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Abstract. In the present paper, we investigate the existence, uniqueness and contin-
uous dependence of mild solutions of an impulsive neutral integro-differential equations
with nonlocal condition in Banach spaces. We use Banach contraction principle and the
theory of fractional power of operators to obtain our results.

1. Introduction
Many evolution processes and phenomena experience abrupt changes of

state through short term perturbations. Since the duration of the pertur-
bations are negligible in comparison with the duration of each process, it is
quite natural to assume that these perturbations act in terms of impulses.
For more details see monographs [15], [18]. It is to be noted that the recent
progress in the development of the qualitative theory of solutions of impul-
sive differential equations has been studied by many researchers, see [1]–[3],
[11]–[16], [18]–[21]. Also neutral differential equations arise in many areas of
applied mathematics and for this reason these equations have received much
attention in the last few decades, e.g. see [3], [11], [17], [20], [21].

On the other hand, the theory of functional differential equations with
nonlocal conditions has been extensively studied in the literature, see [1],
[4]–[10], [12]–[14], [19], as they have applications in physics and many other
areas of applied mathematics. The nonlocal condition is more precise for
describing natural phenomena than the classical condition because more
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information is taken into account, thereby decreasing the negative effects
incurred by a possibly single measurement taken at initial time.

In this paper, we study nonlinear impulsive neutral functional integro-
differential equation with non local condition of the type :

d

dt
rxptq ´ upt, xtqs `Axptq “ fpt, xt,

ż t

0
kpt, sqhps, xsqdsq,(1)

t P p0, T s, t ‰ τk, k “ 1, 2, . . . ,m,

xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,(2)
∆xpτk ` 0q “ Ikxpτkq, k “ 1, 2, . . . ,m,(3)

where 0 ă t1 ă t2 ă ¨ ¨ ¨ ă tp ≤ T , p P N, A and Ikpk “ 1, 2, . . . , kq are the
linear operators acting in a Banach space X. The functions f, h, g, k and φ are
given functions satisfying some assumptions. ∆xpτkq “ xpτk ` 0q ´ xpτk ´ 0q
and the impulsive moments τk are such that 0 ≤ τ0 ă τ1 ă τ2 ă ¨ ¨ ¨ ă τk ă T ,
k P N. For any continuous function x and for any t P r0, T s, we denote by xt,
the element of Cpr´r, 0s, Xq defined by xtpθq “ xpt` θq for θ P r´r, 0s.

Equations of the form (1)–(3) or their special forms arise in some physical
applications as a natural generalization of the classical initial value problems.
The results for semilinear functional differential evolution nonlocal problem
are extended for the case of impulsive effect.

As usual, in the theory of impulsive differential equations at the points of
discontinuity τi of the solution t Ñ xptq, we assume that xpτiq ” xpτi ´ 0q.
It is clear that, in general, the derivatives x1pτiq do not exist. On the other
hand, according to (1), there exist the limits x1pτi ˘ 0q. According to the
above convention, we assume that x1pτiq “ x1pτi ´ 0q.

The aim of the present paper is to study the existence, uniqueness and
continuous dependence of mild solution of nonlocal initial value problem
for an impulsive neutral functional integro-differential equation. We are
generalizing the results reported in [2], [11], [14]. The main tool used in our
analysis is based on an application of the Banach contraction theorem and
the theory of fractional power of operators.

This paper is organized as follows. Section 2 presents the preliminaries
and hypotheses. In Section 3, we prove existence and uniqueness of mild
solution. Finally in Section 4, we prove continuous dependence of solutions
on initial data.

2. Preliminaries and hypotheses
Throughout this paper, X will be a Banach space with norm } ¨ }. Let

Cpra, bs, Xq denote the set tx : ra, bs Ñ X|xptq is continuous at t ‰ τk,



Nonlocal impulsive integro-differential equations 415

left continuous at t “ τk, and the right limit xpτk ` 0q exists for k “
1, 2, . . . ,mu. Clearly, Cpra, bs, Xq is a Banach space with the supremum norm
}x}Cpra,bs,Xq “ supt}xptq} : t P ra, bsztτ1, τ2, . . . , τmuu. Let A : DpAq Ñ X
be the infinitesimal generator of an analytic semigroup of linear operators
tT ptqut≥0 on X. It is well known that there exists a constant K such that
}T ptq} ≤ K, t ≥ 0. Also assume that k : r0, T s ˆ r0, T s Ñ R is a continuous
function and as the set r0, T s ˆ r0, T s is compact, there exists a constant
L ą 0 such that |kpt, sq| ≤ L, for 0 ≤ s ≤ t ≤ T . If T is uniformly bounded
analytic semigroup such that 0 P ρpAq, then it is possible to define the
fractional power p´Aqα, for 0 ă α ≤ 1, as a closed linear operator on its
domain Dp´Aqα. Furthermore, the subspace Dp´Aqα is dense in X and the
expression }x}α “ }p´Aqαx} defines a norm in Dp´Aqα. If Xα represents
the space Dp´Aqα endowed with the norm }.}, then the following properties
are well known.

Lemma 2.1. ([17], p. 74) Let 0 ă α ≤ β ≤ 1. Then the following properties
hold.

(i) Xβ is a Banach space and Xβ ↪Ñ Xα is continuous.
(ii) The function S ÞÑ pAqαT pSq is continuous in the uniform operator

topology on p0,8q and there exists a positive constant Cα such that
}p´AqαT ptq} ≤ Cα

tα , for every t ą 0.

The following inequality will be useful while proving our results.

Lemma 2.2. ([18], p. 12) Let a nonnegative piecewise continuous function
uptq satisfy, for t ≥ t0, the inequality

uptq ≤ C `
ż t

t0

vpsqupsqds`
ÿ

t0ăτiăt

βiupτiq,

where C ≥ 0, βi ≥ 0, vptq ą 0, τi are the first kind discontinuity points of
the function uptq. Then the following estimate holds for the function uptq

uptq ≤ C
ź

t0ăτiăt

p1` βiq exp

ˆ
ż t

t0

vpsqds

˙

.

Definition 2.1. A function x P Cpr´r, T s, Xq, T ą 0 is called the mild
solution of the problem (1)–(3) if xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤
t ≤ 0, the restriction of xp.q to the interval r0, T q is continuous and for each
0 ≤ t ă T , the function AT pt ´ squps, xsq, s P r0, tq is integrable and the
following integral equation
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xptq “ T ptqrφp0q ´ gpxt1 , . . . , xtpqp0q ´ up0, φp0q ´ gpxt1 , . . . , xtpqp0qqs

` upt, xtq `

ż t

0
T pt´ sqf

ˆ

s, xs,

ż s

0
kps, τqhpτ, xτ qdτ

˙

ds

`

ż t

0
AT pt´ squps, xsqds

`
ÿ

0ăτkăt

T pt´ τkqIkxpτkq, t P p0, T s

is satisfied.

Now we introduce the following hypotheses.

(H1) There exists β P p0, 1q. For the functions

f : r0, T s ˆ Cpr´r, 0s, Xβq ˆXβ Ñ Xβ,

u, h : r0, T s ˆ Cpr´r, 0s, Xβq Ñ Xβ, Ik : Xβ Ñ Xβ,

there exist positive constants F , U , H, Lk such that

}p´Aqβupt, xtq ´ p´Aq
βupt, ytq} ≤ U}x´ y}Cpr´r,ts,Xβq,

}fpt, xt, φq ´ fpt, yt, ψq} ≤ F p}x´ y}Cpr´r,ts,Xβq ` }φ´ ψ}q,
}hpt, xtq ´ hpt, ytq} ≤ H}x´ y}Cpr´r,ts,Xβq,

}Ikpvq}Xβ ≤ Lk}v}Xβ , φ, ψ, v P Xβ, k “ 1, 2, . . . ,m.

(H2) For the function g : Cpr´r, 0s, Xβq
P
Ñ Cpr´r, 0s, Xβq, there exists a

constant G ą 0 such that

}gpxt1 , . . . , xtpqptq ´ gpyt1 , . . . , ytpqptq} ≤ G}x´ y}Cpr´r,T s,Xβq.
(H3) Assume that φ P Cpr´r, 0s, Xβq.

3. Existence and uniqueness
Theorem 3.1. Suppose that hypotheses (H1)–(H3) are satisfied and Γ ă 1,
where

Γ “ KG`K}p´Aq´β}UG` }p´Aq´β}U ` C1´βT
βU

`KF r1` LHT sT `K
ÿ

0ăτkăt

Lk,

then the nonlocal impulsive Cauchy problem (1)–(3) has a unique mild solution
x on r´r, T s.

Proof. We introduce an operator F on a Banach space Cpr´r, T s, Xβq as
follows:
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(4) pFxqptq

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

φptq ´ pgpxt1 , . . . , xtpqqptq, if ´r ≤ t ≤ 0,
T ptqrφp0q ´ gpxt1 , . . . , xtpqp0q ´ up0, φp0q ´ gpxt1 , . . . , xtpqp0qs

` upt, xtq `
şt
0AT pt´ squps, xsqds

`
şt
0 T pt´ sqf

`

s, xs,
şs
0 kps, τqhpτ, sτ qdτ

˘

ds

`
ř

0ăτkăt
T pt´ τkqIkxpτkq, if t P p0, T s.

It is easy to see that F : Cpr´r, T s, Xβq Ñ Cpr´r, T s, Xβq.
Now, we will show that F is a contraction on Cpr´r, T s, Xβq. Let x, y P

Cpr´r, T s, Xβq. Then for t P r´r, 0s,

}pFxqptq ´ pFyqptq} “ }gpxt1 , . . . , xtpqptq ´ gpyt1 , . . . , ytpqptq}(5)
≤ G}x´ y}Cpr´r,T s,Xβq

and for t P p0, T s,

(6) }pFxqptq´pFyqptq}

“

›

›

›

›

T ptq
”

gpxt1 , . . . , xtpqp0q´gpyt1 , . . . , ytpqp0q

`up0, φp0q´gpxt1 , . . . , xtpqp0q

´up0, φp0q´gpyt1 , . . . , ytpqp0qq
ı

`upt, xtq´upt, ytq

`

ż t

0
AT pt´sqrups, xsq´ups, ysqsds

`

ż t

0
T pt´sqrfps, xs,

ż s

0
kps, τqhpτ, xτ qdτq

´fps, ys,

ż s

0
kps, τqhpτ, yτ qdτqsds`

ÿ

0ăτkăt

T pt´τkqrIkxpτkq´Ikypτkqs

›

›

›

›

≤ }T ptq}}gpxt1 , . . . , xtpqp0q´gpyt1 , . . . , ytpqp0q}
`}T ptq}}up0, φp0q´gpxt1 , . . . , xtpqp0qq´up0, φp0q´gpyt1 , . . . , ytpqp0qq}

`}upt, xtq´upt, ytq}`

ż t

0
}AT pt´sq}}ups, xsq´ups, ysq}ds

`

ż t

0
}T pt´sq}

›

›

›

›

f
´

s, xs,

ż s

0
kps, τqhpτ, xτ qdτ

¯

´f
´

s, ys,

ż s

0
kps, τqhpτ, yτ qdτ

¯

›

›

›

›

ds`
ÿ

0ăτkăt

}T pt´τkq}}rIkxpτkq´Ikypτkqs}

≤ KG}x´y}Cpr´r,T s,Xβq`KJ1`J2`J3`J4`J5,
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where

J1 “ }up0, φp0q´gpxt1 , . . . , xtpqp0qq´up0, φp0q´gpyt1 , . . . , ytpqp0qq}(7)

“ }p´Aq´β}}p´Aqβup0, φp0q´gpxt1 , . . . , xtpqp0qq

´p´Aqβup0, φp0q´gpyt1 , . . . , ytpqp0qq}

≤ }p´Aq´β}U}φp0q´gpxt1 , . . . , xtpqp0q´φp0q`gpyt1 , . . . , ytpqp0q}

≤ }p´Aq´β}UG}x´y}Cpr´r,T s,Xβq,
J2 “ }upt, xtq´upt, ytq} ≤ }p´Aq´β}U}x´y}Cpr´r,T s,Xβq,(8)

J3 “

ż t

0
}AT pt´sq}}ups, xsq´ups, ysq}ds(9)

“

ż t

0
}´AT pt´sq}}p´Aq´β}}p´Aqβrups, xsq´ups, ysqs}ds

≤
ż t

0
}p´Aq1´βT pt´sq}U}x´y}Cpr´r,ss,Xβqds

≤
ż t

0

C1´β

pt´sq1´β
U}x´y}Cpr´r,ss,Xβqds

“

ż t

0

C1´β

T 1´β
U}x´y}Cpr´r,ss,Xβqds

≤
C1´β

T 1´β
U}x´y}Cpr´r,T s,XβqT

“ C1´βT
βU}x´y}Cpr´r,T s,Xβq,

J4 “

ż t

0
}T pt´sq}}fps, xs,

ż s

0
kps, τqhpτ, xτ qdτq(10)

´fps, ys,

ż s

0
kps, τqhpτ, yτ qdτq}ds

≤ K
ż t

0
F

„

}x´y}Cpr´r,ss,Xβq`

ż s

0
|kps, τq|}hpτ, xτ q´hpτ, yτ q}dτ



ds

≤ KF
ż t

0

„

}x´y}Cpr´r,ss,Xβq`L

ż s

0
H}x´y}Cpr´r,τ s,Xβqdτ



ds

≤ KF
ż t

0

„

}x´y}Cpr´r,ss,Xβq`LHT }x´y}Cpr´r,ss,Xβq



ds

≤ KF
ż t

0
r1`LHT s}x´y}Cpr´r,ss,Xβqds

≤ KF r1`LHT sT }x´y}Cpr´r,T s,Xβq,



Nonlocal impulsive integro-differential equations 419

J5 “
ÿ

0ăτkăt

}T pt´τkq}}Ikxpτkq´Ikypτkq}Xβ(11)

≤
ÿ

0ăτkăt

K}Ikxpτkq´Ikypτkq}Xβ

≤ K
ÿ

0ăτkăt

Lk}xpτkq´ypτkq}Xβ

≤ K
ÿ

0ăτkăt

Lk}x´y}Cpr´r,T s,Xβq.

Using (7)–(11), inequality (6) becomes

(12) }pFxqptq ´ pFyqptq}
≤ KG}x´ y}Cpr´r,T s,Xβq
`
`

K}p´Aq´β}UG` }p´Aq´β}U ` C1´βT
βU

`KF r1` LHT sT `K
ÿ

0ăτkăt

Lk
˘

}x´ y}Cpr´r,T s,Xβq, t P r0, T s.

In view of inequality (5) and (12), we can say that inequality (12) holds good
for t P r´r, T s. Therefore, for t P r´r, T s,

}pFxqptq ´ pFyqptq}

≤ KG}x´ y}Cpr´r,T s,Xβq `
´

K}p´Aq´β}UG` }p´Aq´β}U

` C1´βT
βU `KF r1` LHT sT `K

ÿ

0ăτkăt

Lk

¯

}x´ y}Cpr´r,T s,Xβq

≤
´

KG`K}p´Aq´β}UG` }p´Aq´β}U ` C1´βT
βuβ

`KF r1` LHT sT `K
ÿ

0ăτkăt

Lk

¯

}x´ y}Cpr´r,T s,Xβq,

which implies

}Fx´ Fy}Cpr´r,T s,Xβq ≤ Γ}x´ y}Cpr´r,T s,Xβq,

where

Γ “ KG`K}p´Aq´β}UG` }p´Aq´β}U ` C1´βT
βU

`KF r1` LHT sT `K
ÿ

0ăτkăt

Lk.

Since Γ ă 1, the operator F satisfies all assumptions of the Banach contraction
theorem and therefore, F has a unique fixed point in the space Cpr´r, T s, Xβq,
which is the mild solution of nonlocal neutral initial value problem (1)–(3)
with impulse effect. This completes the proof of the theorem.
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4. Continuous dependence of a mild solution
Theorem 4.1. Suppose that hypotheses (H1)–(H3) are satisfied and Γ ă 1.
Then for each φ1, φ2 P Cpr´r, T s, Xβq and for the corresponding mild solutions
x1, x2 of the problems

d

dt
rxptq ` upt, xtqs “ Axptq ` f

ˆ

t, xt,

ż t

0
kpt, sqhps, xsqds

˙

, t P p0, T s,(13)

xpτk ` 0q “ Qkxpτkq “ xpτkq ` Ikxpτkq, k “ 1, 2, . . . ,m,(14)
xptq ` gpxt1 , . . . , xtpqptq “ φiptq, i “ 1, 2, t P r´r, 0s,(15)

the following inequality holds

(16) }x1 ´ x2}Cpr´r,T s,Xβq

≤
ś

0ăτkăt
p1`KLkq exppKFT qrK `KU}p´Aq´βs

r1´ Λ1
ś

0ăτkăt
p1`KLkq exppKFT qs

ˆ}φ1´φ2}Cpr´r,0s,Xβq,

where

Λ1 “ GK `K}p´Aq´β}UG` }p´Aq´β}U ` C1´βUT
β `KFLHT 2.

Moreover, if U “ 0 and G “ 0, the above inequality reduces to classical
inequality

(17) }x1 ´ x2}Cpr´r,T s,Xβq

≤
K

ś

0ăτkăt
p1`KLkq exppKFT q

r1´KFLHT 2
ś

0ăτkăt
p1`KLkq exppKFT qs

ˆ }φ1 ´ φ2}Cpr´r,0s,Xβq.

Proof. Let φ1, φ2 P Cpr´r, T s, Xβq be arbitrary functions and let x1, x2 be
the mild solutions of the problem(13)–(15). Then we have

(18) x1ptq´x2ptq

“ T ptqrφ1p0q´φ2p0qs´T ptqrgpx1t1 , . . . , x1tp qp0q´gpx2t1 , . . . , x2tp qp0qs

´T ptqrup0, φ1p0q´gpx1t1 , . . . , x1tp qp0qq´up0, φ2p0q´gpx2t1 , . . . , x2tp qp0qqs

`upt, x1tq´upt, x2tq

`

ż t

0
p´Aq1´βT pt´sq

“

p´Aq´βups, x1sq´p´Aq
´βups, x2sq

‰

ds

`

ż t

0
T pt´sq

„

fps, x1s ,

ż s

0
kps, τqhps, x1sqdτq

´fps, x2s ,

ż s

0
kps, τqhps, x2sqdτq



ds

`
ÿ

0ăτkăt

T pt´τkqpIkx1pτkq´Ikx2pτkqq, t P p0, T s,
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and for t P r´r, 0s,

(19) x1ptq ´ x2ptq

“ φ1ptq ´ φ2ptq ´ rgpx1t1 , . . . , x1tp qptq ´ gpx2t1 , . . . , x2tp qptqs.

From (18) and using hypothesis (H1)–(H3), we get

(20) }x1ptq ´ x2ptq}

≤ K}φ1 ´ φ2}Cpr´r,0s,Xβq `GK}x1 ´ x2}Cpr´r,T s,Xβq
`KU}p´Aq´β}|φ1 ´ φ2}Cpr´r,0s,Xβq

`K}p´Aq´β}UG}x1 ´ x2}Cpr´r,T s,Xβq ` }p´Aq
´β}U}x1 ´ x2}Cpr´r,T s,Xβq

`

ż t

0
C1´βUT

β´1}x1 ´ x2}Cpr´r,ss,Xβqds`K

ż t

0
F }x1 ´ x2}Cpr´r,ss,Xβqds

`K

ż t

0
FLHT }x1 ´ x2}Cpr´r,T s,Xβqds

`K
ÿ

0ăτkăt

Lk}x1pτkq ´ x2pτkq}, 0 ≤ t ≤ T

≤ rK `KU}p´Aq´βs}φ1 ´ φ2}Cpr´r,0s,Xβq `GK}x1 ´ x2}Cpr´r,T s,Xβq

` }p´Aq´β}UG}x1 ´ x2}Cpr´r,T s,Xβq ` }p´Aq
´β}U}x1 ´ x2}Cpr´r,T s,Xβq

` C1´βUT
β}x1 ´ x2}Cpr´r,T s,Xβq `

ż t

0
KF }x1 ´ x2}Cpr´r,ss,Xβqds

`KFLHT 2}x1 ´ x2}Cpr´r,T s,Xβq

`K
ÿ

0ăτkăt

Lk}x1pτkq ´ x2pτkq}, 0 ≤ t ≤ T

≤ rK `KU}p´Aq´βs}φ1 ´ φ2}Cpr´r,0s,Xβq ` Λ1}x1 ´ x2}Cpr´r,T s,Xβq

`

ż t

0
KF }x1 ´ x2}Cpr´r,ss,Xβqds

`K
ÿ

0ăτkăt

Lk}x1pτkq ´ x2pτkq}, 0 ă τk ≤ t.

Simultaneously, by (19) and hypothesis (H3), we get

(21) }x1ptq ´ x2ptq}

≤ }φ1 ´ φ2}Cpr´r,0s,Xβq `G}x1 ´ x2}Cpr´r,T s,Xβq, t P r´r, 0s.

Since K ≥ 1, the inequalities (20) and (21) imply
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(22) }x1 ´ x2}Cpr´r,ts,Xβq

≤
“

rK `KU}p´Aq´βs}φ1 ´ φ2}Cpr´r,0s,Xβq ` Λ1}x1 ´ x2}Cpr´r,T s,Xβq
‰

`

ż t

0
KF }x1 ´ x2}Cpr´r,ss,Xβqds

`K
ÿ

0ăτkăt

Lk}x1pτkq ´ x2pτkq}, 0 ă τk ≤ t, t P r0, T s.

Now applying Lemma 2.2 to the inequality (22), we get

}x1 ´ x2}Cpr´r,ts,Xβq ≤
ź

0ăτkăt

p1`KLkq exppKFT q

ˆ
`

rK `KU}p´Aq´βs}φ1 ´ φ2}Cpr´r,0s,Xβq

` Λ1}x1 ´ x2}Cpr´r,T s,Xβq
˘

,

hence, we get
}x1 ´ x2}Cpr´r,T s,Xβq ≤

ź

0ăτkăt

p1`KLkq exppKFT q

ˆ
`

rK `KU}p´Aq´βs}φ1 ´ φ2}Cpr´r,0s,Xβq

` Λ1}x1 ´ x2}Cpr´r,T s,Xβq
˘

.

The inequalities given by (16) and (17) are easy consequences of the above
inequality. This completes the proof.
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