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APPROXIMATION OF CONJUGATE FUNCTIONS BY
GENERAL LINEAR OPERATORS OF THEIR FOURIER
SERIES AT THE LEBESGUE POINTS

Abstract. The pointwise estimates of the deviations T, a5f(-) — f(-) and
TmA’Bf () — ]?(-,5) in terms of moduli of continuity w.f and @.f are proved. Ana-
logical results on norm approximation with remarks and corollary are also given. These
results generalized a theorem of Mittal [3, Theorem 1, p. 437].

1. Introduction

Let LP (1 < p < o) [p=o0] be the class of all 2m-periodic real-
valued functions integrable in the Lebesgue sense with p-th power [essentially
bounded| over @ = [—m, 7] with the norm

1
(S |f(f)|pdt> /p7 when 1 <p <o,
Q

1= 1000 =3 58 o) when p— o
teQ
and consider the trigonometric Fourier series
_allf) < .
Sf(z) = 5t Z (ay(f)cosvz + b,(f)sinva),
v=1

with the partial sums Sy f and the conjugate one
e}

Sf(z) = Z (ay(f)sinve — b, (f) cosve),

v=1

with the partial sums gkf We know that if f € L' then

~

Fla) = —if% (t)%cot%dt ~ lim [(z,6),

e—0t
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where

(x,€) := —f Uy (t cot dt
with

Yo (1) = f e+ 1) = fz—1),
exists for almost all z [5, Th.(3.1)IV].

Let A := (ank) and B := (b ) be infinite lower triangular matrices of
real numbers such that

ang > 0and b, >0, when k=0,1,2,...n,
ank =0 and b, =0, when k> n,

n n
Zanykzl and an,kzl, where n =0,1,2,....

Let us define the general linear operators by the AB-transformation of (Syf)
and (gk f) as follows

T

Toanf(z 2 D anebrkSif (), (n=0,1,2,...)
r=0k=0

and
s

(1) nABf 22 nabr i Sif (), (n=10,1,2,...).

As a measure of approximation of f, f and f(, €) by the above quantities,
we use the pointwise moduli of continuity of f in the space L' defined by
the formulas

wyf (0 J |0z (w)| du and W, f (& J |9 (u)| du,
2, f (8) = sup f ow ()] du and T, f (8) = sup f b ()| dt,
0<t<6 0<t<6
where

o (t):=f(x+t)+ fx—t)—2f(x).
It is clear that
(2) lw.f () lp Swf(0)r, and [@.f(6) [, <&f(0)p,

where

wf(6)e = sup |l¢.(t) |, and @f (6)p = sup [¢. (1) .
0<t<d 0<t<d

are the classical moduli of continuity of f.
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The deviation T}, 4 p f—f with lower triangular infinite matrix A, defined
by ani = n%rl when k£ = 0,1,2,...n and a,; = 0 when k > n, was
estimated by M. L. Mittal as follows:

THEOREM A. [3, Theorem 1, p. 437| If entries of matriz A satisfy the
conditions
Unn—k — On4+1n+1-—k >0, for 0<k<mn,

l r

Z (k+1)|ap,—k — ar,r—k71|:O< Z ar,k), for 0<1<r<n,
k=0 k=r—I
(k

2,

=0

+ 1 ar,rfk - ar+1,r+17k) - (ar,rfkfl - a?‘+1,rfk>|

e

1
= <r<
O(r—i—l)’ for 0<r<n

and

ano — ant1,1 = O ((n + 1)_2)
then, for x such that

1 t
tf oz (w)]du =0, (1), as t—>0+ ,
0

we have the relation

ZZa,,kSkf — f(z) =05(1), as n— 0.

=0 k=0
The deviation T, 4, pf — f was also estimated in our earlier paper as
follows:

n+1

THEOREM B. [2] Let f e L. If entries of our matrices satisfy the condi-
tions

(pp K %H, SilTZOan,r L Gps, for 0<s<n
and
lan +brr—1 — Qnrs1bri1rr1-1] < a,i for0<I<r<n-1
T ’ ’ (r+ 1)
then

n

Tt @)= 1)« P 13 Nt (7))

r=
n

- 0 St S (e5) )

r=0

for every natural n and all real x.
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n ~ ~
In the case of conjugate functions, the deviation ) anSif (x) — f(x)

k=0
was considered by M. L. Mittal, B. E. Rhoades and V. N. Mishra in [4] in
the following way

THEOREM C. [4, Theorem 3.1| Let fe€ LP (p > 1) such that

2 P
| s - s@stal a -0y =0

0
provided that & (t) is positive, increasing function of t satisfying the condi-

tions
[ (g )" -o.(2).
{ / (W)dt}/ -0, (')

uniformly in x, where 6 < 1/p, but the function @ decreasing in t. If the
entries of matriz A satisfy the condition

l r

Z (k+1)|ary—k — arpp—1| = O( Z ar,k)7 for 0<1<r<n,

| ofe(2)

then
In our theorems, we will consider the deviations 7 manl () — f(-) and

NnA gf()— f(-,€) with the mean (1) introduced at the begin and we will
présént the estimates of the above type. Consequently, we also give some
results on norm approximation and some remarks. Finally, we will derive a
corollary.

We shall write I; « Iy if there exists a positive constant K, sometimes
depend on some parameters, such that I1 < K.

~

\i 0uiBif (O - FO)|

2. Statement of the results
We start with our main results on the degrees of pointwise summability.

THEOREM 1. Let f e L'. If entries of our matrices satisfy the conditions
1
(3) anm < ﬁ,
1

s+1

(4)

Eanr«ans for 0<s<n
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and
(5) |an,rbr,r—l - an,r+1br+1,r+1—l| < i 3 for0<I<r<n-1
(r+1)
then
~ ~ s = 1 Q- m
T, - 1 n,r Vg
(6) nant (@) f<x’n+1) <<7§)a’ {r+1kz_0wf<k+1>]

and under the additional condition

™) ”0 u}xt(ﬂ xf< +1>’

(8) Toasf @) - F @) < %an[ril; . f (k T 1)}

for every natural n and all considered real x.

REMARK 1. We can observe that the proof of Theorem 1 yields the follow-
ing more precise estimate

Toanf @-F (2.55)]
T st @)~ F @)

« E(G’”JFZ fii)[rﬂ i e f <k+1>]+[n-1|-1 é@f (kzil)]

without assumption (4). In this case, we can obtain the relation
T, apf()—f (337 #)‘
Tapf @)-F (@)

under weaker assumption Y > 3% = O (1) instead of (4) with (3), (5)
and W, f (0) = 0, (1).

If we suppose at the beginning that the matrix A is such that a,, ; = %—'rl’
when k£ =0,1,2,...n and a, = 0, when k > n, then we can yet reduce our
assumptions.

(9)

=0z (1)

THEOREM 2. Let f e L' and let entries of the matriz B satisfy the condi-

tion
1
(10) |br7r—l - br+17r+1—l| L —3, for0 <1<
(r+1)
Then

T () (@) = f<x’nj-1>‘<<n41-1 i[rilaaﬁfQL)}

0 k
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and under (7)
) [l @)= T @) < n-lu ;O[r-lukzowxf (k:j:l)]

for every natural n and all considered real x

REMARK 2. Analyzing the proof of Theorem 1 with A = (—) , We can

n+1
see that under the following additional assumption on the entries of the
matrix B
n—1 r
Z Z |br i — byp1p41-k] €1 for 0 <s <r<n-—1,
r=s k=s

we obtain the estimate

. (k)8 (®) = f()’«n—ll—l i "”f(r+1>

r=0
more precise than (11). This additional assumption as well as (10) are ful-
filled if b, = 0 for £k =0,1,2,...,n—-1,n+1,... and b,, = 1. Thus, we
have analogue of the well known classical result of S. Aljanci¢, R. Bojanic
and M. Tomi¢ [1]. The analogical remark we can prepare with respect to
Theorem 1.

Finally, we formulate the results on the estimates of LP norm of the
deviation considered above.

THEOREM 3. Let f € LP. Under the assumptions of Theorem 1 on the
entries of matrices A and B and & f, we have

for every natural n.

n

TanfO—7 (5 v
\/iB <+1> <<Za“”[ri1,§“f(k+l)m]’

nABf r=0

THEOREM 4. Let f € LP then, under the assumptions of Theorem 2 on
the entries of matrix B and Of, we have

Loyl O F (o Y
i [ 1 () (f< >H n+1§o[ 14 <’““> ]

(n+1
for every natural n.

COROLLARY 1. Under the assumptions of our theorems, we have the rela-
tions

Tn,A,Bf (z) — J?(ﬂfa Py
T, 050 (@)= f @)

>‘ =0, (1), ae in =z,
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LYER

o (@)= 7 (w551
T sl (@)= F@)
such that Wy f (t) = 0y (1) as t — 0+, and
Tn,A,Bf(') - f(’%ﬂ)

an,A,Bf (-7 <->]

n+

=0, (1), a.e in x,

Ly :0(1)¢

p

when n — o0.

3. Auxiliary results

We begin this section by some notations following A. Zygmund |5, Section
5 of Chapter II].
It is clear that -

Sef@=—=| feroba,

—Tr

and
~ 1 (™ nor ~
Toapf(r)=—= f(z+1) Z Z A by 1 Dy (1) dt,
TJom =0 k=0
where
) cos % — CoS (%;rl) 2 sin ’;t sin (kgl)t
= Z sinvt = — = T
2sin 3 2sin = 5
Hence
~ ~ e 1 n:l T
napl (@)= f ntl) " " =x . x()Z an,rbr i Dy, (t) di
r=0k=0
1 (™ n o r N
+ ; . ¢x (t) Z Z an,rbr,sz (t) dt
T r=0 k=0
and
~ ~ 1 (7 r
v @ = Fla) = o [ e Y Y ansbeaDi 1)
T Jo =0 k=0
where i k1)t
~ 1 t . cos ;r
Dy (t) = §cot§ - Zlosmvt = 25 L

Now, we formulate some estimates for the conjugate Dirichlet kernels.
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LEMMA 1. (see [5, Section 5 of Chapter II, p. 51)) If 0 < |t| < 7/2 then
~ T
D° ’ < — and ’Dk (t)’ < —
‘ 2 Itl 2l
but for any real t, we have
~ 1 ~
‘Dk (t)‘ < Sh(k+ 1)t and ]Dk (t)] <k+ L
More complicated estimates we give with proofs.

LEMMA 2. Let fe L'. The following inequalities

1 " T
.'L’ <2 ~$ bl
f( +1> n+1;)wf<r+1)
~ T 1 LN m
~ < ~
wxf<n+1> —n+17;w“‘f<r+1)

hold for every natural n and all real x.

Proof. The proof of the first inequality follows by the easy account
n+1 2(r+1)
T = T d T aIN T oy
wf<n+1> ™ W (W)l uZ(n+1)(n+2)
2 <« (r+1)(n+ i
- e [ el

S

+
—_
]

= m(n+2
2 L+l [T 1 &
— T dy = 2—— T
172) JO s ()] du n+1§ f<r+1>

The second inequality is evident, therefore our proof is completed. =

4. Proofs of the results

4.1. Proof of Theorem 1. First, we prove the relation (6). The main idea
of the proof based on the method used in [2, Proof of Theorem 1]. Let

Tn,A,Bf(x)_f,V(x’nj_l) gg nT kSk,’ f( Il)
% J Z Z an,rbnkﬁk (t> dt
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Further, by Lemma 1,

L[ Y 2 sin Kt gin F+LE
PR RTROTD YD S Al P
e r=0k=0 2sin 5
1 . f < T > Z": s Dot
- : a” ,rOrk
n+l n+1) 2o
™ n n
n
<<Zan,r[ +12wzf< >]
r=0
and using the inequality: sint < 2t for0<t<T
L(" S cos (2k+1)t
<[ 103 oS
nt1 r=0k=0 sin &
T t n r Qk 1 t
< f W}It( )| Z Z an,rbr,k Ccos (y‘dt
n:l r=0 k=0
s t T—1 r ok N
< f e DS 3 by cos <—5>‘ »
n:l r=0 k=0
ﬂ t 3 2r —2k + 1)t
w1 NS S b s <2+>’ »
n:l r=7 k=0
us t n r 2 B 2k 1 t
+ J ’wl't< )‘ Z Z a‘TL,TbTﬂ”—k; CcOoS ”;)‘dt
= az

= Iy + Iz + I23,

where 7 = [Z] for t € (0,7]. Now, we shall estimate the integrals Io1, Iz
and Ia3. So,

" I@bx 22 -

I < J
"L“ r=0 k=0
-1
) W)x (t)‘ ; " |wx an,r
:JW t nrdt<27‘r ZT+1

" ”+1

+1
n o )
| Qn,r QAn,r Js |¢:1: (t)|
=7 dt <2 gt
W;fﬂ ZT+1 W§§5+1 g

s+1

w
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and integrating by parts

121<27TZZ i {[ﬁf [ (u IdUL_”

s=1r= O S+1

s=0r=0 tzslz
n t =
ans |1 s
= P
ran 30302 [ ] a
s:lr:US+1 sil t3 0
1 ~ ~
D [wxf(siu)_wxf(;)]
5207“:08 2 Hil S+L2
n ~ s T s
s [0 1G]
+27T ) |: S _
Lol A
n s jus t
Qnr s 1
+ 47 ’ — u)| du |dt
s—lr—OS—‘rl‘[Il [t3 ’wm( )’ j|
1 ~ ~ ~
oSS 5 e [Tella) Bl e S ()
B s:OT:OT—i_l sIl 5172 3:18+1 s
s jus
An 1 s
kg2 o e
P SL[tg 90 ()

Changing the order of summation, we get

n—1r~ T w
I « Z dnyr Z[ “"”fgfﬂ) _ B 8+2 ] Zanswxf< )

s=1r=0 s+1
n—1 ~ s ~ s n
a wa:f =1 Wy (71) T
S5 [P GRS (7
or A 71 w1 s=1
n s
An.r ~ T 1 1
s:lr:08+1 § s+1 s
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<<Z7“+1 T +Zan,swxf; +ZZS+1w(Ef§
0 r+1 s=1 s=1r=0
— a w a -
_7T7‘=0 e r+1 s=1 " 7"=OS+:l ’ 5
L 1 < T
<<Z“"”[r+12wxf<s+1>]
r=0 s=0
+ S 3 5) 150 (7)]
Qn,s - Wy -
s=1 T:08+1 srzl r
1 —— s
Sl gel)
= r—l—lszo s+1
L > a 1553 T
S E )
~ T:08~|—1 s = r+1
n L. 1 r .
<<Z<aw+2 )[ M( )]
= S:07“4-1 r+ls:0 s+1

n 1 r - " 1 .
< Sonr| iy B0 () | < Z{][H; it (1) |
r= s= r= =0

Using Abel’s transformation in Iy and conditions (3), and (5), we obtain

ERTNOISIAS
Iy = . ; kZ]O Z [an,rbr,rfk_an,r+1bT+1,T+1fk]

" (21 — 2k ” 20 — 2k + 1)t
3 oos B2 W,nbn,n_kzc()gﬁ)‘dt

l=T1 I=t
T t —1 n-1
SJW‘ t() Z[Z anrbrr—k = Anr10r4 1011k T+ Annbnn— kT]dt

r=T1

T wm t) T n—1 r
< f ‘ t( | Z T[; (7’a—|—1)2 + an,nbn,n—k]dt

< r WT{(TH)EMMMZ b k]d

k=0
T e O an
SWJ £ Z: s

3
¥
=
B
Il
o
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t2
n+1 T-H
T |t (t)l G, T e (1)
<7rf7r1 2 Z r—l—ldt—i_wan’n‘[wl 2 dt
n+ = n+

Ve8] $ ns " e (0)
<w2f | ‘2“ HLLL Ol

n
Since the sequence ( D

r=
of summation, we have

S Qn,r W’x ™ T e (1)
< dt
IZQ—WZerLlf lats +1f #2

:[1oral

an,r

r+1

) is nonincreasing in k, after changing the order

s=1r=s s+1
1 & T
+n+1;1wmf <s+1
n T T (T @ (-
« Z Cln,?“ {|: wa(S)_ xfﬂs 1):|+1T)xf(ﬂ->}
7"=1T+1s=1 s s+1
1 & T
+n+1;1wmf<s+1>
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n

n T
Qe ~ T 1 ~ T
< Z r+1 szf <s+1>+n+1 szf <s+1>

r=1 s=0 s=0
n 1 LS T
« 2 i1 Ewmf <s+1>

r=0 s=0

and
i Hlen w 2r—2k+1)t
123 < J |w$( )’ 2 Qnp rbrrfk Cosu dt
t == T 2

Zzn:anr by kcos( —2k+1)t ‘dt

k=1 r==k 2

e Ol A [
= . ; Z Z (an,rbr,r—k‘_an,r+1br+1,r+1—k)
n+1 k=1btr==k
d 202k +1 2k 1)t
X cs( +1)t + annbpn— chos 1)t ”dt
1=k 2

U OIESIES
< Z[ anrbrr k— anr+1br+1 r+l1— k|7—+annbnn kT]dt

T ()] [ ”
< f s T[Z Z |@n b —k = G101 01—k + A Z bn’n_k]dt

oL A o Y =
T e O N e N
< BN Y £+ ann 3 bus o
n11 t “r=T k=T (T+1)
T e Ol _anr
<f = Z : (T—T-i—l)-l—anan k| dt
- 2 2 ) n,
T ¢ ~r=T (T+1) k=0
T e ][0 @ngr
< : dt.
_Jw 2 _;TTHJF“”’”

n+1

Further, the same calculation, as that in the estimate of Iss, gives the in-

equality N .
1
Iy « —_—
v Ronrrr B3 (75),

Collecting these estimates, we obtain the desired estimate.

Now, we prove the relation (8). Let

n

NnAB fN :ZZ Qn,r rkSk:f ) f(x)

r=0
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1 (™ n or
:WJ;)'QZ};E Zkzzoanr rka t)dt
(1 (w1 (T B0 () i
_(WJ;) +; ) Zzanrrk k )

ﬁ

n+1 r=0 k=0
=J1+ Jo
Further
1 ] n o OS(2k;rl)t
|J1|<7TL |¢Jﬁ ;Z:: n,r rkm dt
1 (#+T )] | & 2k + 1)t
_zf“ |?/)zt()| ZZ nrrkCOS( +1)t &t

0 r=0k=0

and as above
n 1 U T
J: | — 0 — .
i« Sone |y 3 (5) |+

4.2. Proof of Theorem 2. Theorem 2 is a special case of Theorem 1,
therefore, analogously as in [2, Proof of Theorem 2|, we can immediately
obtain our estimates. =

4.3. Proofs of Theorems 3 and 4. The proofs are similar to the above.
The results follow by (2) and (9). =
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