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VOLUME OF A TETRAHEDRON REVISITED

Abstract. The volume of a tetrahedron is represented in terms of the twelve face
angles, inradii of the faces of tetrahedron, circumradii of the faces and the radius of the
sphere circumscribing the tetrahedron.

1. Introduction

Let vg,v1,v9,...,v, be independent points in n-dimensional Euclidean
space E". Let [vg,v1,...,v,], Vi, and r denote an n-simplex generated by
Vo, V1, V2, . - ., Up, the volume of [vg, vy, ..., v,] and the inradius of 2-simplex,

respectively. Now, for any 2-simplex
a = r(cot B/2 + cot C'/2),
b=r(cot A/2 + cot C/2),
¢ =r(cot A/2 + cot B/2).
Therefore, the area Vs is given by

1
(1) Vo = §bcsinA

= 7%(cos A/2 cos B/2 cos C/2)/(sin A/2sin B/2sin C/2)
= 4Rr cos A/2 cos B/2 cos C/2.

On the other hand, in terms of circumradius and face angles of 2-simplex,
V5 is given by

(2) Vo = 2R%sin Asin Bsin C.

In this paper, we first derive a three dimensional version of formula for
tetrahedron in terms of its twelve face angles, inradius of each faces and
the radius of the sphere circumscribing the tetrahedron. Next, we derive a
three dimensional version of formula in terms of its twelve face angles,
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circumradius of each faces of tetrahedron and the radius of the sphere cir-
cumscribing the tetrahedron. We know that Cayley—Menger determinant
gives the volume of a simplex in j dimensions. If S is a j-simplex in E™ with
vertices vg, U1, V2, ...,v; and B = (f;;) denotes the (j + 1) x (j + 1) matrix
given by

Bik = v — vi|?,
then the content Vj is given by

T
where B is the (j +2) x (j + 2) matrix obtained from B. Here det(B) is the
Cayley—Menger determinant.

V2(S)

2. Volume of a tetrahedron in terms of r;, R and 0;;

For j = 3, the content of the 3-simplex (i.e., volume of the general
tetrahedron) is given by
_1)3+1 R 1 .
vz = OV qeB) = L den(
3= gne 1) = ggg det(B).
where
0o 1 1 1 1
1 0 apy afy aps
det(B) = | 1 a2y 0 a2y aiy |
1 a3y a3 0 a3y
1 a3y a3y a3 O

It is known that [IL section 9.7] the circumradius R is given by
R2_ _ldet(B)
2 det(B)’

where
0 afy agy ags
det(B) = “30 ) ai “i?’ .
azy az 0 ay
a3y a3 a3 0
Therefore, another form of the volume of tetrahedron,

—det(B)

Vs= "R



Volume of a tetrahedron revisited 255

NOTATION: Suppose xg, z1, 2 and z3 are four independent points in E3.
T is the tetrahedron [zg, z1, 22, z3]. Fo, F1, Fa, F3 are the four faces of tetra-
hedron given by x; ¢ F; for ¢ = 0,1,2,3. Let r; be the inradii of the corre-
sponding faces F; for i« = 0,1,2, 3, and 6, are the face angles corresponding
to the face Fj and point xy, k € {0,1,2,3}\{i}. Also a;; are the edge length
of tetrahedron, a;; = [z;,x;] for every i, j € {0,1,2,3}, i # j and a;; = a;i,
Vi, j.

THEOREM 1. Let r; be the inradii of faces F;, i € {0,1,2,3} and 6,5, for
i,7€{0,1,2,3}, i # 7, be the face angles of a tetrahedron. Then the volume
V of the tetrahedron is given by

2,2

_ . ""T an
V_24RD2 (M),

where
M = A*+ B* + C* —2A2B% — 2B2C? — 202 A2,
1
A= g sin 932 sin 021 sin 910,

1
B = g sin (931 sin 020 sin 912,

1
C = g sin (930 sin 921 sin 912,

Ds O30 . O30 . 031 . ba1 . b1 . 013 . 012 021
= S1In — SINn —— S1I1 — S1N1 —— SIN —— S1I1 — S1N —— COS —
2 2 2 2 2 2 2 2

and R is the radius of the sphere circumscribing the tetrahedron.

Proof. It is obvious that

0
T cos =52

(3) Qij = ——F—"g s

in Oki gip ki
sin Z5 sin —

for every i,j € {0,1,2,3}, i # j, k € {0,1,2,3}\{¢, 7} and p € S1\{k}, where
S1 ={0,1,2,3}\{7,}.

Now, it is clear that a;; = aji, Vi, j € {0,1,2,3}, 7 # j.

Then, we get six relations

0., . 06 . 0
rq  cos =5dsin % sin %
(4) rs 0 0 Oss
5 cos % sin —5L sin —32

for every da S € {07 17273}a d # s and q1,q2 € {Oa ]-a 2,3}\{d,8}, q1 # q2.
Using a;; from equation and relation in the following expansion
[2] of det(B):
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— det(B)

V=""ur

1
= m((amaz:s + ap2a13 + apzaiz)(—ap1a23 + ap2a1z + ap3aiz)
1/2

X (ap1a23 — ap2a13 + apzaiz)(ao1a2s + apaiz — agzai2)) =,
we get
L(@
24R" D

2.2
371 4 4 4 2 2 2 2 2 42\11/2
= —(A*+ B C*—2A°B* —2B“C* —2C~*A
2,.2

_ " T on
~ 24RD2 (M),

from which the theorem follows. =

V= YH(A+ B+ C)(—A+ B+ C)(A—B+C)(A+ B—C)}/?

NOTE. One can also find the volume of a tetrahedron in terms of other
inradii of faces of tetrahedron using the above relation and .

3. Volume of a tetrahedron in terms of R;, R and 0;;

Let R; be the circumradii of the corresponding faces F; for i = 0,1, 2, 3.
In this section, we prove:

THEOREM 2. Let R; be the circumradii of faces F;, i € {0,1,2,3} and 0,5,
fori,j € {0,1,2,3}, i # j, be the face angles of a tetrahedron. Then the
volume V of the tetrahedron is given by

2 P2
V= R;gl V _<N)7

where
N = A*+ B+ C* —24%B? — 2B?C? — 20% 4%,
A =sin 932 sin (910,

B sin 931 sin 020 sin 912

sin (921
C' = sin 3y sin O19,

and R is the radius of the sphere circumscribing the tetrahedron.
Proof. It is obvious that
(5) aij = 2Rk sin Ok;p,

for every 7,5 € {0,1,2,3}, i # j, k € {0,1,2,3}\{7, 5} and p € Sa\{k}, where
Sy ={0,1,2,3}\{i, 5}.
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Now, it is clear that a;; = aj;, Vi,j € {0,1,2,3}, i # j. Then, we get six
relations

6 =
(6) R, sinfy,’
for every d,s € {0,1,2,3}, d # s. B
Using a;; from equation and relation @ in the expansion of det(B),
we get

R; sinfy

—det(B)
24R

16 R3R? 1/2
= W{(A+B+C)(—A+B+C)(A—B+C)(A+B—C)}

2RIR?

from which the theorem follows. =

V=

NOTE. One can also find the volume of a tetrahedron in terms of other
circumradii of faces of tetrahedron using the relations and @
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