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Abstract. In the present paper, we investigate the existence, uniqueness and contin-
uous dependence of mild solutions of an impulsive neutral integro-differential equations
with nonlocal condition in Banach spaces. We use Banach contraction principle and the
theory of fractional power of operators to obtain our results.

1. Introduction

Many evolution processes and phenomena experience abrupt changes of
state through short term perturbations. Since the duration of the pertur-
bations are negligible in comparison with the duration of each process, it is
quite natural to assume that these perturbations act in terms of impulses.
For more details see monographs [15], [18]. It is to be noted that the recent
progress in the development of the qualitative theory of solutions of impul-
sive differential equations has been studied by many researchers, see [1]-[3],
[11]-[16], [18]-[21]. Also neutral differential equations arise in many areas of
applied mathematics and for this reason these equations have received much
attention in the last few decades, e.g. see [3], [11], [17], [20], [21].

On the other hand, the theory of functional differential equations with
nonlocal conditions has been extensively studied in the literature, see [1],
[4]-10], [12]-[14], [19], as they have applications in physics and many other
areas of applied mathematics. The nonlocal condition is more precise for
describing natural phenomena than the classical condition because more
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information is taken into account, thereby decreasing the negative effects
incurred by a possibly single measurement taken at initial time.

In this paper, we study nonlinear impulsive neutral functional integro-
differential equation with non local condition of the type :

d

(1) Sl —ult,z)] + Ax(t) = f(t, xt,fo k(t, s)h(s, zs)ds),
(

te(0,T), t#m k=12,...,m,

(2)  z(t) + (g(@ey, .- 21,)) (1) = B(0), —r <t <0,
(3)  Ax(mp +0) = Lax(tr), k=1,2,...,m,

where 0 < t; <tg <---<t, <T,peN, Aand Iy(k =1,2,...,k) are the
linear operators acting in a Banach space X. The functions f, h, g, k and ¢ are
given functions satisfying some assumptions. Az(7;) = (7% + 0) — z(7x — 0)
and the impulsive moments 75 are suchthat 0 < 19y < < < - - <7 < T,
k € N. For any continuous function z and for any ¢ € [0,T], we denote by xy,
the element of C([—r,0], X) defined by z+(0) = z(t + 6) for 6 € [—r,0].

Equations of the form (1)-(3) or their special forms arise in some physical
applications as a natural generalization of the classical initial value problems.
The results for semilinear functional differential evolution nonlocal problem
are extended for the case of impulsive effect.

As usual, in the theory of impulsive differential equations at the points of
discontinuity 7; of the solution ¢ — x(t), we assume that z(7;) = z(m; — 0).
It is clear that, in general, the derivatives z/(7;) do not exist. On the other
hand, according to (1), there exist the limits 2/(7; £ 0). According to the
above convention, we assume that z'(7;) = 2/(7; — 0).

The aim of the present paper is to study the existence, uniqueness and
continuous dependence of mild solution of nonlocal initial value problem
for an impulsive neutral functional integro-differential equation. We are
generalizing the results reported in [2], [11], [14]. The main tool used in our
analysis is based on an application of the Banach contraction theorem and
the theory of fractional power of operators.

This paper is organized as follows. Section 2 presents the preliminaries
and hypotheses. In Section 3, we prove existence and uniqueness of mild
solution. Finally in Section 4, we prove continuous dependence of solutions
on initial data.

2. Preliminaries and hypotheses

Throughout this paper, X will be a Banach space with norm | - ||. Let
C([a,b], X) denote the set {z : [a,b] — X|z(t) is continuous at ¢t # 7,
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left continuous at ¢ = 73, and the right limit z(7; + 0) exists for k =
1,2,...,m}. Clearly, C([a,b], X) is a Banach space with the supremum norm
#loany) = supdla(®)] : £ € [, b\, 72, .. T} Let A: D(A) — X
be the infinitesimal generator of an analytic semigroup of linear operators
{T(t)}+>0 on X. It is well known that there exists a constant K such that
|T(t)| < K, t>0. Also assume that &k : [0,7] x [0,7] — R is a continuous
function and as the set [0,7"] x [0,T] is compact, there exists a constant
L > 0 such that |k(t,s)| < L, for 0 < s <t <T. If T is uniformly bounded
analytic semigroup such that 0 € p(A), then it is possible to define the
fractional power (—A)%, for 0 < a < 1, as a closed linear operator on its
domain D(—A)“. Furthermore, the subspace D(—A)® is dense in X and the
expression ||zfo, = [(—A)%z| defines a norm in D(—A)®. If X, represents
the space D(—A)® endowed with the norm |.||, then the following properties
are well known.

LEMMA 2.1. ([17], p. 74) Let 0 < a < 3 < 1. Then the following properties
hold.

(i) Xp is a Banach space and Xg — X, is continuous.

(ii) The function S — (A)*T(S) is continuous in the uniform operator
topology on (0,00) and there exists a positive constant C, such that
[(=A)*T(t)] < %, for every t > 0.

The following inequality will be useful while proving our results.

LEMMA 2.2. (|18], p. 12) Let a nonnegative piecewise continuous function
u(t) satisfy, for t > to, the inequality
t

u(t) < C + J v(shu(s)ds + > Biu(m),
to to<mi<t
where C >0, B; > 0, v(t) > 0, 7; are the first kind discontinuity points of
the function u(t). Then the following estimate holds for the function u(t)

u(t)y <C T (1+8)exp (f v(s)ds).

to<Ti<t 0

DEFINITION 2.1. A function z € C([—r,T],X), T > 0 is called the mild
solution of the problem (1)-(3) if z(t) + (g(@¢,...,2,))(t) = ¢(t), —r <
t <0, the restriction of z(.) to the interval [0,7") is continuous and for each
0 <t < T, the function AT(t — s)u(s,zs), s € [0,t) is integrable and the
following integral equation
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z(t) = T()[d(0) = g(ws, - -, 24,)(0) = u(0,$(0) — g2y, - - 21,)(0))]
+u(t,zy) + J T(t—s) (s xS,L k(s (T, .CCT)dT> ds

0

t
AT (t — s)u(s,xs)ds
0

+ > T(t—m)Igx(n), te(0,T]

o<mp<t

is satisfied.
Now we introduce the following hypotheses.
(Hyp) There exists 5 € (0,1). For the functions
f : [O,T] X C([—’I”, 0],Xﬁ) X X/g - X/g,
u,h:[O,T] XC([—T,O],X&)HXB, [k:X5—>Xg,
there exist positive constants F', U, H, Lj such that
[(=A) u(t, ) — (= A) ult,ye) | < Ul = yloora.xs,
1f(t @, 0) = f(Eye, )| < Flz = yloq-ra,xs + 1o —21),
[h(t, x) = Bt ye)| < Hz = yllo—ra,x,),
k(W) x5 < Lilvlx,, ¢,¢,ve Xg, k=1,2,...,m
H,) For the function g : C(|—r,0], X NG —r,0], X3), there exists a
( 8 8
constant G > 0 such that
lg(@ey, - 2e,)(8) = 9(Wers -y, ) D] < Glz — yleqrx,).
(Hs) Assume that ¢ € C([—r,0], Xp).

3. Existence and uniqueness
THEOREM 3.1. Suppose that hypotheses (H1)—(Hs) are satisfied and I’ < 1,
where
I'=KG+K|(—A) P|UG + |[(—4)?|U + C1_sT°U
+KFL+LHT|IT+ K ). Ly,

O<m<t

then the nonlocal impulsive Cauchy problem (1)—(3) has a unique mild solution
x on [—r,T].

Proof. We introduce an operator F on a Banach space C([—r, T, X3) as
follows:
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(4)  (Fz)(t)
(6(t) — (g(wtr, - w))(), if —r <t <0,

T(t)[¢(0) - g(xtu s ?xtp)(()) - u(O, ¢(0) - g(xtla ) xtp)(o)]
=< + u(t,zy) + Sé AT (t — s)u(s,zs)ds
+ Sé T(t—s)f (s, T, Sg k(s,T)h(T, ST)dT) ds
+ZO<7k<t T(t—Tk)Ika}<Tk), ifte (O,T].
It is easy to see that F : C([—r,T], Xg) — C([—r,T], X3).

Now, we will show that F is a contraction on C([—7,T], X3). Let z,y €

C([-r,T],Xp). Then for t € [—r,0],

) IEDW ~ FOI = Lo 2,)0) o, )0

<G|z - ZJHC([—r,T],XB)

and for t € (0,7,
)

~ O [atan 1) 0013 O
+u(0,¢(0)—g(xt1 7777 xtp)(o)
(0, $(0) =gyt - -+ 1,)(0)) | +u(t z) —u(t. o)

+fT(t—s)[f(s,a:s, L k(s, 7)h(r, ;) dr)

~Foe | kP Y T ()~ Tia(r)

O<mi<t

<[T®Olg(ze,, - 24,)(0)=g(Wer, - - y1,) (0)]
T @) w(0, 9(0) =g (2t - - - 24,)(0)) =u(0, §(0) =g (Wer» - - - 2, )(0)) |

+lult, ze) —ult, ye) !+f AT (t=s)|[u(s, z5)—u(s, ys)|lds
J |T(t—s)||f s T, J k(s,7)h(r, :IZT)dT)
—f(s ys,f k(s,T)h(T, yT)dT>

ds+ Z |7 (t—=7) || [ Lx 2z () — Ly ()] |

O<m<t

< KG|z=ylo(—rr) x5 T KJ1+Jo+ 3+ s+,
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where
(7)  J1 = [u(0,0(0)=g(@t,, - .., 2,)(0)) —u(0, p(0) =g (e, - - -, y1,) (0))]
= [(=A)P[(=A) u(0, p(0) =g (s, - - ., 21,)(0))
—(=A)"u(0, $(0) =g (Yt - - -+ 91,) (0)) ]
< N(=A) U )¢0)=g(@sy - -, 21,)(0)=(0)+9 (Y - - - »¥,) (0)]
< (=AW Gle=ylo-rryx,),
(8)  Jo = Jult, ) —ult,y)| < [(=A) P |Ule=yleqrrxy,

) Js= j JAT (t—5) (s, ) —u(s, ys) |ds
_ j = AT (t— )| [(=A) 2| (= A)° [u(5, 25)—u(s, ys)] s
f (= AP BT(t—8) [U =yl e )5

< [ Gs d
= oﬁqu Yleqrs 1,X )45

Ci—
= f T1-5 UH.’L‘ yHC’ —7,s] Xﬁ)ds

Ci-
< T1-8 UH$ yHC —r,T] Xﬁ)T

= C1—BTﬁUHCU—?JHC([J,T],XB),

S

(10) Jy = L IT(t—3)1£ (5, s, f B(s, T)h(r, .)dr)

0

T f k(s, T)h(r, yr)dr) | ds
0
t

< & [ F|lo-vloqraxg+ jo |k:<sm>r|h(nm—h(ny»ndf}ds

tr S
< KFL |x—y||0([_r,s],xﬁ)+Lf0 HHﬂf—yl(J([_r,T],X@)dT] ds

i
gKFj
0L

|:cyncq_r,s],XmLHTmyncq_r,s],xﬁ)]ds

t
< KFL[1-|—LHT]||3}—Z/|C([—T,S],Xﬁ)d5

< KF[A+LHT|T |z =yl c(—rr1.x5),
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(11) Js = Do Ttk (7) — Ty (1) | x4

o<t <t

< Z K| Lyw (i) = Iey(T) | x5
O<7p<t

<K Y Lila(m)—y(m)x,
O<m<t

<K ) Lilz—yloqorrxy).
O<mp<t

(11), inequality (6) becomes

)-
(Fz)(t) — (Fy) (O]
< KG|z = yleq-rr)xs)

+ (K[(=A)P|UG + [(=A)|U + C1_sT U
+KF[L+LHT|IT+ K Y. L)z —yleq-rrx,, te 0T

O<m<t

Using (7
(12) |

In view of inequality (5) and (12), we can say that inequality (12) holds good
for t € [—r,T]. Therefore, for t € [—r,T1,

[(Fa)(&) = (Fy)@)
< KGlz = yleq—rr.x,) <KH(—A)_ﬁHUG +1(=A) 77U

+C_gT°U + KF[1+ LHTIT + K Lk) & = yleqrryxs

O<m<t

< (KG+ K|(=A) UG + |(~A) |U + Cr_sT7ug

+KF[1+LHTIT + K ) Lk) |z = ylleq-rr,xq)

O<m<t

which implies
172 = Fyloq-rr)xe < Tl = yloq-rmx,),
where
D= KG+ K|(-A)P|UG + | (-A)P|U + C,_5TU
+KF[1+ LHTIT+ K | L.
O<rp<t

Since I' < 1, the operator F satisfies all assumptions of the Banach contraction
theorem and therefore, F has a unique fixed point in the space C([—r, T, X3),
which is the mild solution of nonlocal neutral initial value problem (1)—(3)
with impulse effect. This completes the proof of the theorem. m
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4. Continuous dependence of a mild solution
THEOREM 4.1. Suppose that hypotheses (H1)—(Hs) are satisfied and T' < 1.
Then for each ¢1, 2 € C([—r,T], Xg) and for the corresponding mild solutions
1,22 of the problems

d 4
(13) ﬁ[x(t) + u(t,zy)] = Ax(t) + f(t,a;t,f k(t,s)h(s,xs)d >, te(

0
(14) (1 +0) = Qra(mi) = (%) + Ipx(1), k=1,2,...,m,
(15) ‘T(t)+g(xt17---7xtp)(t) :qbl(t)v ’i=1,2, tE[ ]7
the following inequality holds

(16) 21 — z2llo(—rr).xs
[To<r,<:(1 + K Ly) exp(KFT)[K + KU|(~A)~"] 1]
B [1—A; ] (14 KLg)exp(KFT)] 1= 2]l o((-r00,x5)>

o<mp<t

where
A =GK + K|(-A) UG + |(-A)P|U + C,_gUT? + KFLHT?.
Moreover, if U = 0 and G = 0, the above inequality reduces to classical
mequality
(17) 21 — 22llo—r1).x5)
KHO<Tk<t(1 + K Ly) exp(KFT)
< 2 X |lo1 — alle((—r00,x4)-
[1-KFLHT?[]y,, (1 + KLy)exp(KFT)]
Proof. Let ¢1,¢2 € C([—r,T], Xp) be arbitrary functions and let x;, z2 be
the mild solutions of the problem(13)—(15). Then we have
(18) 1 (t)—z2(t)
=T()[¢1(0)=2(0)]-T(#)[g(@1,, - - -, 21, ) (0)—g(22,, ;- - -, 22,,)(0)]
—T(8)[u(0,$1(0)=g(z1,, - - 21,,)(0))=u(0, $2(0) =g (22, , - - -, x2,,)(0))]
+u(t, z1,)—u(t,z2,)

—I—JO (—A)l_BT(t—s) [(—A)_Bu(s, xls)—(—A)_ﬁu(s, xgs)]ds

[t G 1)
—f(s 2., fo k:(s,T)h(s,a:gs)dT)}ds

+ > T(t—m)Tpws (1) —Tewa(mi), e (0,7,

O<T <t
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and for ¢t € [—r, 0],

(19)  @1(t) — 22(t)
= ¢1(t) — ¢2(t) — [9(21,,, - 21, )(E) — 922y 5 - - - @2, ) (D)]-
From (18) and using hypothesis (H;)-(Hz), we get
(20)  Jaa(t) — 22()]
< K1 = ¢2loq-roxs + GK|21 — 22 o(-r1)x5)
+ KU|(=A)[1é1 = b2l —ro).xp)
+ K|(=A) UG |z1 = w2lloqrryxy + (A |21 = 22l o —rr.x,)

t
+ L C1gUTP w1 — mafl (v x ) ds + KL Flay — 22 o(—rs),x4)ds

t
+ KJ FLHT|z1 — 22|l o((—r1),x5)d8
0

+K > Lilei(m) —wa(m)], 0<t<T

o<t <t

IN

[K + KU|(=A)|¢1 — d2llo-ro),x,) + GE 21 — z2llo—rr),x,)

+ (A P|UG a1 — 22l orryxs) + 1(=A) PIU 21 = 22l o—rm)xs)
T Cr_UT? [ — ol (. + L KF|1 - 22l o(ore].xa)ds

+ KFLHT?|z1 — malo((—r17,X,4)

+ K >0 Li|aa(m) —ao(m)], 0<t<T

O<m<t

[K + KU|(=A)"|¢1 — d2lloropxs) + Mlzr = 22]oqormx)
t
+ JO KF|z1 = z2|c(-rs.x5)ds

+ K >0 Lo (m) —a(m)], 0<m <t

o<t <t

IN

Simultaneously, by (19) and hypothesis (Hs), we get
(21) [z (t) — 22(t)]
<1 — d2loq-roxs + Glor — 22llo(—r1),x5), t€[-70]

Since K > 1, the inequalities (20) and (21) imply
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(22)
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lz1 = 22l o-rg,x4)
< [[K + KU|(—A)"]llé1 — d2llc-ro) 1.xs) + Az — 22l oqrm x,)]

¢
+ fo KF|zy — 372”0([77"78]7?(5)“

+K Y Liloi(m) —wa(m)l, 0<m <t te[0,T].

O<mp<t

Now applying Lemma 2.2 to the inequality (22), we get

Hl‘l — xQHC([_T,tLXB) < H (1 + KLk) eXp(KFT)

O<m<t

x ([K + KU|(=A)1l¢1 — d2llc-ro1,xs)

+ Mifzy = allo(—rr x5))

hence, we get

The

|1 — z2lleqormxn < [ (1+ KLy)exp(KFT)

o<t <t

x ([K + KU (=A™ 1l¢1 — ¢2llo—ro.x,)

+ Mifler — @l orry X )-
inequalities given by (16) and (17) are easy consequences of the above

inequality. This completes the proof. m
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