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VOLUME OF A TETRAHEDRON REVISITED

Abstract. The volume of a tetrahedron is represented in terms of the twelve face
angles, inradii of the faces of tetrahedron, circumradii of the faces and the radius of the
sphere circumscribing the tetrahedron.

1. Introduction
Let v0, v1, v2, . . . , vn be independent points in n-dimensional Euclidean

space En. Let rv0, v1, . . . , vns, Vn and r denote an n-simplex generated by
v0, v1, v2, . . . , vn, the volume of rv0, v1, . . . , vns and the inradius of 2-simplex,
respectively. Now, for any 2-simplex

a “ rpcotB{2` cotC{2q,

b “ rpcotA{2` cotC{2q,

c “ rpcotA{2` cotB{2q.

Therefore, the area V2 is given by

V2 “
1

2
bc sinA(1)

“ r2pcosA{2 cosB{2 cosC{2q{psinA{2 sinB{2 sinC{2q

“ 4Rr cosA{2 cosB{2 cosC{2.

On the other hand, in terms of circumradius and face angles of 2-simplex,
V2 is given by

(2) V2 “ 2R2 sinA sinB sinC.

In this paper, we first derive a three dimensional version of formula (1) for
tetrahedron in terms of its twelve face angles, inradius of each faces and
the radius of the sphere circumscribing the tetrahedron. Next, we derive a
three dimensional version of formula (2) in terms of its twelve face angles,
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circumradius of each faces of tetrahedron and the radius of the sphere cir-
cumscribing the tetrahedron. We know that Cayley–Menger determinant
gives the volume of a simplex in j dimensions. If S is a j-simplex in En with
vertices v0, v1, v2, . . . , vj and B “ pβikq denotes the pj ` 1q ˆ pj ` 1q matrix
given by

βik “ |vi ´ vk|
2,

then the content Vj is given by

V 2
j pSq “

p´1qj`1

2jpj !q2
detpB̂q,

where B̂ is the pj ` 2q ˆ pj ` 2q matrix obtained from B. Here detpB̂q is the
Cayley–Menger determinant.

2. Volume of a tetrahedron in terms of ri, R and θij
For j “ 3, the content of the 3-simplex (i.e., volume of the general

tetrahedron) is given by

V 2
3 “

p´1q3`1

23p3!q2
detpB̂q “

1

288
detpB̂q,

where
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It is known that [1, section 9.7] the circumradius R is given by

R2 “ ´
1

2

detpB̄q

detpB̂q
,

where

detpB̄q “
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.

Therefore, another form of the volume of tetrahedron,

V3 “

a

´detpB̄q

24R
.
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Notation: Suppose x0, x1, x2 and x3 are four independent points in E3.
T is the tetrahedron [x0, x1, x2, x3]. F0, F1, F2, F3 are the four faces of tetra-
hedron given by xi R Fi for i “ 0, 1, 2, 3. Let ri be the inradii of the corre-
sponding faces Fi for i “ 0, 1, 2, 3, and θik are the face angles corresponding
to the face Fi and point xk, k P t0, 1, 2, 3uztiu. Also aij are the edge length
of tetrahedron, aij “ rxi, xjs for every i, j P t0, 1, 2, 3u, i ‰ j and aij “ aji,
@i, j.

Theorem 1. Let ri be the inradii of faces Fi, i P t0, 1, 2, 3u and θij, for
i, j P t0, 1, 2, 3u, i ‰ j, be the face angles of a tetrahedron. Then the volume
V of the tetrahedron is given by

V “
r23r

2
1

24RD2

a

´pMq,

where

M “ A4 `B4 ` C4 ´ 2A2B2 ´ 2B2C2 ´ 2C2A2,

A “
1

8
sin θ32 sin θ21 sin θ10,

B “
1

8
sin θ31 sin θ20 sin θ12,

C “
1

8
sin θ30 sin θ21 sin θ12,

D “ sin
θ32
2

sin
θ30
2

sin
θ31
2

sin
θ21
2

sin
θ10
2

sin
θ13
2

sin
θ12
2

cos
θ21
2

and R is the radius of the sphere circumscribing the tetrahedron.

Proof. It is obvious that

(3) aij “
rk cos

θkp
2

sin θki
2 sin

θkj
2

,

for every i, j P t0, 1, 2, 3u, i ‰ j, k P t0, 1, 2, 3uzti, ju and p P S1ztku, where
S1 “ t0, 1, 2, 3uzti, ju.

Now, it is clear that aij “ aji, @i, j P t0, 1, 2, 3u, i ‰ j.
Then, we get six relations

(4)
rd
rs
“

cos θsd2 sin
θdq1
2 sin

θdq2
2

cos θds2 sin
θsq1
2 sin

θsq2
2

,

for every d, s P t0, 1, 2, 3u, d ‰ s and q1, q2 P t0, 1, 2, 3uztd, su, q1 ‰ q2.
Using aij from equation (3) and relation (4) in the following expansion

[2] of detpB̄q:
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V “

a

´detpB̄q

24R

“
1

24R
ppa01a23 ` a02a13 ` a03a12qp´a01a23 ` a02a13 ` a03a12q

ˆ pa01a23 ´ a02a13 ` a03a12qpa01a23 ` a02a13 ´ a03a12qq
1{2,

we get

V “
1

24R
p
r3r1
D
q2tpA`B ` Cqp´A`B ` CqpA´B ` CqpA`B ´ Cqu1{2

“
r23r

2
1

24RD2
t´pA4 `B4 ` C4 ´ 2A2B2 ´ 2B2C2 ´ 2C2A2qu1{2

“
r23r

2
1

24RD2

a

´pMq,

from which the theorem follows.

Note. One can also find the volume of a tetrahedron in terms of other
inradii of faces of tetrahedron using the above relation (3) and (4).

3. Volume of a tetrahedron in terms of Ri, R and θij
Let Ri be the circumradii of the corresponding faces Fi for i “ 0, 1, 2, 3.

In this section, we prove:

Theorem 2. Let Ri be the circumradii of faces Fi, i P t0, 1, 2, 3u and θij,
for i, j P t0, 1, 2, 3u, i ‰ j, be the face angles of a tetrahedron. Then the
volume V of the tetrahedron is given by

V “
R2

3R
2
1

3R

a

´pNq,

where

N “ A4 `B4 ` C4 ´ 2A2B2 ´ 2B2C2 ´ 2C2A2,

A “ sin θ32 sin θ10,

B “
sin θ31 sin θ20 sin θ12

sin θ21
,

C “ sin θ30 sin θ12,

and R is the radius of the sphere circumscribing the tetrahedron.

Proof. It is obvious that

(5) aij “ 2Rk sin θkp,

for every i, j P t0, 1, 2, 3u, i ‰ j, k P t0, 1, 2, 3uzti, ju and p P S2ztku, where
S2 “ t0, 1, 2, 3uzti, ju.
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Now, it is clear that aij “ aji, @i, j P t0, 1, 2, 3u, i ‰ j. Then, we get six
relations

(6)
Rd
Rs

“
sin θsd
sin θds

,

for every d, s P t0, 1, 2, 3u, d ‰ s.
Using aij from equation (5) and relation (6) in the expansion of detpB̄q,

we get

V “

a

´detpB̄q

24R

“
16R2

3R
2
1

24R
tpA`B ` Cqp´A`B ` CqpA´B ` CqpA`B ´ Cqu1{2

“
2R2

3R
2
1

3R

a

´pNq,

from which the theorem follows.
Note. One can also find the volume of a tetrahedron in terms of other
circumradii of faces of tetrahedron using the relations (5) and (6).
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