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Abstract. We establish necessary and sufficient conditions for a parameter depending
sequence pLn,λqn≥1 of positive linear operators such that pLn,λqn≥1 converges in the
strong operator topology to its limit operator. Some applications of our theorem are also
presented.

1. Introduction
The well-known Korovkin’s theorem is applied to prove the convergence

of sequences of positive linear operators to the identity in the strong operator
topology. Let us denote by Cr0, 1s, the Banach space of all continuous
functions on r0, 1s equipped with the norm }f} “ supt|fpxq| : x P r0, 1su and
by es, the power function espxq “ xs, x P r0, 1s, s ≥ 0. Then Korovkin’s
theorem is the following (see [1, p. 8]): let pLnqn≥1 be a sequence of positive
linear operators such that Ln : Cr0, 1s Ñ Cr0, 1s. Then }Lnpfq ´ f} Ñ 0 as
n Ñ 8 for all f P Cr0, 1s if and only if }Lnpeiq ´ ei} Ñ 0 as n Ñ 8 for
i P t0, 1, 2u. Specifically we recover the Weierstrass’ approximation theorem
if we choose, for the positive linear operators Ln, the Bernstein operators
Bn : Cr0, 1s Ñ Cr0, 1s defined by

(1.1) pBnpfqqpxq “
n
ÿ

k“0

pn,kpxq f

ˆ

k

n

˙

”

n
ÿ

k“0

ˆ

n

k

˙

xkp1´ xqn´k f

ˆ

k

n

˙

.

The development of the q-calculus has led to the discovery of new Bernstein
type operators involving q-integers. The so-called q-Bernstein operators were
introduced by Phillips [9] in 1997 and they are generalization of (1.1) based on
q-integers. To present these operators we recall some notions of the q-calculus
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(see e.g. [5]). Let q ą 0. For each non-negative integer n, the q-integers
rns ” rnsq and the q-factorials rns! are defined by

rns “

#

1` q ` . . .` qn´1, if n ≥ 1,

0, if n “ 0,

and

rns! “

#

r1sr2s . . . rns, if n ≥ 1,

1, if n “ 0.

For integers 0 ≤ k ≤ n, the q-binomial coefficients are defined by
«

n

k

ff

“
rns!

rks!rn´ ks!
.

Then the q-Bernstein operators Bn,q : Cr0, 1s Ñ Cr0, 1s are introduced as
follows:

pBn,qpfqqpxq “
n
ÿ

k“0

pn,kpq;xq f

ˆ

rks

rns

˙

(1.2)

”

n
ÿ

k“0

„

n

k



xkp1´ xqp1´ qxq . . . p1´ qn´k´1xqf

ˆ

rks

rns

˙

.

For q “ 1, we recover the operators (1.1). If 0 ă q ă 1, then Bn,q are
positive linear operators. Taking into account [9, pp. 513–514], we have
pBn,qpe0qqpxq “ e0pxq “ 1, pBn,qpe1qqpxq “ e1pxq “ x and

pBn,qpe2qqpxq “ e2pxq `
1

rns
pe1 ´ e2qpxq “ x2 `

1

rns
xp1´ xq.

Hence }Bn,qpe0q ´ e0} Ñ 0, }Bn,qpe1q ´ e1} Ñ 0 as nÑ 8, but }Bn,qpe2q ´
e2} “

1´q
4p1´qnq Ñ

1´q
4 ‰ 0 as n Ñ 8 for q P p0, 1q fixed. Thus Korovkin’s

theorem cannot be applied for pBn,qqn≥1.

Now we consider a sequence of operators pLn,λqn≥1 such that Ln,λ :
Cr0, 1s Ñ Cr0, 1s and λ is a parameter belonging to a set Λ. The goal of
the paper is to establish necessary and sufficient conditions which insure the
convergence of pLn,λqn≥1 in the strong operator topology to a limit operator
L8,λ : Cr0, 1s Ñ Cr0, 1s, i.e. }Ln,λpfq ´ L8,λpfq} Ñ 0 as n Ñ 8 for all
f P Cr0, 1s. In this way, we obtain a new Korovkin type theorem. This will
be the subject of Section 2. Finally, in Section 3 we will apply our result for
some parameter depending sequences of operators.

2. Main results
Our Korovkin type theorem is the following:
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Theorem 2.1. Let Λ be a set of parameters. For λ P Λ let pLn,λqn≥1 be
a sequence of positive linear operators on Cr0, 1s satisfying the following
conditions:

piq the sequence p}Ln,λpe0q}qn≥1 is bounded,
piiq pLn,λpgqqn≥1 is a Cauchy sequence for all g P X, where X is a dense set

in Cr0, 1s.

Then there exists a positive linear operator L8,λ : Cr0, 1s Ñ Cr0, 1s such that
}Ln,λpfq ´ L8,λpfq} Ñ 0 as n Ñ 8 for all f P Cr0, 1s. Moreover, if there
exists λ0 P Λ such that }Ln,λ0peiq ´ ei} Ñ 0 as nÑ8 for i P t0, 1, 2u, then
L8,λ0pfq “ f for all f P Cr0, 1s.

Conversely: if Ln,λ, L8,λ are positive linear operators on Cr0, 1s for
n ≥ 1 and λ P Λ such that }Ln,λpfq ´ L8,λpfq} Ñ 0 as n Ñ 8 for all
f P Cr0, 1s, then we obtain the statements piq and piiq. Moreover, if the
condition L8,λ0pfq “ f for all f P Cr0, 1s and for some λ0 P Λ is also
satisfied, then }Ln,λ0peiq ´ ei} Ñ 0 as nÑ8 for i P t0, 1, 2u.

Proof. By piq, there exists M ą 0 such that }Ln,λpe0q} ≤ M for all n ≥ 1.
The positivity of Ln,λ implies that

|pLn,λpfqqpxq| ≤ pLn,λp|f |qqpxq ≤ pLn,λp}f}e0qqpxq(2.1)

“ }f}pLn,λpe0qqpxq ≤ }f}}Ln,λpe0q},

for f P Cr0, 1s. Hence }Ln,λpfq} ≤ M}f}, where f P Cr0, 1s and n ≥ 1.
Thus }Ln,λ} “ supt}Ln,λpfq} : }f} ≤ 1u ≤ M for every n ≥ 1. Fur-
ther, in view of piiq, pLn,λpgqqn≥1 is a Cauchy sequence in Cr0, 1s, there-
fore pLn,λpgqqn≥1 converges in Cr0, 1s for all g P X. Then the well-known
Banach–Steinhaus theorem [1, p. 29] implies that there exists a positive
linear operator L8,λ : Cr0, 1s Ñ Cr0, 1s such that }Ln,λpfq ´ L8,λpfq} Ñ 0
as nÑ8.

If there exists λ0 P Λ such that }Ln,λ0peiq ´ ei} Ñ 0 as n Ñ 8 for
i P t0, 1, 2u, then, by Korovkin’s theorem, }Ln,λ0pfq ´ f} Ñ 0 as n Ñ 8.
But }Ln,λ0pfq ´ L8,λ0pfq} Ñ 0 as n Ñ 8 (see the proof above), therefore
L8,λ0pfq “ f for all f P Cr0, 1s.

Conversely: if }Ln,λpfq ´ L8,λpfq} Ñ 0 as n Ñ 8 for all f P Cr0, 1s,
then |}Ln,λpe0q} ´ }L8,λpe0q}| ≤ }Ln,λpe0q ´ L8,λpe0q} Ñ 0 as n Ñ 8,
which means that p}Ln,λpe0q}qn≥1 is a convergent sequence. Therefore
p}Ln,λpe0q}qn≥1 is a bounded sequence, thus we obtain the statement piq.
Further, because }Ln,λpgq ´ L8,λpgq} Ñ 0 as n Ñ 8 for all g P X, and
}Ln,λpgq ´ Ln`p,λpgq} ≤ }Ln,λpgq ´ L8,λpgq}` }L8,λpgq ´ Ln`p,λpgq} for ev-
ery n, p ≥ 1, we obtain that p}Ln,λpgq}qn≥1 is a Cauchy sequence, thus we
find the statement piiq.
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If L8,λ0pfq “ f, f P Cr0, 1s, then, by }Ln,λ0pfq ´ L8,λ0pfq} Ñ 0 as
n Ñ 8, we get }Ln,λ0pfq ´ f} Ñ 0 as n Ñ 8 for all f P Cr0, 1s. Using
Korovkin’s theorem, we obtain that }Ln,λ0peiq ´ ei} Ñ 0 as n Ñ 8, i P
t0, 1, 2u. This completes the proof of the theorem.

The next result is formulated with the aid of the first order modulus
of smoothness and the second order modulus of smoothness of f P Cr0, 1s,
defined as follows:

ωpf, δq ” ω1pf, δq “ supt|fpxq ´ fpyq| : x, y P r0, 1s, |x´ y| ≤ δu,

ω2pf, δq “ sup
0ăt≤δ

sup
xPr0,1´2ts

|fpx` 2tq ´ 2fpx` tq ` fpxq|, δ ą 0.

Corollary 2.1. For λ P Λ let pLn,λqn≥1 be a sequence of positive linear
operators on Cr0, 1s. If there exist the positive sequences pαnqn≥1 and pβnqn≥1

such that

paq αn Ñ 0 as nÑ8,
pbq there exists C1 ą 0 with βn`βn`1` . . .`βn`p´1 ≤ C1αn for all n, p ≥ 1,
pcq there exists C2 ą 0 with }Ln,λpgq´Ln`1,λpgq} ≤ C2βn}g

pjq} for all n ≥ 1
and g P Cjr0, 1s, where j P t1, 2u is given,

then there exists C3 “ C3p}L1,λpe0q}q ą 0 and a positive linear operator
L8,λ : Cr0, 1s Ñ Cr0, 1s such that

(2.2) }Ln,λpfq ´ L8,λpfq} ≤ C3ωjpf, α
1{j
n q,

for all f P Cr0, 1s and n ≥ 1.

Proof. Applying pcq for g “ e0, we find

(2.3) Ln,λpe0q “ Ln`1,λpe0q,

for all n ≥ 1. Hence }Ln,λpe0q} “ }L1,λpe0q} ă `8 for all n ≥ 1. Therefore,
the sequence p}Ln,λpe0q}qn≥1 is bounded, thus we obtain the condition piq of
Theorem 2.1

On the other hand, by pbq and pcq, we have for all n, p ≥ 1 and g P Cjr0, 1s
that

(2.4) }Ln,λpgq ´ Ln`p´1,λpgq}

≤ }Ln,λpgq ´ Ln`1,λpgq} ` . . .` }Ln`p´2,λpgq ´ Ln`p´1,λpgq}
≤ C2pβn ` βn`1 ` . . .` βn`p´1q}g

pjq}

≤ C1C2αn}g
pjq}.
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Taking into account paq, we find that p}Ln,λpgq}qn≥1 is a Cauchy sequence
for all g P Cjr0, 1s, where Cjr0, 1s is dense in Cr0, 1s. Thus we obtain the
condition piiq of Theorem 2.1.

In conclusion, by Theorem 2.1, we have the existence of a positive linear
operator L8,λ : Cr0, 1s Ñ Cr0, 1s such that }Ln,λpfq ´ L8,λpfq} Ñ 0 as
nÑ8 for all f P Cr0, 1s.

Now using (2.1) and (2.3), we have }Ln,λpfq} ≤ }L1,λpe0q}}f}, f P Cr0, 1s.
Hence

(2.5) }L8,λpfq} ≤ }L1,λpe0q}}f}, f P Cr0, 1s.

Let pÑ8 in (2.4), then we obtain

(2.6) }Ln,λpgq ´ L8,λpgq} ≤ C1C2αn}g
pjq}.

Taking into account (2.5)–(2.6), and using the equivalence between the
K-functionals and the modulus of smoothness (see [1, p. 217, Theorem 5.2]),
we get (2.2). This completes the proof of the corollary.

Remark 2.1. In [11, p. 259, Theorem 2] is established a Korovkin type
theorem with the following conditions:

1q the sequence p}Lnpe2q}qn≥1 converges to a function L8pe2q in Cr0, 1s,
2q the sequence ppLnpfqqpxqqn≥1 is non-increasing for any convex function f

and any x P r0, 1s.

We prove that 1q and 2q are only sufficient conditions for }Lnpfq´L8pfq} Ñ 0
as nÑ8, f P Cr0, 1s.

Indeed, let us consider the operators Ln,q : Cr0, 1s Ñ Cr0, 1s,

pLn,qpfqqpxq “
n
ÿ

k“0

pn,kpq;xq f

ˆ

τ

ˆ

rks

rns

˙˙

,

where 0 ă q ă 1, pn,kpq;xq is defined by (1.2) and τ : Cr0, 1s Ñ Cr0, 1s is
a given continuously differentiable function such that e2 ˝ τ is concave on
r0, 1s (for example τpxq “

a

lnpx` e´ 1q, x P r0, 1s satisfies the enumerated
conditions). Using the procedure of [8, p. 412, (3.2)–(3.3)], we find

(2.7) pLn,qpfqqpxq ´ pLn`1,qpfqqpxq

“

n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s
f

ˆ

τ

ˆ

rks

rns

˙˙

` qn`1´k

ˆ
rks

rn` 1s
f

ˆ

τ

ˆ

rk ´ 1s

rns

˙˙

´ f

ˆ

τ

ˆ

rks

rn` 1s

˙˙*

.



396 Z. Finta

Hence, by rn` 1´ ks ` qn`1´krks “ rn` 1s and Taylor’s formula, we have
for g P C1r0, 1s that

|pLn,qpgqqpxq ´ pLn`1,qpgqqpxq|

≤
n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s

ˇ

ˇ

ˇ

ˇ

g

ˆ

τ

ˆ

rks

rns

˙˙

´ g

ˆ

τ

ˆ

rks

rn` 1s

˙˙ ˇ

ˇ

ˇ

ˇ

` qn`1´k
rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

g

ˆ

τ

ˆ

rk ´ 1s

rns

˙˙

´ g

ˆ

τ

ˆ

rks

rn` 1s

˙˙
ˇ

ˇ

ˇ

ˇ

*

≤
n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s

ˇ

ˇ

ˇ

ˇ

ż τprks{rnsq

τprks{rn`1sq
|g1ptq| dt

ˇ

ˇ

ˇ

ˇ

` qn`1´k
rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

ż τprk´1s{rnsq

τprks{rn`1sq
|g1ptq| dt

ˇ

ˇ

ˇ

ˇ

*

≤ }g1}
n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s

ˇ

ˇ

ˇ

ˇ

τ

ˆ

rks

rns

˙

´ τ

ˆ

rks

rn` 1s

˙
ˇ

ˇ

ˇ

ˇ

` qn`1´k
rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

τ

ˆ

rk ´ 1s

rns

˙

´ τ

ˆ

rks

rn` 1s

˙ ˇ

ˇ

ˇ

ˇ

*

≤ }τ 1}}g1}
n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s

ˇ

ˇ

ˇ

ˇ

rks

rns
´

rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

` qn`1´k
rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

rk ´ 1s

rns
´

rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

*

“ }τ 1}}g1}
n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s

qnrks

rnsrn` 1s

` qn`1´k
rks

rn` 1s

qk´1rn` 1´ ks

rnsrn` 1s

*

≤ 2}τ 1}
qn

rns
}g1}.

If βn “ qn

rns , n ≥ 1, then βn`βn`1`. . .`βn`p´1 ≤ qn

rnsp1`q`. . .`q
p´1q ≤

qn

1´qn , where n, p ≥ 1. For αn “ qn

1´qn , n ≥ 1, we have αn Ñ 0 as n Ñ 8.

Thus, by Corollary 2.1, there exists a positive linear operator L8,q : Cr0, 1s Ñ

Cr0, 1s such that }Ln,qpfq´L8,qpfq} ≤ maxt2, 2}τ 1}uωpf,
a

qn{p1´ qnqq, i.e.
}Ln,qpfq ´ L8,qpfq} Ñ 0 as nÑ8 for f P Cr0, 1s.
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On the other hand, by (2.7),

pLn,qpe2qqpxq ´ pLn`1,qpe2qqpxq

“

n
ÿ

k“1

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s
pe2 ˝ τq

ˆ

τ

ˆ

rks

rns

˙˙

` qn`1´k
rks

rn` 1s

ˆ pe2 ˝ τq

ˆ

τ

ˆ

rk ´ 1s

rns

˙˙

´ pe2 ˝ τq

ˆ

τ

ˆ

rks

rn` 1s

˙˙*

≤ 0,

because e2˝τ is a concave function and rn`1´ks
rn`1s

rks
rns`q

n`1´k rks
rn`1s

rk´1s
rns “

rks
rn`1s .

Thus 2q is not satisfied for f “ e2.

Remark 2.2. In [2, p. 752, Theorem 2.1], we established a new Korovkin
type theorem using the first order Ditzian–Totik modulus of smoothness,
while in [2, p. 753, Theorem 2.2], we obtained its converse theorem. Our
main result (Theorem 2.1) is different from the above mentioned theorems of
[2].

3. Applications
In this section, we apply our results for some parameter depending

sequences of positive linear operators.
1˝ The following q-Kantorovich type operators were introduced in [7]:
B˚n,q : Cr0, 1s Ñ Cr0, 1s,

pB˚n,qpfqqpxq “
n
ÿ

k“0

pn,kpq;xq

ż 1

0
f

ˆ

rks ` qkt

rn` 1s

˙

dqt,

where 0 ă q ă 1, f P Cr0, 1s, x P r0, 1s, pn,kpq;xq is defined by (1.2) and the
integral with the aid of Jackson integral (see [5, p. 69, Definition]). Taking
into account [7, p. 722, Lemma 2.1], we have for all m “ 0, 1, 2, . . . and
x P r0, 1s that

pB˚n,qpemqqpxq “
m
ÿ

j“0

ˆ

m

j

˙

rnsj

rn` 1smrm´ j ` 1s
(3.1)

ˆ

m´j
ÿ

i“0

ˆ

m´ j

i

˙

pqn ´ 1qipBn,qpej`iqqpxq.

We set

pB˚8,qpemqqpxq “
m
ÿ

j“0

ˆ

m

j

˙

p1´ qqm´j

rm´ j ` 1s
(3.2)

ˆ

m´j
ÿ

i“0

ˆ

m´ j

i

˙

p´1qipB8,qpej`iqqpxq,
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where B8,q : Cr0, 1s Ñ Cr0, 1s is the limit q-Bernstein operator for q P p0, 1q
fixed. It is known that }Bn,qpfq´B8,qpfq} Ñ 0 as nÑ8 for each f P Cr0, 1s
(for details see [4]). Then, by (3.1) and (3.2), we have

(3.3) |pB˚n,qpemqqpxq ´ pB
˚
8,qpemqqpxq|

≤
m
ÿ

j“0

ˆ

m

j

˙ˇ

ˇ

ˇ

ˇ

rnsj

rn`1smrm´j`1s
´
p1´qqm´j

rm´j`1s

ˇ

ˇ

ˇ

ˇ

ˆ

m´j
ÿ

i“0

ˆ

m´j

i

˙

|pqn´1qi||pBn,qpej`iqqpxq|

`

m
ÿ

j“0

ˆ

m

j

˙

p1´qqm´j

rm´j`1s

m´j
ÿ

i“0

ˆ

m´j

i

˙

|pqn´1qi´p´1qi||pBn,qpej`iqqpxq|

`

m
ÿ

j“0

ˆ

m

j

˙

p1´qqm´j

rm´j`1s

m´j
ÿ

i“0

ˆ

m´j

i

˙

|pBn,qpej`iqqpxq´pB8,qpej`iqqpxq|.

But
ˇ

ˇ

ˇ

ˇ

rnsj

rn` 1sm
´ p1´ qqm´j

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

p1´ qqm´j

p1´ qn`1qm
 

p1´ qnqj ´ p1´ qn`1qm
(

ˇ

ˇ

ˇ

ˇ

≤ p1´ qq´j |p1´ qnqj ´ p1´ qn`1qj ` p1´ qn`1qj ´ p1´ qn`1qm|
≤ qnp1´ qq´j`1

 

p1´ qnqj´1 ` . . .` p1´ qn`1qj´1
(

` qn`1p1´ qq´jp1´ qn`1qj
 

1` p1´ qn`1q ` . . .

` p1´ qn`1qm´j´1
(

.

Hence
ˇ

ˇ

ˇ

ˇ

rnsj

rn` 1sm
´ p1´ qqm´j

ˇ

ˇ

ˇ

ˇ

≤ jp1´ qq´j`1qn ` qn`1p1´ qq´jpm´ jq(3.4)

≤ qnp1´ qq´jm.

Further

|pqn ´ 1qi ´ p´1qi| “

ˇ

ˇ

ˇ

ˇ

qni ´

ˆ

i

1

˙

qnpi´1q ` . . .` p´1qi´1
ˆ

i

i´ 1

˙

qn
ˇ

ˇ

ˇ

ˇ

(3.5)

≤ qn2i

and, by [12, p. 153, Theorem 1] and ωpf, δq ≤ δ}f 1}, we have

(3.6) }Bn,qpej`iq ´B8,qpej`iq} ≤ Cqωpej`i, q
nq ≤ Cqpj ` iqq

n,

where Cq “ 2`
4 ln 1

1´q

qp1´qq . Using (1.2), we find that

(3.7) |pBn,qpesqqpxq| ≤ 1,
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for all x P r0, 1s and s ≥ 0.

Now (3.3)–(3.7) imply that

|pB˚n,qpemqqpxq ´ pB
˚
8,qpemqqpxq|

≤
m
ÿ

j“0

ˆ

m

j

˙

qn
p1´ qq´jm

rm´ j ` 1s

m´j
ÿ

i“0

ˆ

m´ j

i

˙

`

m
ÿ

j“0

ˆ

m

j

˙

p1´ qqm´j

rm´ j ` 1s

m´j
ÿ

i“0

ˆ

m´ j

i

˙

qn2i

`

m
ÿ

j“0

ˆ

m

j

˙

p1´ qqm´j

rm´ j ` 1s

m´j
ÿ

i“0

ˆ

m´ j

i

˙

Cqpj ` iqq
n

≤ qn
 

3mmp1´ qq´m ` 4m ` 3mmCq
(

Ñ 0,

as n Ñ 8, for every x P r0, 1s and m “ 0, 1, 2, . . . This means that the
conditions piq and piiq of Theorem 2.1 are satisfied, the second one for X “

tem|m “ 0, 1, 2, . . .u dense in Cr0, 1s. In conclusion: there exists the positive
linear operator B˚8,q : Cr0, 1s Ñ Cr0, 1s such that }B˚n,qpfq ´ B˚8,qpfq} Ñ 0
as nÑ8, where f P Cr0, 1s is arbitrary and q P p0, 1q is fixed.

2˝ The following q-Durrmeyer operators Dn,q : Cr0, 1s Ñ Cr0, 1s were intro-
duced in [3] and are defined with the aid of Jackson integral:

pDn,qpfqqpxq “ rn` 1s
n
ÿ

k“0

q´kpn,kpq;xq

ż 1

0
fptqpn,kpq; qtq dqt,

where 0 ă q ă 1, f P Cr0, 1s, x P r0, 1s and pn,kpq;xq is given by (1.2).
Because of [8, p. 412, (3.2)–(3.3)], we may write

(3.8) pDn,qpfqqpxq ´ pDn`1,qpfqqpxq

“

n`1
ÿ

k“0

pn`1,kpq;xq

"

rn` 1´ ks

rn` 1s
rn` 1sq´k

ż 1

0
fptqpn,kpq; qtq dqt

` qn`1´k
rks

rn` 1s
rn` 1sq´k`1

ż 1

0
fptqpn,k´1pq; qtq dqt

´rn` 2sq´k
ż 1

0
fptqpn`1,kpq; qtq dqt

*

.

In view of rn` 1´ ks ` qn`1´krks “ rn` 1s, rn` 1sq´k
ş1
0 pn,kpq; qtq dqt “ 1

(see [3, p. 173, (3)]) and Taylor’s formula: gptq “ gpx0q `
şt
x0
g1puq du, where

g P C1r0, 1s and x0 P r0, 1s, we have
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(3.9)
ˇ

ˇ

ˇ

ˇ

rn` 1´ ks

rn` 1s
rn` 1sq´k

ż 1

0
gptqpn,kpq; qtq dqt` q

n`1´k rks

rn` 1s
rn` 1s

ˆ q´k`1
ż 1

0
gptqpn,k´1pq; qtq dqt´rn` 2sq´k

ż 1

0
gptqpn`1,kpq; qtq dqt

ˇ

ˇ

ˇ

ˇ

≤ rn` 1´ ks

rn` 1s

ˇ

ˇ

ˇ

ˇ

rn` 1sq´k
ż 1

0
pn,kpq; qtq

"
ż t

x0

g1puq du

*

dqt

´rn` 2sq´k
ż 1

0
pn`1,kpq; qtq

"
ż t

x0

g1puq du

*

dqt

ˇ

ˇ

ˇ

ˇ

` qn`1´k

rks

rn` 1s

ˇ

ˇ

ˇ

ˇ

rn` 1sq´k`1
ż 1

0
pn,k´1pq; qtq

"
ż t

x0

g1puq du

*

dqt

´rn` 2sq´k
ż 1

0
pn`1,kpq; qtq

"
ż t

x0

g1puq du

*

dqt

ˇ

ˇ

ˇ

ˇ

≤ rn` 1´ ks

rn` 1s
}g1}

ż 1

0
rn` 2sq´kpn`1,kpq; qtq

ˇ

ˇ

ˇ

ˇ

rn` 1spn,kpq; qtq

rn` 2spn`1,kpq; qtq

´ 1

ˇ

ˇ

ˇ

ˇ

|t´x0| dqt` q
n`1´k rks

rn` 1s
}g1}

ż 1

0
rn` 2sq´kpn`1,kpq; qtq

ˆ

ˇ

ˇ

ˇ

ˇ

rn` 1sqpn,k´1pq; qtq

rn` 2spn`1,kpq; qtq
´ 1

ˇ

ˇ

ˇ

ˇ

|t´x0| dqt.

Further

(3.10)
ˇ

ˇ

ˇ

ˇ

rn` 1spn,kpq; qtq

rn` 2spn`1,kpq; qtq
´ 1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

rn` 1´ ks

rn` 2s

qn`1´kt

1´ qn`1´kt
´ qn`1´k

rk ` 1s

rn` 2s

ˇ

ˇ

ˇ

ˇ

≤ qn`1´k
ˆ

rn` 1´ ks

rn` 2s

1

1´ q
`
rk ` 1s

rn` 2s

˙

≤ qn`1´k
2´ q

1´ q
,

for k “ 0, 1, . . . , n and

(3.11)
ˇ

ˇ

ˇ

ˇ

rn` 1sqpn,k´1pq; qtq

rn` 2spn`1,kpq; qtq
´ 1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

rks

rn` 1s

1

t
´ 1

ˇ

ˇ

ˇ

ˇ

≤ 2

t
,

for k “ 1, 2, . . . , n` 1.

Now combining (3.8)–(3.11), and applying the identity pn`1,kpq;xq “
xrn` 1spn,k´1pq;xq and Hölder’s inequality, respectively, we find
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|pDn,qpgqqpxq´pDn`1,qpgqqpxq|

≤ 2´q

1´q
}g1}

n
ÿ

k“0

pn`1,kpq;xq
rn`1´ks

rn`1s

ˆ

ż 1

0
rn`2sq´kpn`1,kpq; qtqq

n`1´k|t´x0|dqt

`}g1}
n`1
ÿ

k“1

pn`1,kpq;xqq
n`1´k rks

rn`1s

ż 1

0
rn`2sq´kpn`1,kpq; qtq

2

t
|t´x0|dqt

≤ 2´q

1´q
}g1}

n
ÿ

k“0

pn`1,kpq;xq
rn`1´ks

rn`1s
qn`1´k

ż 1

0
rn`2sq´kpn`1,kpq; qtq|t´x0|dqt

`2}g1}
n`1
ÿ

k“1

pn`1,kpq;xqq
n`1´k rks

rn`1s
rn`2s

ˆ

ż 1

0
rn`1sq´k`1pn,k´1pq; qtq|t´x0|dqt

≤ 2´q

1´q
}g1}

n
ÿ

k“0

pn`1,kpq;xq
rn`1´ks

rn`1s
qn`1´k

ˆ

"
ż 1

0
rn`2sq´kpn`1,kpq; qtqpt´x0q

2dqt

*1{2

`2}g1}
n`1
ÿ

k“1

pn`1,kpq;xqq
n`1´k rks

rn`1s
rn`2s

ˆ

"
ż 1

0
rn`1sq´k`1pn,k´1pq; qtqpt´x0q

2dqt

*1{2

.

Hence, in view of
ż 1

0
tspn,kpq; qtq dqt “

qkrns!rk ` ss!

rn` s` 1s!rks!
, s “ 0, 1, 2, . . . (see

[3, p. 173, (3)]), we obtain

|pDn,qpgqqpxq ´ pDn`1,qpgqqpxq|

≤ 2´ q

1´ q
}g1}

n
ÿ

k“0

pn`1,kpq;xq
rn` 1´ ks

rn` 1s
qn`1´k

ˆ

rk ` 1srk ` 2s

rn` 4srn` 3s

´2x0
rk ` 1s

rn` 3s
` x20

˙1{2

` 2}g1}
n`1
ÿ

k“1

pn`1,kpq;xqq
n`1´k rks

rn` 1s

ˆ rn` 2s

ˆ

rksrk ` 1s

rn` 3srn` 2s
´ 2x0

rks

rn` 2s
` x20

˙1{2

.
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Choosingx0“
rk`1s
rn`3s , k“0, 1, . . . , n`1, and taking into account pBn`1,qpe0qqpxq

“ 1, we have, for all n ≥ 1, that

(3.12) |pDn,qpgqqpxq ´ pDn`1,qpgqqpxq|

≤ 2´ q

1´ q
}g1}

n
ÿ

k“0

pn`1,kpq;xq
rn` 1´ ks

rn` 1s
qn`1´k

ˆ

ˆ

rk ` 1s

rn` 3s

qk`1rn` 2´ ks

rn` 3srn` 4s

˙1{2

` 2}g1}
n`1
ÿ

k“1

pn`1,kpq;xq

ˆ qn`1´k
rks

rn` 1s
rn` 2s

ˆ

rk ` 1s

rn` 3s

qkrn` 2´ ks

rn` 2srn` 3s

˙1{2

≤ 2´ q

1´ q
}g1}qpn`3q{2 ` 2}g1}qpn`1q{2rn` 2s1{2

≤ 2´ q

1´ q
}g1}qn{2 ` 2}g1}qn{2p3rnsq1{2

≤
ˆ

2´ q

1´ q
` 2
?

3

˙

}g1}pqnrnsq1{2.

We set βn “ pqnrnsq1{2, n ≥ 1. Then, for all n, p ≥ 1, we get

βn ` βn ` . . .` βn`p´1

“ pqnrnsq1{2 ` pqn`1rn` 1sq1{2 ` . . .` pqn`p´1rn` p´ 1sq1{2

“

ˆ

qn
1´ qn

1´ q

˙1{2

`

ˆ

qn`1
1´ qn`1

1´ q

˙1{2

` . . .`

ˆ

qn`p´1
1´ qn`p´1

1´ q

˙1{2

≤
ˆ

qn

1´ q

˙1{2
 

1`
?
q ` . . .` p

?
qqp´1

(

≤ qn{2
?

1´ qp1´
?
qq
.

For αn “ qn{2
?
1´qp1´

?
qq
, n ≥ 1, we obtain αn Ñ 0 as n Ñ 8. Thus, by

Corollary 2.1, there exists a positive linear operator D8,q : Cr0, 1s Ñ Cr0, 1s
such that

}Dn,qpfq ´D8,qpfq} ≤
ˆ

2´ q

1´ q
` 2
?

3

˙

ω

ˆ

f,
qn{2

?
1´ qp1´

?
qq

˙

,

for every f P Cr0, 1s and q P p0, 1q fixed.

Remark 3.1. Similar results can be obtained for further q-parametric
operators as Lupaş q-analogue of the Bernstein operator [6], q-Bernstein
operators [9], q-Meyer-König and Zeller operators [10]. We mention only the
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following result: there exists a positive linear operator B8,q : Cr0, 1s Ñ Cr0, 1s
such that

}Bn,qpfq ´B8,qpfq} ≤ 2ω2

ˆ

f,
qn{2

1´ qn

˙

,

for all n ≥ 1, f P Cr0, 1s and q P p0, 1q fixed.
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