=Pl + llun]l
< anllzn1 = T3 yal + 1Ty v — pll + lfunl],
which implies that ||y, — p|| > d. Observe that

(316) Tim lyn — pll = |Ba(@n-1 = p+va) + (1 = Bu) (S} 20 = p + ).

Hence
(3.17) limsup ||z,—1 — p+ v,| < d,
n—00
and
(3.18) i sup | S} wn — p o+ wnl) < limsup(|S;cen — ] + oall) < d
n—0o0 n—oo

From (3.17), (3.18) and Lemma 2.3, we know that
(3.19) Tim [S30 w0 — 201 = 0.

In fact, since for each n > N, n = (n — N)(mod N) and n = (k(n) —
)N +i(n),i(n) € {1,.. N} letting

=[S 2 — 20 |
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and from (3.19), lim 9, = 0 and
n—oo

(3:20) [|Snrn = 21l < 180020 = 2nall + 1)) 2n — o

i(n)

<Un+ ||Si(n) Ln — Si(n)an
<O+ LIS e —

<O+ LIS} " — SIS

k(n
R T [ AR T T )
Since for each n > N, n = (n — N)(mod N) and n = (k(n) — 1)N + i(n),
hence n— N = ((k(n)—1) —1)N +i(n) = (k(n—N)—1)N +i(n— N), that
is, k(n — N) =k(n) — 1 and i(n — N) = i(n).
Then we have

k(n k(n
(3:21) 11530y~ wn = S wywnn | = 183G = S0 e
< LH‘rn - ‘T(an)H
and
k(n)—1
(3:22) S50 on N = 2yl = S5 ) TN = Tyl = nn-

The substitution (3.21) and (3.22) into (3.20) yields that
(3.23) lim || Spxn — zp—1] =0,

n—

and from (3.14) we have

(3.24) lim ||Spzn — zy| = 0.

n—oo

Thus for any j =1,2,..., N, from (3.15) and (3.25),
(3.25) Tim S — ] = 0

which yields that the sequence

N
UHlSnssan —anll}oy =0, as (n— o).
j=1

Since for each j = 1,2,..., N, {||Sn+jzn — n| }22, is a subsequence of
Uj'vzl{HSn-i-jxn - xn”}zozl, we have

(3.26) lim [|Spxy, —xp]| =0, Y =1,2,...,N.
n—oo
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We have also

HT.’“”)J; — 2|

k(n

k(n
< Tz = TS wnall + 1Ty v — 2]l + |21 — 2l

<(1+ hn>||xn — |+ hnll@n 1 — vl + 1T yn = 21|

= (1+ ha)[on = @1 ]| + Bollon—1 = [Buzn—1 + (1 = Br) S 2

+va)lll + I T Y = T

= (1+ hn) —xnflu + halllBa(@n = @n-1) + (1= Ba) (S @0 = 1)
+ vall] + 1T v = @ |
< (14 hn)llzn — xn_lu + halBalln — @1l + (1= Ba)l|Siy 70 — T |

+ [|vnll] + ”T(n) Yn — Tn—1]|-

Taking lim,,_,o, on both sides in the above inequality, from (3.14), (3.13),
(3.19) and condition (3), we obtain

: k

(3.27) Tim [T, — 20l = 0.

In a similar way, we have

(3.28) lim || Tyzy, — x| =0, V£=1,2,...,N.
n—o0

Then the proof is completed. u

THEOREM 3.4. Let X be a uniformly conver Banach space satisfying
Opial’s condition, K be a nonempty closed convex subset of X, {T; : i €
{1,...,N}} and {S; : i € {1,...,N}} be two finite families of asymptoti-
cally nonexpansive self-mappings of K with F = ﬂlj\il F(T;) N F(S;) # 0.
Let {uy}, {vn} be two bounded sequences in K and {an},{Bn} be two real
sequences in [0,1]. Let {h,} be a sequence such that {h,} C [1,00) with
hn, — 1 asn — oo and L = sup{h, : n > 1} > 1. Let xg € K be any
given point, {x,} be the sequence defined by (1.1) satisfying the following
conditions:

(1) 21(h -1 <

(2) there exist constants 11,72 € (0,1) such that 0 < 71 < (1 —aw,), (1 —Bn)
< Ty, foralln>1,

(3) 2oy llunll < 00, 32021 [lvnl| < occ.

Then lim,, oo |20 — pl| exists for all F = X, F(T;) N F(S;) # 0. Suppose

that for any given xy € K, the sequences {x,,} and {y,} defined by (1.1),
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converges weakly to a common fized point of {T; : i € {1,...,N}} and
{Si:ie{l,...,N}}.

Proof. Let p € F = ﬂf\il F(T;) N F(S;). Then, as in Lemma 3.1, it follows
that lim, o ||z, — p|| exists and so for n > 1, {z,} is bounded on K.
Then by the reflexivity of X and the boundedness of {z,}, there exists
a subsequence {x,,} of {z,} such that z,, — p weakly. We can obtain
w(zy) C F(T;) and w(zy,) C F(S;), for all i € {1,..., N} by Lemma 2.1.
Thus we have w(z,) C F. Finally, we prove that {z,} converges to p.
Suppose p,q € w({zy}), where w({x,}) denotes the weak limit set of {z,}.
Let {zy, } and {zm,; } be two subsequences of {x,,} which converge weakly to
p and g, respectively. Opial’s condition ensures that w(zy,) is a singleton. It
follows that p = ¢. Thus {z,} converges weakly to a p € F. This completes
the proof. m

THEOREM 3.5. Let X be a uniformly convex Banach space, K be a non-
empty closed convexr subset of X, {T; : i € {1,...,N}} and {S; : i €
{1,...,N}} be two finite families of asymptotically nonexpansive self-map-
pings of K with F = X, F(T;)) N F(S;) # 0. Let {un}, {vn} be two
bounded sequences in K and {a,},{Bn} be two real sequences in [0,1]. Let
{hn} be a sequence such that {h,} C [1,00) with h, — 1 as n — oo and
L = sup{hy, : n > 1} > 1. Let xg € K be any given point, {x,} be the
sequence defined by (1.1) satisfying the following conditions:

o0

(1) > (hn —1) < o0,

n=1

(2) there exist constants T, € (0,1) such that 0 < 71 < (1 — o), (1—5,)
< Ty, foralln>1,

(3) 225 un| < 00, 352 [foal] < 0.

Then limy, o0 ||z — p|| exists for all F = ﬂf\il F(T;) N F(S;) # 0. Suppose
that for any given xog € K, the sequences {x,} and {y,} are defined by
(1.1), limy, o0 || — pl| exists for F = X, F(T;) N F(S;) # 0. Suppose that
one of the mappings {T; : i € {1,...,N}} and one of the mappings {S; :
i€ {l,...,N}} are semi-compact or satisfy condition (A). Then the implicit

iterative sequence {xy} defined by (1.1) converges strongly to a common fized
point of {T;:i€{1,...,N}} and {S; :i € {1,...,N}}.

Proof. Without loss of generality, we can assume that {71} and {S;} are
semi-compact or satisfy condition (A). It follows from (3.26) and (3.28) in
Lemma 3.3 that lim, o ||z, — Thzs|| = 0 = limy, o |2, — S124|| = 0.
By semi-compactness of {71} and {51}, there exists a subsequence {x,} of
{xn} such that {z,;} — p € K strongly as j — oo. From (3.26) and (3.28)
in Lemma 3.3 we have "
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hm Hl'n] - fonj” = ”p - Tpr =0,
j—00

forall ¢ € {1,...,N}, and

lim Hxnj - Sﬁxnj” =|lp — Sep|| =0,
j—o0

for all £€{1,..., N}. This implies that p€ F. Since liminf,_ o f(d(zp,F))
= 0, Lemma 3.1 guarantees that {x,} converges strongly to a common
fixed point in F. If {T}} and {S;} satisfy condition (A), then we have
liminf,,~ d(x,, F) = 0. From Lemma 3.1, we have that {z,} converges to
a common fixed point in F. This completes the proof. m
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