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Abstract. In the present paper, we study approximation properties of a family of linear
positive operators and establish direct results, asymptotic formula, rate of convergence,
weighted approximation theorem, inverse theorem and better approximation for this family
of linear positive operators.

1. Introduction

In 2005, Finta [4] studied a new type of Baskakov—Durrmeyer operators
as follows

(11) Bn(fﬂ 'CC) = Z pn,k(m) foo bn,k(t)f(t)dt + pn,O('r)f(O)a
k=1 0

where (z) = n+k—1 xk
Pr\®) = k 1+ z)ntk’

1 tkfl
bni(t) = Bn+1,k) (1 + t)ntk+t”

Gupta et al. [12]| studied pointwise convergence, an asymptotic formula
and error estimation for the operators By, (f,-). Recently, Govil and Gupta
[7] studied some approximation properties for the operators B, (f,:) and
estimated local results in terms of modulus of continuity.

Generalization of the operators (1.1) with parameter v was discussed by
Gupta [9], defined as

(1'2) Bn,v(fv x) = Z pn,kz,’y(x) LOO bn,k,v(t)f(t)dt =+ pn,O,'y(x)f(O)y
k=1
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where
() = LI HE) (yz)*
Prbd = T+ DT (n/A) (L + ya) Wk

YL(n/y+k+1) . (*yt)’“l
D(E)D(n/y +1) (1 +~t)/)+k+1

The operators By, 4(f,-) are called a certain integral modification of the well
known Baskakov operators with the weight function of Beta basis function.
As a special case i.e. v = 1, the operators B, ,(f,-) reduce to the opera-
tors (1.1).

Recently, in [13, 18] authors introduced generalization of Bernstein poly-
nomials with two parameters a and 8 with 0 < o < g and investigated
convergence and approximation properties of these operators. Many other
researchers work in this direction and obtain different approximation prop-
erties of many operators [19, 20, 15, 16, 11, 1]. Motivated by such type
operators, we introduced Stancu type generalization of integral modification
of the well known Baskakov operators with the weight function of Beta basis
function as:

For z € [0,00), v > 0,0 < a < g,

(1.3) BYS(f Z P (T f bnjey (D) f ("t i a) dt

n+p
#a0n(@f (55,

where pp, 1. ~(2) and by, i ~(t) as defined in (1.2).

This present note deals with operators (1.3). We estimate moments

and recurrence relation for the moments for the operators B,(ﬁﬂ;ﬁ ), Also,

we study asymptotic formula, local approximation theorems, rate of conver-
gence, weighted approximation theorem, inverse theorem and better approx-
imation for these operators.

bn ko (t)

2. Estimation of moments
In this section, we shall obtain Bf{}f(ti, x), 1=0,1,2,....

LEMMA 2.1. [9] Let the function Ty, m~(z), m e N U {0} be defined as

(2.1) Tn,m,'y( )=DB ﬁ((t — )", x)

= 2 ol D) [0 = 2"t + (14 32) ()"
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~ 2z(1 +yz)

n—ov

Then Tho~(z) =1, Tp14(z) = 0 and Ty, 2.4(x)

following recurrence relation holds:

, and also the

(n—ym) Ty m+1,(x)
=z(1+ ’yx)[Tr(Llr)nv(x) + 2mT m—14(x)] + m(1 + 2y2) T 1y ().
LEMMA 2.2. The following equalities hold:
(1) BRf(1,2) =1,

nr + «
2) BB (t,x) =
() Biflte) = - =
n2

)

B2 ) — (n+7) 2 2n(n+a(n_7))x o?
(3) Bnﬁ(t ) ) (n+ﬁ)2(n—7) + (n+ﬁ)2(n—'y) + (n+6)2

forn > ~.

Proof. The operators ng are well defined on the function 1, ¢, 2, we obtain
ByP(1,x) =1,

nr + «
n+p8"

n a
Bﬁ,’f(t,x) = mBnﬂ(tu ) + mBnﬁ(lax) =

For n > v, we have

2

2
@42 _ n 9 2na «
Byl(t7, ) = (n—i—ﬁ) By o (t, ) + 7(n+ﬁ)2Bn’7(t’$) + 7(n+6)2Bn’7(1’x>

n \* /[ 2z z2(n+7) 2nax o?
= + + s+ .
n+f) \n=v (n—7) (n+6)*  (n+5)
n3z? — oy + na(a — 22v) + n?x(2 + 2o + 2v)
(n+p)*(n—7)
n?(n +7) 9 2n(n+aln—-7)) o?
= 5 T 5 T+ 5. =
(n+ B)*(n—7) (n+ B)*(n—7) (n+ B)
LEMMA 2.3. If we define the central moments as pom~(z) = BS((t —
)™, x), meN. Then

auB _ Oé,ﬁ _ _ a — Bm
/-Ln,l,w(x) - Bn,’y (t x,x) - n+ B )
a2 (2n2 — 2naf + Qaﬁ'y)

a,B ) = B — 2 ) = T
:un,2,’y( ) Bn,’y((t ) ) ) (n+/3)2 + (7’L+6)2(7’L—’}/)
5 (nB% + 2n%y — §%y)
(n+B)*(n—7)

REMARK 2.4. For all m e N, 0 < a < 8; we have the following recursive
relation for the images of the monomials t™ under Bﬁ,’fj (™, z) in terms of
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m J )
Bg:,e(tm, l’) = Z <m> (Ziiﬁ)ntan(tJ’ .%')
Also,
B (- o) = 35 () (o B ).

It is easily verified that for each x € (0, 00)
n™T'(n/y +m)I'(n/y —m+1)
(n + B)"T(n/y + DI(n/7)

mn™ 0 (n/y + m — 1)D(n/y —m + 1)
(n+ B)mL(n/y + DI'(n/7)
x [n(m —1) + a(n/y —m + 1)]z™!
+am(m —D)n™ 20 (n/y + m —2)I(n/y — m + 2)
(n+ B)"T(n/y + DI(n/)

x [n(m gy olnyomt 2)} 22+ 0(n~?).

m

Bg}?(tmﬂ x) =

2

3. Direct result and asymptotic formula

Let the space Cp[0,00) of all continuous and bounded functions be en-
dowed with the norm || f| = sup{|f(x)| : € [0,00)}. Further, let us consider
the following K-functional:

(3.1) Ky(f,0) = inf {|f — gl +dlg"I}.
geWw

where 6 > 0 and W2 = {g € Cp[0,0) : ¢/,¢" € Cp[0,0)}. By the method
given in |2, p. 177, Theorem 2.4|, there exists an absolute constant C' > 0
such that

(3.2) Ko (f,8) < Cuws(f,V5),
where
(3.3) wa(f,V8) = sup  sup |f(z+2h) —2f(x + h) + f(z)|

0<h<+/8 £€[0,00)

is the second order modulus of smoothness of f € Cg[0, ). Also, we set

(3.4) w(f,Vé) = sup sup |f(z+h)— f(z).

0<h<+/8 z€[0,00)
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THEOREM 3.1. For f € Cp[0,0), we have

(B (f.2)~f(@)] < wn (f Sy ’) o (f \/“" bole) + ( n fZ) )

where C is positive constant.

Proof. We are introducing the auxiliary operators as follows
BB _ BoB nat+a
B = B30 - 1 (M) 4 (o),

for every x € [0,0). The operators ng are linear and preserves the linear
functions:

Aa7ﬂ —_—
(3.5) Byt —x,2) = 0.

Let g € W2 and z,t € [0,00). By Taylor’s expansion, we have
t

g(0) = gla) + (¢ = )y (2) + [ (0= w)g"

T

Applying B,W, we get

t
Aa?/g — ACV’/B /\aMB
BB (g.2) — g(x) = ¢ (0) BEL(t — v, 2) + BOS ( [ =g twa x> |

xT

and applying (3.5), we get

t
Bf{,’g(gﬁ) —g(x) = BZ"’E (J (t — u)g”(u)du,:p> .
x
Hence,

8000~ ot < B33 ([ 16— wig" ) )|

nrto

LnJrB (nf—:‘ﬁa . u) g”(u)du

nr+o
n+p nr + o
< B - ol + [ | (B )
€T

a, o— f 2 "
< |ty + (535) |1l

+

du

Since

By (f.@)]

nt+«o
< Z pn,k,'y( n k,'y ‘f( ) ‘dt + Pn,0,y
k=1

1(z55) <1
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Bl (f,x) — f ()]

< IBRS —0.0) = (- )0 + Bo0) — o)l + | (“52) - 1)

B 2
<4lf gl + [uizé?v(w) +(255) ] o+ (11225

Hence, taking infimum on the right hand side over all g € W2, we get

By (f,0) = f(a) < K <f,un2v( )+ <0;—+5;>2> <f7 o —fﬁx!)

In view of (3.2), we get

— 2 _
-0 soa(nition (355) ) (557)

This completes the proof of the theorem. m

Our next result in this section is the Voronovskaja type asymptotic for-
mula: Let B,2[0,00) = {f : for every x € [0,0), |f(z)| < Ms(1 + 2?)}, My
being a constant depending on f. By C,2[0,00), we denote the subspace
of all continuous functions to B,2[0,00). Also, C*,[0,0) is a subspace of

: f(x)
all functions f € C,2[0,0), | f(()r )\|7vhlch xh_)m 422
S
32[0,00) is [ fll2 =

a:e[O oo) 1+a%

is finite. The norm on

THEOREM 3.2. For any function f € C,2[0,00) such that f', f” € C,2[0, ),
we have

Jim n[ B (f.2)—f(@)] = (a=Ba) f' (@) +a(L+y2) f (), for every z = 0.

Proof. Let f, f', f" € C%,[0,00) and x € [0,%) be fixed. By Taylor expan-
sion, we can write
(t —=)?

1) = f@) + (=)' () + @) + ot 2 — 0,

where r(t,z) is the Peano form of the remainder, r(t,z) € Cpg[0,0) and
hm r(t,z) = 0. Applying By’ 777 we get

n[Brl(f. ) = f(x)]

= F@mBIL - 22)+ DB (¢ ) 2) B (k)¢ ) ),
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lim n[BS”g(f, z) — f(z)]

n—0o0
. P f'(@) . a.pB 2
= f'(2) lim nBRf((t—w),2) + == lim nBR((t - 2)% )
+ nh_r}rolo an{f(r(t, z)(t — x)%, x)
= (a— fa)f'(@) + 2(1 + @) f"(2) + lim nByY(r(t,2)(t - ), 2).
By Cauchy—Schwarz inequality, we have
(3.6)  lim nBy(r(t,2)(t - x)* )

= lim nBP(r?(t, ), 2)?BSE((t — 2)*, 2) Y2,

n—0o0
Observe that r?(z, ) = 0 and 72(-,z) € C*[0,20). Then, it follows that
(3.7) lin&o anL"’fj(ﬂ(t,x),x) =r2(z,2) =0,

uniformly with respect to = € [0, A]. Now from (3.6) and (3.7), we obtain
: a, 2 _
7}1_1)%0 nBWe(r(t,:L')(t —x)%,x) = 0.
Thus, we have
Tim n[BRY(f,2) = f()] = (@ = B) f'(x) + 2(1 + @) f" (),

which completes the proof. m

4. Rate of convergence
For any positive a, by

wa(f,0) = sup  sup [f(t) — f(x)],

[t—z|<§ z,te[0,a]

we denote the usual modulus of continuity of f on the closed interval [0, a].
We know that for a function f € C,2[0,00), the modulus of the continuity
wa(f, ) tends to zero.

a?ﬁ

Now, we give a rate of convergence theorem for the operators By 5.

THEOREM 4.1. Let f € C,2[0,00) and wqe+1(f,9) be its modulus of conti-
nuity on the finite interval [0,a + 1] < [0,00), where a > 0. Then for every
n >3,

IBI2(F) = Flepa) < 6Mp(1+a®) s (2) + war (£4/ 105, ().
Proof. For z € [0,a] and t > a + 1, since t —x > 1, we have
(4.1) F(t) = fz)] < My (2 + 2° +17)
< My (24 32% +2(t — 2)?)
< 6My(1+a®)(t —x)*.
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For z € [0,a] and ¢t < a + 1, we have

42) 1@ = 0] <wnalfli-a) < (145 ) wan(r0)
with 6 > 0.

From (4.1) and (4.2), we can write

43) 1) - f@)] <00ty + e -+ (145 ) s,

for x € [0,a] and ¢t > 0. Thus

B (f,x) = f(@)] < By (1f(8) = f(2)], )
< 6Mp(1+ aQ)Bf;’,f((t —z)%,z)

1 «
rena(£0) (14 SBR(0 - 00) )
Hence, by Schwarz’s inequality and Lemma 2.3, for z € [0, a]

|Brd (f,2) = f ()]

< 6My(1+ a2 o) + wnnn(£0) (14 5/, ).

Taking 6 = un’gﬂy( ), we get

1B = Sletoar < OMs(1+ @i o) + wanr (i @)
This completes the proof of theorem. m

COROLLARY 4.2. If f € Lipp, p on [0,a + 1], then for n > v
IBEA(£) = Flepa < (1+2M)y /iy, (@)-
Proof. For sufficiently large n,

P (@) < AJuls (@),

Hence, by f € Lipyr, p, we obtain the assertion of the corollary. m

5. Weighted approximation

Now we shall discuss the weighted approximation theorem, where the
approximation formula holds true on the interval [0, o).
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THEOREM 5.1. For each f € C,[0,0), we have
Jim | BRJ(f) = flla2 = 0.

Proof. Using the theorem in [5], we see that it is sufficient to verify the
following three conditions

(5.1) lim |BEA (", @) — a"||2 =0, 7=0,1,2.

Since B&’g(l, x) = 1, the first condition of (5.1) is fulfilled for r = 0.
By Lemma 2.2, we have

|Brd(t,z) — af
| By (t,x) = 2fg2 = sup .2
z€[0,00) +x
< nr_ sup fL‘2+ @ Sﬁx+a
n+ 0 vel0,0) 1 T n+ S n+ 0

and the second condition of (5.1) holds for r =1 as n — 0.
Similarly, we can write for n > ~

BanB t2 2
HBQ’B( 7 )_l’QHz?: sup | nf}’( ,x) — a7

€[0,00) 1+ 22
n*(n+v) 1 z?
SR =) oo L+ 42
2n (n + a(n —7)) x o?

(1 B2 =) |ocoiy T +22 " (n+ B2

’—27125 —nB% 4 2n%y + 2nBy + 627‘
(n+ 8)*(n—7)

2n (n+o¢(n—’y))‘+ a?

(n+B)Pm—=7) | (n+5)*

<

which implies that
: 2 2
T [ B (1%,2) — 2?2 = 0.
Thus the proof is completed. =

We give the following to approximate all functions in C,2[0,00). This
type of results are given in [6] for locally integrable functions.

THEOREM 5.2. For each f € C,2[0,0) and v > 0, we have

a.,f
i o BRI 3) = F(a)

= 0.
=0 2e[0,00) (1 + 22)v+l
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Proof. For any fixed zg > 0,

wp B D@ B ()@ BRI ) — (@)
eefoeey (L@t T, (L+a?)vit z>z0 (1 +22)v+l
a, 2
By | By (1+1%, )| /()]
< HBg,’y (f) f”C[O,Io] + HfHIQ ESE) (1 + $2)V+1 + jgxo (1 + m2)1+y'

The first term of the above inequality tends to zero from Theorem 4.1. By
Lemma 2.2, for any fixed zg > 0, it is easily seen that

[ BRE (Lt £, 2)|

mzfo (1 + z2)+1

tends to zero n — o0. We can choose zg > 0 so large that the last part of
the above inequality can be made small enough.
Thus the proof is completed. =

REMARK 5.3. The following theorem is inverse theorem in simultaneous
approximation for the operators B,?f,/f .

THEOREM. Let 0 < ( <2, 0 < a1 < as < by < by < 0 and suppose
feC,[0,00). Then in the following statements (i)=(ii)

@) 1B (£, ) = FDcfar g = O (n792),
(i) f) e Lip*(a, ag, by),

where Lip*(a, ag,by) denotes the Zygmund class satisfying wa(f, 9, az,b2)
< M>y5S.

The proof of the above Theorem follows along line of [12, Theorem 4.1];
thus, we omit the details.

6. Better approximation

Many well-known operators preserve the linear as well as constant func-
tion for example Bernstein, Baskakov, Szasz—Mirakyan and Szasz-Beta op-
erators possess these properties i.e. Ly(e;, ) = e;j(x) where e;(x) = 2°
(1 =0,1). To make the convergence faster, King [14] proposed an approach
to modify the classical Bernstein polynomial, so that the sequence preserve
test function ey and es. Later this approach was applied to some well-known
operators. For detail see [3, 17].

As the operators Bf{ff preserve only the constant function, further mod-
ification of these operators is proposed such that the modified operators
preserves the constant as well as linear function, for this purpose the modi-
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fication of By ’5 is as follows:

(6'1) ”B) f7 Z Pn kv rn f() bn,k,'y(t>f <nt ha a) dt

n+p

+ Do (ral@))f ( o ) |

n+ 0
tPr—o deer = [a7m> ,
n n+p
LEMMA 6.1. For each x € I,, we have
ByeA(1,2) =1, BP(t,z) =z,

where 7, (z) =

2 2
BreA(?, ) = L) el 2ay) | 2(nataly)
, n—y  (m+B)n-7)  (n+B8)>2n—1)
LEMMA 6.2. For each x € I, and n > ~, we have
a7/6 —
B:Z,(’y )(t_x7aj)—0,

iy (@) = B O((t — )*,2)
_ 2 (—na + a?y) 2z (n — 2ary) N 2yx
(n+B)2n=7) m+p*n-2) (-7

THEOREM 6.3. Let f € Cp(I,) and x € I,,. Then for n > =, there exists a
positive constant such that

BB (1, 2) (w)ISng(f unz,ﬂx)).

2

Proof. Let g € Cp(I,) and z,t € I,,. By Taylor’s expansion, we have
¢

g(t) = g(a) + (t — 2)g'(x) + j (t - u)g" (u)du.

T

Applying By, ( ) , we get
B (g, z) — g(x)
t
= ¢ (2)BrP)((t — x),2) + BEP) ( f (t —u)g" (u)du, :c>
< (t—2)*|g"],

B2 (g,2) — g(x)] < BESD ((t —2)%,2) || = uisD (2)1g"].

Obviously, we have

[~ wgwan

T
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Since | BiS7 (f,) < |f]
BISO(f2) = £@)] < B = g,2) = (f = 9)(@)
+ (B3P (g, ) — g(x)]
<2|f — gl + 1252 @)]g").

Taking infimum over all g € C,2(1,,), we obtain

BEA (f,2) — f(a)] < Ko <f e (o >) .

In view of (3.2), we have

B () — (0] < Mo (£ 57 @),
which proves the theorem. =

THEOREM 6.4. For f € C2(I,) such that [, f" € Cp2(I,), we have
lim n | BXEA(f,2) — f(2)| = (@ + 72?1 ().

n—0o0

The proof follows along the lines of Theorem 3.2.

REMARK 6.5. One can discuss rate of approximation in weighted space for
the operators Bn(w of ). We omit the details as it is similar to Theorem 5.1

and 5.2.

REMARK 6.6. Very recently Gupta and Aral [10] introduced the g-analogue
of original Baskakov-Beta operators [8]. We can now propose the g-analogue
of operators (1.2) as

/A
(62) BL, 2 P (o j T (D F(0dE + B () (0),
where
pq (z) = qé Fq(n/’y + k) ] (Q'Yx)k
i Lok +1)Ig(n/v) (1 4+ qv:c)gn/w%’
2 Ty(n/y+k+1) (yt)k—1

b? =
n,k;y(ﬂf) q 2 Fq( ) (n/,y_’_ 1) (1+7t)(n/'y)+k+1

and the g improper integral is defined as

JOO/A g =(—q) Y f (i) %, A= 0.

0 n=—00
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For further details, we refer the reader to [10, 1|. For the operators (6.2),
one can study their local approximation properties and Voronovskaja type
asymptotic formula results based on g-integer.

Acknowledgment. The authors are thankful to the referee, for his/her
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