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EXTENDED WEYL-TYPE THEOREMS FOR DIRECT SUMS

Abstract. In this paper, we study the stability of extended Weyl and Browder-
type theorems for orthogonal direct sum S ‘ T , where S and T are bounded linear
operators acting on Banach space. Two counterexamples shows that property pabq, in
general, is not preserved under direct sum. Nonetheless, and under the assumptions
that Π0

apT q Ă σapSq and Π0
apSq Ă σapT q, we characterize preservation of property pabq

under direct sum S ‘ T . Furthermore, we show that if S and T satisfy generalized
a-Browder’s theorem, then S ‘ T satisfies generalized a-Browder’s theorem if and only
if σ

SBF´
`
pS ‘ T q “ σ

SBF´
`
pSq Y σ

SBF´
`
pT q, which improves a recent result of [13] by

removing certain extra assumptions.

1. Introduction
Throughout this paper, let X and Y be Banach spaces, let LpX,Y q

denote the set of bounded linear operators from X to Y , and abbreviate
LpX,Xq to the Banach algebra LpXq. For T P LpXq, we will denote by
N pT q the null space of T , by αpT q the nullity of T , by RpT q the range of
T , by βpT q the defect of T and by T ˚ its dual. We will denote also by σpT q
the spectrum of T , by σapT q the approximate point spectrum of T , by σppT q
the point spectrum of T (the set of all eigenvalues), and by σ0ppT q the set of
all eigenvalues of T of finite multiplicity. If the range RpT q of T is closed
and αpT q ă 8 (resp. βpT q ă 8q, then T is called an upper semi-Fredholm
(resp. a lower semi-Fredholm) operator. If T P LpXq is either an upper or
a lower semi Fredholm, then T is called a semi-Fredholm operator, and the
index of T is defined by indpT q “ αpT q ´ βpT q. If both αpT q and βpT q
are finite, then T is called a Fredholm operator. An operator T P LpXq is
called a Weyl operator if it is a Fredholm operator of index zero. The Weyl
spectrum σW pT q of T is defined by σW pT q “ tλ P C : T ´ λI is not a Weyl
operatoru.
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For a bounded linear operator T and a nonnegative integer n, define Trns
to be the restriction of T to RpTnq viewed as a map from RpTnq into RpTnq

(in particular Tr0s “ T ). If for some integer n, the range space RpTnq is
closed and Trns is an upper (resp. a lower) semi-Fredholm operator, then
T is called an upper (resp. a lower) semi-B-Fredholm operator. A semi-
B-Fredholm operator T is an upper or a lower semi-B-Fredholm operator,
and in this case the index of the semi-B-Fredholm operator T is defined as
the index of the semi-Fredholm operator Trns, see [7]. Moreover, if Trns is
a Fredholm operator, then T is called a B-Fredholm operator, see [3]. An
operator T P LpXq is said to be a B-Weyl operator if it is a B-Fredholm
operator of index zero [4]. The B-Weyl spectrum σBW pT q of T is defined by
σBW pT q “ tλ P C : T ´ λI is not a B-Weyl operatoru.

Let SBF`pXq be the class of all upper semi-B-Fredholm operators,
SBF´` pXq “ tT P SBF`pXq : indpT q ≤ 0u. The essential semi-B-Fredholm
spectrum σSBF´

`
pT q of T is defined by σSBF´

`
pT q “ tλ P C : T ´ λI R

SBF´` pXqu. Recall that the ascent apT q, of an operator T , is defined by
apT q “ inftn P N : N pTnq “ N pTn`1qu and the descent δpT q of T , is
defined by δpT q “ inftn P N : RpTnq “ RpTn`1qu, with inf ∅ “ 8. An
operator T P LpXq is called an upper semi-Browder operator if it is an
upper semi-Fredholm operator of finite ascent, and is called a Browder oper-
ator if it is a Fredholm operator of finite ascent and descent, or equivalently
([15, Theorem 7.9.3]) if T is a Fredholm operator and T ´ λI is invertible
for all sufficiently small λ P C, λ ‰ 0 . The upper semi-Browder spec-
trum σubpT q of T is defined by σubpT q “ tλ P C : T ´ λI is not an upper
semi-Browder operatoru, and the Browder spectrum σbpT q of T is defined by
σbpT q “ tλ P C : T ´ λI is not Browderu.

Define also the set LDpXq by LDpXq “ tT P LpXq : apT q ă 8 and
RpT apT q`1q is closedu. Following [6], an operator T P LpXq is said to be left
Drazin invertible if T P LDpXq. The left Drazin spectrum σLDpT q of T is
defined by σLDpT q “ tλ P C : T ´ λI R LDpXqu. We say that λ P σapT q is
a left pole of T if T ´ λI P LDpXq, and that λ P σapT q is a left pole of T of
finite rank if λ is a left pole of T and αpT´λIq ă 8. Let ΠapT q denote the set
of all left poles of T and let Π0

apT q denote the set of all left poles of T of finite
rank. Following [6], we say that T satisfies generalized Browder’s theorem
if σBW pT q “ σpT qzΠpT q and it satisfies Browder’s theorem if σW pT q “
σpT qzΠ0pT q, where ΠpT q is the set of all poles of the resolvent of T and
Π0pT q “ tλ P ΠpT q : αpT ´ λIq ă 8u.

Definition 1.1. [10] Let S P LpXq and T P LpY q. We will say that
S and T have the same stable sign index if for each λ P ρSBF pT q and µ P
ρSBF pSq, indpT ´λIq and indpS´µIq have the same sign, where ρSBF pT q “
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CzσSBF pT q and

σSBF pT q “ tλ P C : T ´ λI is not a semi-B-Fredholm operatoru.

Several authors had been concerned with the problem of giving conditions
on the direct summands to ensure that Weyl-Browder type theorems and
properties (generalized or not) hold for the direct sum, see for example [10–
14, 17]. In the present paper, we study the preservation under direct sum of
the properties pabq, pgabq, pawq and pgawq, and the results we obtain can be
summarized as follows. In the second section, we give two counterexamples
which show that property pgabq and property pabq are not transferred in
general from the direct summands S P LpXq and T P LpY q to the direct
sum S ‘ T P LpX ‘ Y q. Nonetheless, and under the extra assumptions that
ΠapSq Ă σapT q and ΠapT q Ă σapSq, we characterize the stability of property
pgabq under direct sum via union of B-Weyl spectra of its components. We
obtain also an analogous result for property pabq. Moreover, we characterize
the preservation of generalized a-Browder’s theorem under direct sum via
union of essential semi-B-Fredholm spectra of its components, extending [13,
Theorem 2.7] by removing certain extra hypothesis. In the third section, we
characterize the stability of properties pawq and pgawq under direct sum via
union of Weyl or B-Weyl spectra of its summands, and under the assumption
of equality of their point spectrums.

2. Properties pabq and pgabq for direct sums
We will say that T P LpXq has the single valued extension property at λ0,

(SVEP for short) if for every open neighborhood U of λ0, the only analytic
function f : U ÝÑ X which satisfies the equation pT ´ λIqfpλq “ 0 for all
λ P U , is the function f “ 0. An operator T P LpXq is said to have the
SVEP if T has the SVEP at every point λ P C (see [16]). For T P LpXq, let
∆pT q “ σpT qzσW pT q, ∆gpT q “ σpT qzσBW pT q.

According to [8, Definition 2.1], an operator T P LpXq is said to pos-
sess property pabq if ∆pT q “ Π0

apT q and is said to possess property pgabq if
∆gpT q “ ΠapT q. Property pgabq is an extension to the context of B-Fredholm
theory of the property pabq. We refer the reader to [8, 9] for more details
about these properties.

In a first step, we begin with the following useful lemma.

Lemma 2.1. Let S P LpXq and let T P LpY q. Then σLDpS‘T q “ σLDpSqY
σLDpT q.

Proof. Let λ R σLDpSq Y σLDpT q be arbitrary. Without loss of generality,
we can assume that λ “ 0. Then apT q ă 8, apSq ă 8, the range spaces
RpT apT q`1q and RpSapSq`1q are closed. As apS ‘ T q “ maxtapT q, apSqu
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then apS ‘ T q ă 8. If apS ‘ T q “ apT q then RppS ‘ T qapS‘T q`1q “
RpSapT q`1q‘RpT apT q`1q. Since apSq ă 8 and RpSapSq`1q is closed then by
[18, Lemma 12], we conclude thatRpSapT q`1q is also closed. SoRpSapT q`1q‘

RpT apT q`1q is closed. Similarly, if apS‘T q “ apSq, then RppS‘T qapS‘T q`1q
is closed. Thus 0 R σLDpS ‘ T q and σLDpS ‘ T q Ă σLDpSq Y σLDpT q.

On the other hand, if 0 R σLDpS‘T q then S‘T is left Drazin invertible,
so that apS ‘ T q is finite and RppS ‘ T qapS‘T q`1q is closed. Clearly, apSq
and apT q are finite, and it is easily seen that RpT apT q`1q and RpSapSq`1q are
closed. Thus 0 R σLDpSqYσLDpT q. Hence σLDpS‘T q “ σLDpSqYσLDpT q.

If S P LpXq and T P LpY q both possess property pgabq, then it is not
guaranteed that their (orthogonal) direct sum S ‘ T P LpX ‘ Y q possesses
property pgabq. For instance, let R be the unilateral right shift operator
defined on the Hilbert space `2pNq, then σpRq “ Dp0, 1q the closed unit
disc in C, σapRq “ Cp0, 1q the unit circle of C, σBW pRq “ Dp0, 1q and
ΠapRq “ ∅. It follows that ∆gpRq “ ΠapRq, i.e. R possesses property pgabq.
If we let T “ 0 then σapT q “ σpT q “ ΠapT q “ t0u and σBW pT q “ ∅. So
∆gpT q “ ΠapT q, i.e. T possesses property pgabq. Now consider the direct
sum R‘T on `2pNq‘`2pNq then σpR‘T q “ Dp0, 1q, σBW pR‘T q “ Dp0, 1q
and ΠapR ‘ T q “ t0u. Thus R ‘ T does not possess property pgabq. We
notice that ΠapT q Ć σapRq and ΠapRq Ă σapT q. Summing up: R ‘ T is an
operator for which property pgabq does not hold, although property pgabq
holds for both of its direct summands.

Nonetheless, we give in the following result sufficient conditions on T
and S under which the property pgabq will be transferred from the direct
summands to the direct sum.

Theorem 2.2. Suppose that S P LpXq and T P LpY q be such that ΠapT q Ă
σapSq and ΠapSq Ă σapT q. If S and T both possess property pgabq, then the
following assertions are equivalent.

(i) S ‘ T possesses property pgabq;
(ii) σBW pS ‘ T q “ σBW pSq Y σBW pT q.

Proof. (ii)ñ(i) Suppose that σBW pS ‘ T q “ σBW pSq Y σBW pT q. Since we
know that σapS ‘ T q “ σapSq Y σapT q for every pair of operators, and by
Lemma 2.1, we have σLDpS ‘ T q “ σLDpSq Y σLDpT q then

ΠapS ‘ T q “ σapS ‘ T qzσLDpS ‘ T q

“ rσapSq Y σapT qszrσLDpSq Y σLDpT qs

“ rΠapSq X ρapT qs Y rΠapT q X ρapSqs Y rΠapSq XΠapT qs,

where ρap.q “ Czσap.q. As by assumption, ΠapSq Ă σapT q and ΠapT q Ă
σapSq then ΠapSq X ρapT q “ ∅ and ΠapT q X ρapSq “ ∅. Hence ΠapS ‘ T q “
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ΠapSq X ΠapT q. On the other hand, since T and S both possess property
pgabq then

rσpSq Y σpT qszrσBW pSq Y σBW pT qs

“ rΠapSq X ρpT qs Y rΠapT q X ρpSqs Y rΠapSq XΠapT qs,

where ρp.q “ Czσp.q. Again by hypothesis we have ΠapSq X ρpT q “ ∅ and
ΠapT q X ρpSq “ ∅. Hence

rσpSq Y σpT qszrσBW pSq Y σBW pT qs “ ΠapS ‘ T q.

As we know that σpS‘T q “ σpSqYσpT q for any pair of operators, and by hy-
pothesis we have σBW pS‘T q “ σBW pSqYσBW pT q then σpS‘T qzσBW pS‘
T q “ ΠapS ‘ T q, and S ‘ T possesses property pgabq.

(i)ñ(ii) Since S‘T possesses property pgabq and both of S and T possess
property pgabq, we have σBW pSq Y σBW pT q “ σBW pS ‘ T q. To see this,
from [8, Corollary 2.6], S ‘ T satisfies generalized Browder’s theorem, so
σDpS ‘ T q “ σBW pS ‘ T q. Since σDpS ‘ T q “ σDpSq Y σDpT q is always
true (see [10, Theorem 2.4]) then σBW pSq Y σBW pT q Ă σDpSq Y σDpT q “
σDpS ‘ T q “ σBW pS ‘ T q, that is σBW pSq Y σBW pT q Ă σBW pS ‘ T q. Since
by [10, Lemma 2.2] σBW pSq Y σBW pT q Ą σBW pS ‘ T q then σBW pS ‘ T q “
σBW pSq Y σBW pT q.

Remark 2.3. In Theorem 2.2, the symmetric conditions ΠapT q Ă σapSq
and ΠapSq Ă σapT q alone do not imply the property pgabq for S‘T , although
property pgabq holds for both of its direct summands. Indeed, let R be the
unilateral right shift operator defined on the Hilbert space `2pNq and let
L its adjoint (the left shift operator on `2pNq). As it had been already
mentioned, we have R possesses property pgabq. Since σapLq “ σpLq “
Dp0, 1q, σBW pLq “ Dp0, 1q and ΠapLq “ ∅ then L possesses property pgabq.
Moreover, we have ΠapRq Ă σapLq and ΠapLq Ă σapRq, but R ‘ L does
not possess property pgabq. Indeed, as αpR ‘ Lq “ βpR ‘ Lq “ 1 then
0 R σW pR‘Lq, and since apR‘Lq “ 8, it follows that R‘L does not have
the SVEP at 0. From [1, Theorem 2.2], R ‘ L does not satisfy Browder’s
theorem, and since we know from [2, Theorem 2.1] that Browder’s theorem
is equivalent to generalized Browder’s theorem, it then follows that R ‘
L does not satisfy generalized Browder’s theorem. Hence by [8, Corollary
2.6], it does not possess property pgabq. Here the inclusion σBW pR ‘ Lq Ă
σBW pRq Y σBW pLq is proper, because σBW pRq Y σBW pLq “ Dp0, 1q and
0 R σBW pR‘ Lq.

The (bounded linear) operator A P LpX,Y q is said to be quasi-invertible
if it is injective and has dense range. Two bounded linear operators T P LpXq
and S P LpY q on complex Banach spaces X and Y are quasisimilar provided
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there exist quasi-invertible operators A P LpX,Y q and B P LpY,Xq such
that AT “ SA and BS “ TB. A bounded linear operator T acting on a
Hilbert space H is said to be hyponormal if T ˚T ´TT ˚ ≥ 0 (or equivalently
}T ˚x} ≤ }Tx} for all x P H).
Corollary 2.4. Let S P LpHq and T P LpHq be quasisimilar hyponormal
operators. If S and T both possess property pgabq, then S ‘ T possesses
property pgabq.

Proof. As S and T are quasisimilar hyponormal operators, then by [10,
Lemma 2.8] we have ΠpT q “ ΠpSq. The property pgabq for S and for T entails
that ΠpT q “ ΠapT q and ΠpSq “ ΠapSq. So ΠapSq Ă σapT q and ΠapT q Ă
σapSq. On the other hand, since it is well known that every hyponormal
operator has the SVEP, then from [5, Theorem 2.5], we deduce that S and
T are of stable sign index. This implies from [10, Proposition 2.3] that
σBW pS ‘ T q “ σBW pSq Y σBW pT q. But this is equivalent by Theorem 2.2
to saying that S ‘ T possesses property pgabq.

Similarly to Theorem 2.2, we prove the following preservation result of
property pabq under direct sums.

Theorem 2.5. Suppose that S P LpXq and T P LpY q be such that Π0
apSq Ă

σapT q and Π0
apT q Ă σapSq. If S and T both possess property pabq, then the

following statements are equivalent.

(i) S ‘ T possesses property pabq;
(ii) σW pS ‘ T q “ σW pSq Y σW pT q.

Proof. (ii)ñ(i) Suppose that σW pS ‘ T q “ σW pSq Y σW pT q. Since we
know that the upper semi-Browder spectrum of a direct sum is the union
of the upper semi-Browder spectra of its components, that is, σubpS ‘ T q “
σubpSq Y σubpT q, then

Π0
apS ‘ T q “ σapS ‘ T qzσubpS ‘ T q

“ rσapSq Y σapT qszrσubpSq Y σubpT qs

“ rΠ0
apSq X ρapT qs Y rΠ

0
apT q X ρapSqs Y rΠ

0
apSq XΠ0

apT qs.

Since by hypothesis Π0
apT q Ă σapSq and Π0

apSq Ă σapT q then Π0
apSq X

ρapT q “ Π0
apT q X ρapSq “ ∅. Therefore Π0

apS ‘ T q “ Π0
apSq X Π0

apT q. On
the other hand, as T and S both possess property pabq then

rσpSq Y σpT qszrσW pSq Y σW pT qs

“ rΠ0
apSq X ρpT qs Y rΠ

0
apT q X ρpSqs Y rΠ

0
apSq XΠ0

apT qs.

Since Π0
apSq X ρpT q “ Π0

apT q X ρpSq “ ∅, it then follows that

rσpSq Y σpT qszrσW pSq Y σW pT qs “ Π0
apS ‘ T q.



Extended Weyl-type theorems for direct sums 417

As by hypothesis σW pS‘T q “ σW pSqYσW pT q then σpS‘T qzσW pS‘T q “
Π0

apS ‘ T q, and S ‘ T possesses property pabq.
(i)ñ(ii) The property pabq for S‘T implies with no other restriction on

either S or T that σW pS‘T q “ σW pSqYσW pT q. Indeed, by [8, Theorem 2.4],
S‘T satisfies Browder’s theorem, so that σbpS‘T q “ σW pS‘T q. As we have
always σbpS ‘ T q “ σbpSq Y σbpT q then σW pSq Y σW pT q Ă σbpSq Y σbpT q “
σbpS ‘ T q “ σW pS ‘ T q, that is σW pSq Y σW pT q Ă σW pS ‘ T q. Since the
inclusion σW pSq Y σW pT q Ą σW pS ‘ T q is always true, then σW pS ‘ T q “
σW pSq Y σW pT q.

Remark 2.6. (1) The following example shows that if S P LpXq and
T P LpY q are Banach space operators possessing property pabq, then it does
not necessarily follow that the direct sum S‘T possesses property pabq. On
the Hilbert space `2pNq we define S by Spx1, x2, x3, ...q “ p0, x2, x3, ...q and
let R the unilateral right shift operator. Then S possesses property pabq,
since σpSq “ σapSq “ t0, 1u, σW pSq “ t1u, Π0

apSq “ t0u. We also have
that R possesses property pabq, since σpRq “ Dp0, 1q, σW pRq “ Dp0, 1q and
Π0

apRq “ ∅. But S ‘ R does not possess this property, since σpS ‘ Rq “
Dp0, 1q, σW pS ‘ Rq “ Dp0, 1q and Π0

apS ‘ Rq “ t0u. Here Π0
apRq Ă σapSq

and σW pS ‘Rq “ σW pSq Y σW pRq “ Dp0, 1q, but Π0
apSq Ć σapRq.

(2) Generally, Theorem 2.5 does not hold if we do not assume that σW pS‘
T q “ σW pSq Y σW pT q. If we consider the operator R ‘ L defined as in
Remark 2.3, then R possesses property pabq. We also have that L possesses
property pabq, since σpLq “ Dp0, 1q, σW pLq “ Dp0, 1q and Π0

apLq “ ∅.
But R ‘ L does not possess property pabq although Π0

apRq Ă σapLq and
Π0

apLq Ă σapRq. Indeed, as R ‘ L does not satisfy Browder’s theorem then
by [8, Theorem 2.4], R ‘ L does not possess property pabq. Notice that the
inclusion σW pR‘Lq Ă σW pRqYσW pLq is proper, because σW pRqYσW pLq “
Dp0, 1q and 0 R σW pR‘ Lq.

Since for every quasisimilar Banach spaces operators S and T , we have
αpT ´ λIq “ αpS ´ λIq, and since it is easily seen that if S and T are of
stable sign index then σW pS ‘ T q “ σW pSq Y σW pT q, from Theorem 2.5 we
obtain immediately the following corollary:

Corollary 2.7. Let S P LpHq and T P LpHq be quasisimilar hyponormal
operators. If S and T possess property pabq, then S ‘ T possesses property
pabq.

According to [6], we say that T satisfies generalized a-Browder’s theo-
rem if σSBF´

`
pT q “ σapT qzΠapT q. Generally, generalized a-Browder’s theo-

rem as well as property pgabq, is not transferred from the direct summands
to the direct sum. Indeed, if we consider the operator R ‘ L defined
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as in Remark 2.3, then R satisfies generalized a-Browder’s theorem, since
σapRq “ Cp0, 1q, σSBF´

`
pRq “ Cp0, 1q and ΠapRq “ ∅. We also have

that L satisfies generalized a-Browder’s theorem, since σapLq “ Dp0, 1q,
σSBF´

`
pLq “ Dp0, 1q and ΠapLq “ ∅. But as R ‘ L does not satisfy gen-

eralized Browder’s theorem, then from [6, Theorem 3.8], it does not satisfy
generalized a-Browder’s theorem. Observe that R is an upper semi-Fredholm
operator with indpRq “ ´1 and L is an upper semi-Fredholm operator with
indpLq “ 1, σSBF´

`
pRq Y σSBF´

`
pLq “ Dp0, 1q and 0 R σSBF´

`
pR‘ Lq.

However, we have the following preservation result of generalized a-Brow-
der’s theorem under direct sum, extending [13, Theorem 2.7] which estab-
lishes that if S and T are a-polaroid operators acting on Hilbert spaces,
satisfying generalized a-Browder’s theorem and if σSBF´

`
pSq Y σSBF´

`
pT q “

σSBF´
`
pS ‘ T q, then S ‘ T satisfies generalized a-Browder’s theorem.

Theorem 2.8. If S P LpXq and T P LpY q satisfy generalized a-Browder’s
theorem, then the following assertions are equivalent.

(i) S ‘ T satisfies generalized a-Browder’s theorem;
(ii) σSBF´

`
pS ‘ T q “ σSBF´

`
pSq Y σSBF´

`
pT q.

Proof. (i)ñ(ii) If generalized a-Browder’s theorem holds for S ‘ T then
σSBF´

`
pS ‘ T q “ σLDpS ‘ T q. As σLDpS ‘ T q “ σLDpSq Y σLDpT q (see

Lemma 2.1) then σSBF´
`
pSqYσSBF´

`
pT q Ă σLDpSqYσLDpT q “ σLDpS‘T q “

σSBF´
`
pS‘T q, that is σSBF´

`
pSqYσSBF´

`
pT q Ă σSBF´

`
pS‘T q. Since by [10,

Lemma 2.2], we have always that σSBF´
`
pSq Y σSBF´

`
pT q Ą σSBF´

`
pS ‘ T q

then σSBF´
`
pS ‘ T q “ σSBF´

`
pSq Y σSBF´

`
pT q.

(ii)ñ(i) Assume that σSBF´
`
pS‘T q “ σSBF´

`
pSqYσSBF´

`
pT q. As gener-

alized a-Browder’s theorem holds for T and for S then σLDpSq “ σSBF´
`
pSq

and σLDpT q “ σSBF´
`
pT q. Thus σSBF´

`
pS ‘ T q “ σLDpSq Y σLDpT q “

σLDpS ‘ T q. So S ‘ T satisfies generalized a-Browder’s theorem.

Since we know from [10, Proposition 2.3] that

σSBF´
`
pS ‘ T q “ σSBF´

`
pSq Y σSBF´

`
pT q

whenever S and T are bounded Banach spaces operators of stable sign index,
by Theorem 2.8 we have immediately the following corollary:

Corollary 2.9. If S P LpXq and T P LpY q are of stable sign index
and satisfy generalized a-Browder’s theorem, then S‘T satisfies generalized
a-Browder’s theorem.
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3. Properties pawq and pgawq for direct sums
For T P LpXq, let EapT q “ tλ P isoσapT q : 0 ă αpT ´ λIqu, E0

apT q “
tλ P EapT q : αpT ´ λIq ă 8u, where isoσapT q denotes the set of all isolated
points of σapT q. Following [8, Definition 3.1], an operator T P LpXq is said
to possess property pawq if ∆pT q “ E0

apT q and is said to possess property
pgawq if ∆gpT q “ EapT q, which extends property pawq to the general context
of B-Fredholm theory. It is shown in [8], that the properties pgawq and pawq
imply the properties pgabq and pabq respectively, but the converses do not
hold in general. For more details about these properties we refer the reader
to [8, 9].

In this section, we show that if S and T are Banach space operators
possessing property pgawq, then it does not necessarily imply that their
(orthogonal) direct sum S ‘ T possesses property pgawq (see Example 3.2).
Moreover, we explore in the following theorem certain sufficient conditions
on S and T to ensure that this property will be transferred from the direct
summands to the direct sum.

Theorem 3.1. Suppose that S P LpXq and T P LpY q have the same
point spectrum. If S and T both possess property pgawq, then the following
statements are equivalent.

(i) S ‘ T possesses property pgawq;
(ii) σBW pS ‘ T q “ σBW pSq Y σBW pT q.

Proof. (ii)ñ(i) Assume that σBW pS ‘ T q “ σBW pSq Y σBW pT q. Since T
and S both possess property pgawq then

σpS ‘ T qzσBW pS ‘ T q “ rσpSq Y σpT qszrσBW pSq Y σBW pT qs

“ rEapT q X ρpSqs Y rEapSq

X ρpT qs Y rEapSq X EapT qs.

As by hypothesis σppT q “ σppSq then EapT qXρpSq “ ∅ and EapSqXρpT q “ ∅.
Thus σpS ‘ T qzσBW pS ‘ T q “ EapSq XEapT q. On the other hand, we have

EapS ‘ T q “ isoσapS ‘ T q X σppS ‘ T q
“ isorσapSq Y σapT qs X rσppSq Y σppT qs
“ rEapSq X ρapT qs Y rEapT q X ρapSqs Y rEapSq X isoσapT qs
Y rEapT q X isoσapSqs

“ EapSq X EapT q,

since EapSq X ρapT q “ ∅ and EapT q X ρapSq “ ∅. Hence EapS ‘ T q “
σpS ‘ T qzσBW pS ‘ T q and S ‘ T possesses property pgawq.

(i)ñ(ii) If S ‘ T possesses property pgawq, then from [8, Theorem 3.5],
S‘T possesses property pgabq. By the same arguments used as in the proof
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of “(i) ñ(ii)” of Theorem 2.2, we obtain that σBW pS ‘ T q “ σBW pSq Y
σBW pT q.

Example 3.2. The condition σBW pS‘T q “ σBW pSqYσBW pT q assumed in
Theorem 3.1 is not a sufficient condition on the direct sum to possess property
pgawq. To see this, let S “ 0 and T defined on the Hilbert space `2pNq by
T px1, x2, x3, . . .q “ p0, x1{2, x2{3, x3{4, . . .q. Then σpSq “ t0u, σBW pSq “ ∅
and EapSq “ t0u. So σpSqzσBW pSq “ EapSq, i.e. S possesses property
pgawq. We also have that σpT q “ t0u, σBW pT q “ t0u and EapT q “ ∅. So
σpT qzσBW pT q “ EapT q, i.e. T possesses property pgawq. But this property
does not hold for S ‘ T , because σpS ‘ T q “ t0u, σBW pS ‘ T q “ t0u and
EapS ‘ T q “ t0u. Notice that σBW pS ‘ T q “ σBW pSq Y σBW pT q, but
σppSq “ t0u and σppT q “ ∅.

Corollary 3.3. Let S P LpHq and T P LpHq be quasisimilar hyponormal
operators. If S and T both possess property pgawq, then S ‘ T possesses
property pgawq.

Proof. It is easily seen that the quasisimilarity of S and T implies that
σppSq “ σppT q. As S and T are hyponormal, then they are of stable sign
index. Hence σBW pS ‘ T q “ σBW pSq Y σBW pT q, and since S and T both
possess property pgawq, from Theorem 3.1 this is equivalent to say that S‘T
possesses property pgawq.

Similarly to Theorem 3.1, we have the following result in the case of
property pawq.

Theorem 3.4. Suppose that S P LpXq and T P LpY q are such that σ0ppSq “
σ0ppT q. If S and T both possess property pawq, then the following statements
are equivalent.

(i) S ‘ T possesses property pawq;
(ii) σW pS ‘ T q “ σW pSq Y σW pT q.

Proof. (ii)ñ (i) Suppose that σW pS ‘ T q “ σW pSq Y σW pT q. As T and S
both possess property pawq then

σpS ‘ T qzσW pS ‘ T q “ rσpSq Y σpT qszrσW pSq Y σW pT qs

“ rE0
apT q X ρpSqs Y rE

0
apSq X ρpT qs

Y rE0
apSq X E

0
apT qs.

Since by hypothesis σ0ppT q “ σ0ppSq, then E0
apT q X ρpSq “ ∅ and E0

apSq X

ρpT q “ ∅. Therefore σpS‘T qzσW pS‘T q “ E0
apSqXE

0
apT q. Since we know

that σ0ppS‘T q “ tλ P σ0ppSqYσ0ppT q : dimN pS´λIq`dimN pT´λIq ă 8u,
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then

E0
apS ‘ T q “ isoσapS ‘ T q X σ0ppS ‘ T q

“ isorσapSq Y σapT qs X σ0ppSq

“ rE0
apSq X ρapT qs Y rE

0
apT q X ρapSqs Y rE

0
apSq X E

0
apT qs

“ E0
apSq X E

0
apT q,

since E0
apSq X ρapT q “ ∅ and E0

apT q X ρapSq “ ∅. Hence σpS ‘ T qzσW pS ‘
T q “ E0

apS ‘ T q and S ‘ T possesses property pawq.
(i)ñ(ii) If S‘T possesses property pawq, then by [8, Theorem 3.6], S‘T

possesses property pabq. Hence the equality of the spectra σW pS ‘ T q and
σW pSq Y σW pT q follows from the proof of “(i)ñ(ii)” of Theorem 2.5.

Example 3.5. The equality σ0ppSq “ σ0ppT q assumed in Theorem 3.4 plays
a central role in establishing conditions for the direct sum to possess property
pawq. Indeed, if we consider the operator S ‘ R defined as in part (1) of
Remark 2.6, then S possesses property pawq, since σpSq “ t0, 1u, σW pSq “
t1u and E0

apSq “ t0u. We also have that R possesses property pawq, since
σpRq “ σW pRq “ Dp0, 1q and E0

apRq “ ∅. But S ‘ R does not possess
property pawq, since σpS‘Rq “ σW pS‘Rq “ Dp0, 1q and E0

apS‘Rq “ t0u.
Here σ0ppRq “ ∅, σ0ppSq “ t0u and σW pS ‘Rq “ σW pSq Y σW pRq.

As for every quasisimilar Banach spaces operators S and T , we have
σ0ppSq “ σ0ppT q, then from Theorem 3.4, we obtain immediately the following
corollary:

Corollary 3.6. Let S P LpHq and T P LpHq be quasisimilar hyponormal
operators. If S and T both possess property pawq, then S ‘ T possesses
property pawq.
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