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ON SOME NEW SEQUENCE SPACES AND STATISTICAL
CONVERGENCE METHODS FOR DOUBLE SEQUENCES

Abstract. In this paper, we introduce some new double sequence spaces with respect
to an Orlicz function and define two new convergence methods related to the concepts
of statistical convergence and lacunary statistical convergence for double sequences. We
also present some inclusion theorems for our newly defined sequence spaces and statistical
convergence methods.

1. Introduction

A double sequence x = (xj;) of real numbers (j,k € N, N is the set of
all positive integers) is said to be convergent in the Pringsheim’s sense (or
P-convergent) if for each € > 0 there exists N € N such that |z, — ¢ <€
whenever j,k > N. We shall write this as

ljn]? zj, =4,

where j and k tend to infinity independent of each other [15].

A double sequence z is bounded if

|z| = sup |z;| < oo.
g,k

Note that, in contrast to the case for single sequences, a convergent double
sequence need not be bounded. By ¢3°, we denote the space of double
sequences which are bounded.

The statistical convergence of a sequence = = (x) was first studied by
Fast [6]. A sequence z = (xj) is said to be statistically convergent to the
number £ if for each € > 0,

1
limﬁ|{k ck<n,lxg—L >¢e}| =0,
where |A| denotes the cardinality of the set A.
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The idea of statistical convergence for double sequences was introduced
by Mursaleen and Edely [11]. A double sequence x = (x ;) of real numbers
is statistically convergent to ¢, if for each ¢ > 0

1
ml%goom—\{(Zj)eNxN J<m, k<n, |zjy—L > e} =0.

In this case, we write sta —lim;; 21, = ¢ and denote the set of all statistically
convergent double sequences with Ss.

The notion of almost convergence for single sequences was introduced by
Lorentz [9] and for double sequences by Moricz and Rhoades [10]. A double
sequence = = () is said to be almost convergent to ¢ if

p}qlinoc Tpato(2) = £

uniformly in ¢, v, where

1 p q
qutv(fL’) = (p + 1)(q + 1) jgo I;:()mj+t,k+v~

Quite recently, Mursaleen and Mohiuddine (see [12|) introduced the
following double sequence spaces by using almost convergence, while such
spaces for single sequences were studied by Das and Sahoo [4].

m n
MQZ{SU:(ZEM) mIQLIEOO(m—I—l n+1) Z Z paro(@ = £) =0

uniformly in ¢, v, for some /¢ },

m n
[wa] = {x: (@ge) : lim (m+1 )(n+1) ; ; Toatw(@ = O] =0
uniformly in ¢, v, for some ¢ }

Let 0 = {k,},~, be an increasing sequence of non-negative integers with
k, — k._1 — 00, kg = 0. Such a sequence is called a lacunary sequence. The
ideas of lacunary sequence and lacunary statistical convergence for double
sequences were introduced by Savag and Patterson (see, [14, 19]) as follows:

The double sequence 0 = {(k,,ls)} is called double lacunary if there
exist two increasing sequences of integers such that

ko=0, h.=k.—k._1as7—> ®

and
lo=0, hg=1,—1s_1 ass— 0.
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Let kr,s = kyls, hr,s = hr,s = hrESa qr = kr/kr—la qs = ls/ls—l and
qrs = ¢rqs. Also, the intervals determined by 6 will be denoted by I, s =
{(ky0) i k1 <k <k, & ls—1 <l <Is}.

Let 6 be a double lacunary sequence. The double number sequence

r = (xjx) is Sp, ,-convergent (or lacunary statistically convergent) to £
provided for every ¢ > 0,

. 1 .

lim {4, k) € I s : |xji — €] > €}| = 0.

7,5—00 hns

In this case, we write Sp,, — lima = £ or z;, — £(Sp,,). Note that this
definition is a multidimensional analog of lacunary statistical convergence
presented in |7].

Recall (see [8]) that an Orlicz function M : [0,00) — [0, 0) is a continu-
ous, convex, nondecreasing function such that M(0) = 0 and M (z) > 0 for
x >0, and M(z) — o0 as © — o0. If convexity of Orlicz function is replaced
by M(z +y) < M(x)+ M(y), then this function is called modulus function
which is defined and characterized by Ruckle [16]. Subsequently Orlicz func-
tion was used to define sequence spaces by Parashar and Choudhary [13] and
others. Furthermore, Savag and Patterson introduced some double sequence
spaces by using Orlicz function (see [17, 18, 20]).

An Orlicz function M is said to satisfy As-condition, if for all values of
u, there exists a constant K > 0 such that M (2u) < KM (u), u > 0.

2. Some new spaces of double sequences
In this section, we first introduce the concept of lacunary [ws]-conver-
gence, while such a method for single sequences was introduced by Basarir [1].

DEFINITION 2.1. Let 0 = {(k;,l5)} be a double lacunary sequence and
x = (x;1) be a double sequence. Then x is said to be lacunary [ws]-convergent
to £ if
. 1
lim
r,s—0 R,

Z |Tpgto(x — £)| = 0, uniformly in ¢,v.

" (p.@)€lrs

By [w2], we denote the set of all lacunary [ws]-convergent double sequences
and we write [wa],-limx = £, for x € [wa],.

DEFINITION 2.2. Let M be an Orlicz function. We define the following
sequence spaces:

[wa(M)] = {JU = (zj1) : ;Z ZM(M) 50

(m+1)(n+1)pzoq:0 P

as m,n — oo, uniformly in ¢, v, for some ¢, some p > O},
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a0l = {o = ) 5 3 w220 s

fors (p,q)€lr,s P

uniformly in ¢, v, for some ¢, some p > O}.
If M(x) = x then [wo(M)] = [w2] and [wa(M)]y = [w2],.
We also note that the space [wa(M)], was introduced and examined for
single sequences by Chishti in [2].

THEOREM 2.3. Let 0 = {(k,,ls)} be a double lacunary sequence with
liminf, ¢, > 1 and liminfsq, > 1. Then for any Orlicz function M,

[wa(M)] = [wa(M)]y-

Proof. Suppose liminf, ¢, > 1 and liminfs g, > 1; then there exists § > 0

suchthatqr>1+5andﬁs>1+5andhence%2Land%>1L+5.

1+0 =
Therefore, for z € [wy(M)] we can write

LAy (e 01) 5 Ly (e 0)

>
"5 p,q=0 p "% (pg)elr,s

hys 1 |Tpqto(x — £)]
_ s M pq

ks hys 2 < P

’ " (p,q)€lr,s
2
> BN Z M M ’
“\1+90 r,s P
" (p,9)€lr,s

for each ¢t and v. =

THEOREM 2.4. Let 0 = {(k;,l5)} be a double lacunary sequence with
limsup, ¢, < o and limsup,q, < . Then for any Orlicz function M,
[w2(M)]y < [wa(M)].

Proof. Since limsup, ¢, < o0 and limsup, g, < 0, there exists H > 0 such
that ¢, < H and g, < H for all r and s. Let « € [wa(M)], and € > 0. Then
there exist positive integers rg and sg such that for every r > rg and s > s¢

and for all ¢ and v,
M (!Tmt(w—@l> e
)

Ar,s = 7
"% (p,q)€lr,s

Let M = max{A,,:1<r<rp,1<s<sp} and m and n be such that
kr—1 <m <k, and ls_1 < n <ls. Thus we obtain the following:

m,n k.l
1 : | Tpgto (7 — £)] 1 N | Tpgto (z — £)]
— < Prgtvl” — 21
a2 M ( < i 3 ar (el

pg=1,1 P 7”_1ls_1pq=171
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i B )

B=11 Np,q)€ly,p
1 70,50 1
= ﬁ Z ha”gAa’g + ﬁ Z h‘a,,BAa:ﬁ
r—1 S_la,ﬁzl,l r—1ts—1 (ro<a<r)u(so<B<s)
M 70,50 1
< ﬁ Z ha,ﬁ + ﬁ Z ha,ﬁAa,ﬁ
r—1bs—1, 57 4 Tl <a<r)U(so<B<s)
Mkl 1
r—1bs—1 a>roufi>sg r—1ts—1 (ro<a<r)u(so<B<s)
MEk, 1 1
< T0tsp 7050 n € Z hap
kr_lls_l kT—llS—l (
ro<a<r)u(so<B<s)

S M/{?TOZSOT’OSO
kr—lls—l
Since k, and l5; both approach infinity as both m and n approach infinity, it
follows that

—/
L 2 (’qu“’)’> — 0, uniformly in ¢, v.

pq 1,1
Therefore x € [wa(M)]. »

+ eH?.

The following is an immediate consequence of Theorem 2.1 and Theo-
rem 2.2.

THEOREM 2.5. Let 0 = {(k,,ls)} be a double lacunary sequence with 1 <
liminf, ¢, < limsup, ¢, < © and 1 < liminf;q, < limsup,q, < c0. Then
for any Orlicz function M, [we(M)], = [wa2(M)].

From Theorem 2.3 and Theorem 2.4, we obtain the following corollary
for any double lacunary sequence 6 = {(k,,ls)}.

COROLLARY 2.6. (i) Let liminf, ¢, > 1 and liminf; G, > 1. Then [wy] <
[w2]-
(ii) Let limsup, ¢, < o0 and limsup, g, < 0. Then [wa]y < [wo].

We need the following trivial lemma to prove the next theorem.

LEMMA 2.7. Let M be an Orlicz function which satisfies Ao-condition and
let 0 <8 < 1. Then for each x > §, we have M (x) < K§—*M(2) for some
constant K > 0.

THEOREM 2.8. For any Orlicz function M which satisfies As-condition, we
have [ws], < [wa(M)], and [wa] < [wa(M)].
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Proof. It is sufficient to show that [wa], < [w2(M)],. The other inclusion
can be proved by using similar method. Let x € [w2],y. Then

1
B,s = T Z |qutv($ - €)| —0

e (p,9)€lr,s

as r,§ — o0 uniformly in ¢,v. Let € > 0 and choose § with 0 < § < 1 such
that M (t) < e for 0 <t¢ < 4. Then, we have

LS M(ngle—0)

"% (p,q)ely,s

_ ! D M (g — )

e (P,@)€lr,s & |Tpgto(z—L)|<8

> M (|7pgto (2 = £)])

5 (p,Q)€lr s & |Tpgtv(@—L)|>6

—_

+

hr,

1 1
< —hyps€+ K(S_IM@)hT,SBTS’
hrs h‘?"S

)

uniformly in ¢,v. That is z € [U)Q(M)]g. .

Now we extend the spaces [wa(M)] and [w2(M)], to more general
spaces denoted by [wa(M, )] and [wa (M, )]y, respectively. Let a = (apq)
be a sequence of real numbers such that a,, > 0 for all p, ¢ and sup,, , apg =
H < 0. Define

[wa (M, a)] = {x: () :
(m+1 )(n+ 1) ZZ{ (|qutvp—€)|>}%q_)0

quO

as m,n — oo, uniformly in ¢, v, for some ¢, some p > O},

2 {M(\qutv(ﬂ?—f)\> }apq i

"% (p,g)elr,s P

[wa(M,a)]g = {ZL‘ = (z)) :

as r, s — 00, uniformly in ¢, v, for some ¢, some p > O}.

THEOREM 2.9. (i) If 0 < infayp, < apg < 1 then [we(M,a)] < [wa(M)]
and [wa(M, )]y < [wa(M)], -
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(i) If 1 < apg < sup apg < 0 then [we(M)] < [we (M, a)] and [wa(M)], <
[wQ(M7 Oé)]@ :

Proof. (i) Let x € [wa(M, a)]. Since 0 < inf oy < apq < 1, we have

(m+1 ZZ <|qutv —f)|>

p=0g=0
< (m+1 Y(n+1) Z;qu;){ <w>} pq7
whence x € [wa(M)].

(i) Let 1 < apg < supayg < @ and x € [wa(M)]. Then for each
0 < e < 1, there exists a positive integer N such that

e (<o
m ’I’l

0g=0
for all m,n > N and for all t and v. Hence, we have

(m+ 1)( Zoqz(:){ <|qutvp—€))j%:
< (=0l

Thus, we obtain x € [w2(M, «)]. Second parts of (i) and (ii) can be proved
similarly. =

3. Double statistical convergence methods

In this section, we extend some statistical convergence methods for single
sequences to double sequences. We also establish the relations between our
newly defined spaces.

The following definition is a multidimensional analog of the concept of
S-statistical convergence introduced by Esi in [5].

DEFINITION 3.1. A double sequence x = () is said to be Sy -statistically
convergent to £ if for every € > 0

1
lim — [{p <m,q <n:|mpgw(x —L)| > €}| =0, uniformly in ¢ and v.
m,n— MmN

In this case, we write So-limz = ¢ or i — L (?g) and denote by S», the
space of all Sp-statistically convergent double sequences.
DEFINITION 3.2. Let 6 = {(k,,ls)} be a double lacunary sequence. A double

sequence = (z;,) is said to be Sp, -statistically convergent to £ if for every
e>0
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li

r,8—00

(p,q) € Is ¢ |Tpgro(z — £)| > €}| = 0, uniformly in ¢ and v.

In this case we write ?9 limz = £ or xj, — ¢ (?9 ) and denote by Sy

r,87

the space of all Sg —statlstlcally convergent double sequences.

By using the same idea in Theorem 2.2 and Theorem 2.3 of [19] we can
easily obtain the following relation between the spaces S5 and 5’9

THEOREM 3.3. (i) Sy-limz = ¢ implies Sy, - limaz = £ if and only if
liminf, ¢, > 1 and liminf,q, > 1.
(ii) ggm dimz = £ implies Sy -limz = £ if and only if limsup, ¢, < c© and

lim sup, g, < 0.

~ Now we prove the following relations between the spaces [wz], [w2]y,
Sy and Sy, .

THEOREM 3.4.

(i) zjp — £[ws] implies x5 — € (S2).
(ii) If x € 43 and zjp — £ (S2) then xj, — € [wo].
(iii) S N €L = [wa] N £F.
(iv) aji — L|wa]y implies xj, — £ (Sgrs)
(v) If:n €Ly and i, — € (Sp, ) then zj; — £ [ws],.
) S

(vi NP = [wa]y N €3,

Proof. (i) Let x;, — ¢[wz]. For all t and v, we have

‘{p <m,qg<n: ‘qutv(x _6)’ > 6}’

m,n
= Z | Tpgto(z — £)] < 2 | Tpgto(x — 0)] .
p,g=1,1 i p,q=1,1

[Tpatv(z—£)|>€

Since xj; — £ [wz], from the last inequality we conclude that

1
lim 7|{P<m qgsn: |qutv( —0)| = €}| =0,

m,n—a0 Mn

for all ¢t and v. This completes the proof of (i).

(ii) Suppose x € £3° then for all p,q and t,v, |Tpgre(x — £)| < M. Also
for given € > 0 and for all ¢t and v, we have
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1 m,n 1 m,n

mn Z | Togte (z — £)| = n Z |Togto(z — £)]|
p,g=1,1 p,g=1,1
|qutv (z—0)|>e¢
1 m,n
+— Z [ Tpgto(x — )]
mn p7q:171

[ Tpato (—0) [ 2¢

M
< <m,qg<n: — )| > + €.
= {p <m,q <n: gl )| > e} +e

Hence x € £5° and xj;, — £ (gg) implies xj;, — £[wz].

(iii) This follows directly from (i) and (ii).

The proofs of (iv), (v) and (vi) are obviously similar to those of (i), (ii)
and (iii). m

We shall now establish an inclusion theorem by using Orlicz function.

THEOREM 3.5. For any Orlicz function M, [wy (M)], < Sy, , and [wy (M)]
- gg,

Proof. Let = € [wy (M)], and € > 0. Then for all ¢ and v,

Ly (et )

"% (p,q)ely,s P

> 1 Z M(|qutv($_€>|>
(z—0)|>e

T8 (p7Q)€Ir,s & |qutv P

>

1
>

M (£ ) ) & s = )] 2 .

>

T,S

This implies that x € ggm. "

Finally, by considering Theorem 3.6 of [3], we prove the reverse inclusion
stated in Theorem 3.5.

THEOREM 3.6. If M is a bounded function, which satisfies all conditions

of the definition of Orlicz function exvcept M(z) — 00 as x — ©, then
Sy, [wa (M)], and So < [wa (M)].

Proof. We only proof the inclusion Sy, , < [wg (M)],. Suppose that M (z) <
K for some positive constant K and for all x > 0. Let € > 0. Choose § with
0 < ¢ < 1 such that M (t) < e for 0 <t <. Then, we have
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L M (la— 0)

"% (p,q)elr,s

|
—

= Z M (|7pqto(x — £)])

e (p7Q)€[T,s & |7—pqtv(1}—€)|2(s

1
o > M (|7pqro( = )
"5 (p,q)€lr,s & |Tpgte (x—L)| <8
K
<o {(p,q) € Ln,s : [Tpgro(z — £)| = 6} + M (0)
K
< o {2 9) € s+ [T (2 = 0)] > 0} + .

Hence z € Sy, , implies @ € [wa (M)],. =

1]
2]
3l
4]
(5]

(6]
(7]

8]
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