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ON SOME NEW SEQUENCE SPACES AND STATISTICAL
CONVERGENCE METHODS FOR DOUBLE SEQUENCES

Abstract. In this paper, we introduce some new double sequence spaces with respect
to an Orlicz function and define two new convergence methods related to the concepts
of statistical convergence and lacunary statistical convergence for double sequences. We
also present some inclusion theorems for our newly defined sequence spaces and statistical
convergence methods.

1. Introduction
A double sequence x “ pxjkq of real numbers (j, k P N, N is the set of

all positive integers) is said to be convergent in the Pringsheim’s sense (or
P -convergent) if for each ε ą 0 there exists N P N such that |xjk ´ `| ă ε
whenever j, k ≥ N . We shall write this as

lim
j,k

xjk “ `,

where j and k tend to infinity independent of each other [15].
A double sequence x is bounded if

}x} “ sup
j,k
|xjk| ă 8.

Note that, in contrast to the case for single sequences, a convergent double
sequence need not be bounded. By `82 , we denote the space of double
sequences which are bounded.

The statistical convergence of a sequence x “ pxkq was first studied by
Fast [6]. A sequence x “ pxkq is said to be statistically convergent to the
number ` if for each ε ą 0,

lim
n

1

n
|tk : k ≤ n, |xk ´ `| ≥ εu| “ 0,

where |A| denotes the cardinality of the set A.
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The idea of statistical convergence for double sequences was introduced
by Mursaleen and Edely [11]. A double sequence x “ pxjkq of real numbers
is statistically convergent to `, if for each ε ą 0

lim
m,nÑ8

1

mn
|tpi, jq P Nˆ N : j ≤ m, k ≤ n, |xjk ´ `| ≥ εu| “ 0.

In this case, we write st2´ limj,k xj,k “ ` and denote the set of all statistically
convergent double sequences with S2.

The notion of almost convergence for single sequences was introduced by
Lorentz [9] and for double sequences by Moricz and Rhoades [10]. A double
sequence x “ pxjkq is said to be almost convergent to ` if

lim
p,qÑ8

τpqtvpxq “ `

uniformly in t, v, where

τpqtvpxq “
1

pp` 1qpq ` 1q

p
ÿ

j“0

q
ÿ

k“0

xj`t,k`v.

Quite recently, Mursaleen and Mohiuddine (see [12]) introduced the
following double sequence spaces by using almost convergence, while such
spaces for single sequences were studied by Das and Sahoo [4].

w2 “

"

x “ pxjkq : lim
m,nÑ8

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

τpqtvpx´ `q “ 0

uniformly in t, v, for some `
*

,

rw2s “

"

x “ pxjkq : lim
m,nÑ8

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

|τpqtvpx´ `q| “ 0

uniformly in t, v, for some `
*

.

Let θ “ tkru8r“0 be an increasing sequence of non-negative integers with
kr ´ kr´1 Ñ8, k0 “ 0. Such a sequence is called a lacunary sequence. The
ideas of lacunary sequence and lacunary statistical convergence for double
sequences were introduced by Savaş and Patterson (see, [14, 19]) as follows:

The double sequence θ “ tpkr, lsqu is called double lacunary if there
exist two increasing sequences of integers such that

k0 “ 0, hr “ kr ´ kr´1 as r Ñ8

and
l0 “ 0, hs “ ls ´ ls´1 as sÑ8.
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Let kr,s “ krls, hr,s “ hr,s “ hrhs, qr “ kr{kr´1, qs “ ls{ls´1 and
qr,s “ qrqs. Also, the intervals determined by θ will be denoted by Ir,s “
tpk, lq : kr´1 ă k ≤ kr & ls´1 ă l ≤ lsu.

Let θ be a double lacunary sequence. The double number sequence
x “ pxjkq is Sθr,s-convergent (or lacunary statistically convergent) to `
provided for every ε ą 0,

lim
r,sÑ8

1

hr,s
|tpj, kq P Ir,s : |xjk ´ `| ≥ εu| “ 0.

In this case, we write Sθr,s ´ limx “ ` or xjk Ñ `pSθr,sq. Note that this
definition is a multidimensional analog of lacunary statistical convergence
presented in [7].

Recall (see [8]) that an Orlicz function M : r0,8q Ñ r0,8q is a continu-
ous, convex, nondecreasing function such that Mp0q “ 0 and Mpxq ą 0 for
x ą 0, and Mpxq Ñ 8 as xÑ8. If convexity of Orlicz function is replaced
by Mpx` yq ≤Mpxq `Mpyq, then this function is called modulus function
which is defined and characterized by Ruckle [16]. Subsequently Orlicz func-
tion was used to define sequence spaces by Parashar and Choudhary [13] and
others. Furthermore, Savaş and Patterson introduced some double sequence
spaces by using Orlicz function (see [17, 18, 20]).

An Orlicz function M is said to satisfy ∆2-condition, if for all values of
u, there exists a constant K ą 0 such that Mp2uq ≤ KMpuq, u ≥ 0.

2. Some new spaces of double sequences
In this section, we first introduce the concept of lacunary rw2s-conver-

gence, while such a method for single sequences was introduced by Basarir [1].

Definition 2.1. Let θ “ tpkr, lsqu be a double lacunary sequence and
x “ pxjkq be a double sequence. Then x is said to be lacunary rw2s-convergent
to ` if

lim
r,sÑ8

1

hr,s

ÿ

pp,qqPIr,s

|τpqtvpx´ `q| “ 0, uniformly in t, v.

By rw2sθ we denote the set of all lacunary rw2s-convergent double sequences
and we write rw2sθ-limx “ `, for x P rw2sθ.

Definition 2.2. Let M be an Orlicz function. We define the following
sequence spaces:

rw2pMqs “

"

x “ pxjkq :
1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

Mp
|τpqtvpx´ `q|

ρ
q Ñ 0

as m,nÑ8, uniformly in t, v, for some `, some ρ ą 0

*

,
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rw2pMqsθ “

"

x “ pxjkq :
1

hr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

Ñ 0 as r, sÑ8,

uniformly in t, v, for some `, some ρ ą 0

*

.

If Mpxq “ x then rw2pMqs “ rw2s and rw2pMqsθ “ rw2sθ.
We also note that the space rw2pMqsθ was introduced and examined for

single sequences by Chishti in [2].

Theorem 2.3. Let θ “ tpkr, lsqu be a double lacunary sequence with
lim infr qr ą 1 and lim infs qs ą 1. Then for any Orlicz function M,
rw2pMqs Ă rw2pMqsθ.

Proof. Suppose lim infr qr ą 1 and lim infs qs ą 1; then there exists δ ą 0

such that qr ą 1 ` δ and qs ą 1 ` δ and hence hr
kr

≥ δ
1`δ and hs

ls
≥ δ

1`δ .
Therefore, for x P rw2pMqs we can write

1

kr,s

kr,ls
ÿ

p,q“0

M

ˆ

|τpqstpx´ `q|

ρ

˙

≥ 1

kr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

“
hr,s
kr,s

1

hr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

≥
ˆ

δ

1` δ

˙2 1

hr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

,

for each t and v.

Theorem 2.4. Let θ “ tpkr, lsqu be a double lacunary sequence with
lim supr qr ă 8 and lim sups qs ă 8. Then for any Orlicz function M,
rw2pMqsθ Ă rw2pMqs.

Proof. Since lim supr qr ă 8 and lim sups qs ă 8, there exists H ą 0 such
that qr ă H and qs ă H for all r and s. Let x P rw2pMqsθ and ε ą 0. Then
there exist positive integers r0 and s0 such that for every r ≥ r0 and s ≥ s0
and for all t and v,

Ar,s “
1

hr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

ă ε.

Let M “ max tAr,s : 1 ≤ r ≤ r0, 1 ≤ s ≤ s0u and m and n be such that
kr´1 ă m ă kr and ls´1 ă n ă ls. Thus we obtain the following:

1

mn

m,n
ÿ

pq“1,1

M

ˆ

|τpqtvpx´ `q|

ρ

˙

≤ 1

kr´1ls´1

kr,ls
ÿ

pq“1,1

M

ˆ

|τpqtvpx´ `q|

ρ

˙
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≤ 1

kr´1ls´1

r,s
ÿ

α,β“1,1

ˆ

ÿ

pp,qqPIα,β

M

ˆ

|τpqtvpx´ `q|

ρ

˙˙

“
1

kr´1ls´1

r0,s0
ÿ

α,β“1,1

hα,βAα,β `
1

kr´1ls´1

ÿ

pr0ăα≤rqYps0ăβ≤sq
hα,βAα,β

≤ M

kr´1ls´1

r0,s0
ÿ

α,β“1,1

hα,β `
1

kr´1ls´1

ÿ

pr0ăα≤rqYps0ăβ≤sq
hα,βAα,β

≤ Mkr0 ls0r0s0
kr´1ls´1

`

´

sup
α≥roYβ≥s0

Aα,β

¯ 1

kr´1ls´1

ÿ

pr0ăα≤rqYps0ăβ≤sq
hα,β

≤ Mkr0 ls0r0s0
kr´1ls´1

`
1

kr´1ls´1
ε

ÿ

pr0ăα≤rqYps0ăβ≤sq
hα,β

≤ Mkr0 ls0r0s0
kr´1ls´1

` εH2.

Since kr and ls both approach infinity as both m and n approach infinity, it
follows that

1

mn

m,n
ÿ

pq“1,1

M

ˆ

|τpqtvpx´ `q|

ρ

˙

Ñ 0, uniformly in t, v.

Therefore x P rw2pMqs.

The following is an immediate consequence of Theorem 2.1 and Theo-
rem 2.2.

Theorem 2.5. Let θ “ tpkr, lsqu be a double lacunary sequence with 1 ă
lim infr qr ă lim supr qr ă 8 and 1 ă lim infs qs ă lim sups qs ă 8. Then
for any Orlicz function M, rw2pMqsθ “ rw2pMqs.

From Theorem 2.3 and Theorem 2.4, we obtain the following corollary
for any double lacunary sequence θ “ tpkr, lsqu.

Corollary 2.6. (i) Let lim infr qr ą 1 and lim infs qs ą 1. Then rw2s Ă

rw2sθ.
(ii) Let lim supr qr ă 8 and lim sups qs ă 8. Then rw2sθ Ă rw2s.

We need the following trivial lemma to prove the next theorem.

Lemma 2.7. Let M be an Orlicz function which satisfies ∆2-condition and
let 0 ă δ ă 1. Then for each x ≥ δ, we have M pxq ă Kδ´1Mp2q for some
constant K ą 0.

Theorem 2.8. For any Orlicz function M which satisfies ∆2-condition, we
have rw2sθ Ă rw2pMqsθ and rw2s Ă rw2pMqs.
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Proof. It is sufficient to show that rw2sθ Ă rw2pMqsθ. The other inclusion
can be proved by using similar method. Let x P rw2sθ. Then

Brs “
1

hr,s

ÿ

pp,qqPIr,s

|τpqtvpx´ `q| Ñ 0

as r, s Ñ 8 uniformly in t, v. Let ε ą 0 and choose δ with 0 ă δ ă 1 such
that Mptq ă ε for 0 ≤ t ≤ δ. Then, we have

1

hr,s

ÿ

pp,qqPIr,s

M p|τpqtvpx´ `q|q

“
1

hr,s

ÿ

pp,qqPIr,s & |τpqtvpx´`q|≤δ
M p|τpqtvpx´ `q|q

`
1

hr,s

ÿ

pp,qqPIr,s & |τpqtvpx´`q|ąδ

M p|τpqtvpx´ `q|q

ă
1

hr,s
hr,sε`

1

hr,s
Kδ´1Mp2qhr,sBrs,

by Lemma 2.7. Hence

lim
r,sÑ8

1

hr,s

ÿ

pp,qqPIr,s

M p|τpqtvpx´ `q|q “ 0

uniformly in t, v. That is x P rw2pMqsθ.
Now we extend the spaces rw2pMqs and rw2pMqsθ to more general

spaces denoted by rw2pM,αqs and rw2pM,αqsθ, respectively. Let α “ pαpqq
be a sequence of real numbers such that αpq ą 0 for all p, q and supp,q αpq “
H ă 8. Define

rw2pM,αqs “

"

x “ pxjkq :

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

"

M

ˆ

|τpqtvpx´ `q|

ρ

˙*αpq

Ñ 0

as m,nÑ8, uniformly in t, v, for some `, some ρ ą 0

*

,

rw2pM,αqsθ “

"

x “ pxjkq :
1

hr,s

ÿ

pp,qqPIr,s

"

M

ˆ

|τpqtvpx´ `q|

ρ

˙*αpq

Ñ 0

as r, sÑ8, uniformly in t, v, for some `, some ρ ą 0

*

.

Theorem 2.9. (i) If 0 ă inf αpq ă αpq ă 1 then rw2pM,αqs Ă rw2pMqs
and rw2pM,αqsθ Ă rw2pMqsθ .
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(ii) If 1 ≤ αpq ≤ supαpq ă 8 then rw2pMqs Ă rw2pM,αqs and rw2pMqsθ Ă
rw2pM,αqsθ .

Proof. (i) Let x P rw2pM,αqs. Since 0 ă inf αpq ă αpq ă 1, we have

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

M

ˆ

|τpqtvpx´ `q|

ρ

˙

≤ 1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

"

M

ˆ

|τpqtvpx´ `q|

ρ

˙*αpq

,

whence x P rw2pMqs.
(ii) Let 1 ≤ αpq ≤ supαpq ă 8 and x P rw2pMqs . Then for each

0 ă ε ă 1, there exists a positive integer N such that

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

M

ˆ

|τpqtvpx´ `q|

ρ

˙

≤ ε ă 1,

for all m,n ≥ N and for all t and v. Hence, we have

1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

"

M

ˆ

|τpqtvpx´ `q|

ρ

˙*αpq

≤ 1

pm` 1qpn` 1q

m
ÿ

p“0

n
ÿ

q“0

M

ˆ

|τpqtvpx´ `q|

ρ

˙

.

Thus, we obtain x P rw2pM,αqs. Second parts of (i) and (ii) can be proved
similarly.

3. Double statistical convergence methods
In this section, we extend some statistical convergence methods for single

sequences to double sequences. We also establish the relations between our
newly defined spaces.

The following definition is a multidimensional analog of the concept of
S-statistical convergence introduced by Esi in [5].
Definition 3.1. A double sequence x “ pxjkq is said to be S2 -statistically
convergent to ` if for every ε ą 0

lim
m,nÑ8

1

mn
|tp ≤ m, q ≤ n : |τpqtvpx´ `q| ≥ εu| “ 0, uniformly in t and v.

In this case, we write S2-limx “ ` or xjk Ñ `
`

S2

˘

and denote by S2, the
space of all S2-statistically convergent double sequences.
Definition 3.2. Let θ “ tpkr, lsqu be a double lacunary sequence. A double
sequence x “ pxjkq is said to be Sθr,s-statistically convergent to ` if for every
ε ą 0
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lim
r,sÑ8

1

hr,s
|tpp, qq P Ir,s : |τpqtvpx´ `q| ≥ εu| “ 0, uniformly in t and v.

In this case we write Sθr,s-limx “ ` or xjk Ñ `
`

Sθr,s
˘

and denote by Sθr,s ,
the space of all Sθr,s-statistically convergent double sequences.

By using the same idea in Theorem 2.2 and Theorem 2.3 of [19], we can
easily obtain the following relation between the spaces S2 and Sθr,s .

Theorem 3.3. (i) S2-limx “ ` implies Sθr,s- limx “ ` if and only if
lim infr qr ą 1 and lim infs qs ą 1.

(ii) Sθr,s-limx “ ` implies S2 -limx “ ` if and only if lim supr qr ă 8 and
lim sups qs ă 8.

Now we prove the following relations between the spaces rw2s , rw2sθ,
S2 and Sθr,s .

Theorem 3.4.

(i) xjk Ñ ` rw2s implies xjk Ñ `
`

S2

˘

.

(ii) If x P `82 and xjk Ñ `
`

S2

˘

then xjk Ñ ` rw2s.

(iii) S2 X `
8
2 “ rw2s X `

8
2 .

(iv) xjk Ñ ` rw2sθ implies xjk Ñ `
`

Sθr,s
˘

.

(v) If x P `82 and xjk Ñ `
`

Sθr,s
˘

then xjk Ñ ` rw2sθ.

(vi) Sθr,s X `82 “ rw2sθ X `
8
2 .

Proof. (i) Let xjk Ñ ` rw2s. For all t and v, we have

|tp ≤ m, q ≤ n : |τpqtvpx´ `q| ≥ εu|

≤
ÿ

p,q“1,1
|τpqtvpx´`q|≥ε

m,n

|τpqtvpx´ `q| ≤
m,n
ÿ

p,q“1,1

|τpqtvpx´ `q| .

Since xjk Ñ ` rw2s , from the last inequality we conclude that

lim
m,nÑ8

1

mn
|tp ≤ m, q ≤ n : |τpqtvpx´ `q| ≥ εu| “ 0,

for all t and v. This completes the proof of (i).
(ii) Suppose x P `82 then for all p, q and t,v, |τpqtvpx´ `q| ≤ M . Also

for given ε ą 0 and for all t and v, we have
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1

mn

m,n
ÿ

p,q“1,1

|τpqtvpx´ `q| “
1

mn

m,n
ÿ

p,q“1,1
|τpqtvpx´`q|≥ε

|τpqtvpx´ `q|

`
1

mn

m,n
ÿ

p,q“1,1
|τpqtvpx´`q|≥ε

|τpqtvpx´ `q|

≤ M

mn
|tp ≤ m, q ≤ n : |τpqtvpx´ `q| ≥ εu| ` ε.

Hence x P `82 and xjk Ñ `
`

S2

˘

implies xjk Ñ ` rw2s.
(iii) This follows directly from (i) and (ii).
The proofs of (iv), (v) and (vi) are obviously similar to those of (i), (ii)

and (iii).

We shall now establish an inclusion theorem by using Orlicz function.

Theorem 3.5. For any Orlicz functionM , rw2 pMqsθ Ă Sθr,s and rw2 pMqs

Ă S2.

Proof. Let x P rw2 pMqsθ and ε ą 0. Then for all t and v,

1

hr,s

ÿ

pp,qqPIr,s

M

ˆ

|τpqtvpx´ `q|

ρ

˙

≥ 1

hr,s

ÿ

pp,qqPIr,s & |τpqtvpx´`q|≥ε
M

ˆ

|τpqtvpx´ `q|

ρ

˙

ą
1

hr,s
M

ˆ

ε

ρ

˙

|tpp, qq P Ir,s : |τpqtvpx´ `q| ≥ εu| .

This implies that x P Sθr,s .

Finally, by considering Theorem 3.6 of [3], we prove the reverse inclusion
stated in Theorem 3.5.

Theorem 3.6. If M is a bounded function, which satisfies all conditions
of the definition of Orlicz function except Mpxq Ñ 8 as x Ñ 8, then
Sθr,s Ă rw2 pMqsθ and S2 Ă rw2 pMqs.

Proof. We only proof the inclusion Sθr,s Ă rw2 pMqsθ. Suppose thatMpxq ≤
K for some positive constant K and for all x ≥ 0. Let ε ą 0. Choose δ with
0 ă δ ă 1 such that Mptq ă ε for 0 ≤ t ≤ δ. Then, we have
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1

hr,s

ÿ

pp,qqPIr,s

M p|τpqtvpx´ `q|q

“
1

hr,s

ÿ

pp,qqPIr,s & |τpqtvpx´`q|≥δ
M p|τpqtvpx´ `q|q

`
1

hr,s

ÿ

pp,qqPIr,s & |τpqtvpx´`q|ăδ

M p|τpqtvpx´ `q|q

≤ K

hr,s
|tpp, qq P Ir,s : |τpqtvpx´ `q| ≥ δu| `M pδq

≤ K

hr,s
|tpp, qq P Ir,s : |τpqtvpx´ `q| ≥ δu| ` ε.

Hence x P Sθr,s implies x P rw2 pMqsθ.
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